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CHAPTER

Introduction

The literal meaning of the word Mensuration is 'to
measure'. It is a branch of mathematics that deals with
the measurement of perimeter, area and volume of the
different geometrical figures.

The mensuration is divided in the following parts:

(i) Zero - Dimensional figure

(i) One - Dimensional figure

(iiij) Two - Dimensional figure

(iv) Three - Dimensional figure

Zero - Dimensional figure
e A zero Dimensional figure is a point having

- No length, No width, No height

e In other words, a point is a dimensionless object that
represents a precise location in space

I One - Dimensional Mensuration (1D)

This involves the measurement of figures that have only
one dimension, which is length.

e Lline: A straight path extending infinitely in both
directions. Its measure is its length.

e Line Segment: A part of line with the distinct end points.
Its measure is the distance between the end points
(length).

e Rays: A part of a line that starts at one end point and
extends infinitely in one directions. Its measure is its
length.

ONE Dimension

Length
0O Im

| Length = 1m
1

x1000 x100 x10

km m

LA N N

+1000 +100 =10

Two - Dimensional Mensuration (2D)

e This involves the measurement of flat figures that
have two dimensions. Length and width (breadth).
These figures lie in a plane, key measurements in 2D
mensuration include.

e In two-dimensional mensuration we will study the two-
dimensional figures (plane figures), like triangle,
quadrilateral, polygon, circle etc.

e Perimeter : Perimeter can be
defined as the path or the
boundary that surrounds a
figure . It can also be defined
as the length of the outline of
a shape.

48

Aditya Ranjan (Excise Inspector)

MENSURATION 2D

e Area : The area can be
defined as the space
occupied by a flat shape or
the surface of an object.

The area of a figure is the
number of unit squares
that cover the surface of a closed figure. Area is measured in
square units such as square centimeters, square meter, etc.

5> TWO Dimension

Area
1
I m Area = (1m) x (1m) = 1m?
O 1m 1
x1000° x100° x10° x100000°
m /\ /\ R
km’ m’ cm’ mm’ m mm’
+1000° 100? +10°? +100000°

e If each corresponding length of a 2D figure is multiplied
by k then new perimeter P' is.
PP=kxP

e If each corresponding length of a 2D figure is multiplied
by k then new area A' is
A'= k x Length x k x width
= A' = k? (Length x width)
=A'=k>x A

I Three - Dimensional Mensuration (3D)

In three-dimensional mensuration we will study the
three-dimensional figures like cube, cuboid, cylinder,
cone, frustum, sphere, hemisphere, Prism, Pyramid etc.

=" Three Dimension

Height

1 ml
T Y
] t
Tk LS

V=1mx lm x Im = 1m?

x100° x10°

/\A(—\Aa

3 3

x1000°

km m cm mm
+1000° +100° +10°
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Mensuration 2D

~ N
Unit conversion for mass
e 1 Kilogram = 1000g = 10°
e 1 Hectogram = 100g = 102
e 1 Decagram = 10g = 10"
e 1 Decigram = 0.1g = 10
e 1 Centigram = 0.0lg = 10
e 1 Milligram = 0.001g = 10°

4

-

Unit conversion for length

e 1 Millimeter 0.001meter
® 1Centimeter = 0.01meter
1 Decimeter = 0.1 meter
1 Hectometer = 100 meter

1 Kilometer = 1000 meters

A

1 Inch 2.54x 107 meters
5 Mile = 8km
1 feet 0.3048 meters

Some Important Conversion For Mensuration

~

Conversion of units for area

2.5899 x 10°square meter

e 1 Sq.mile

e 1 Hectare 1 x 10" square meter

-

Some other unit conversion
e 1 Pound =16 ounces
e 1 Ton =2000 pounds

Relation between Mass, density & volume

Mass = Density x Volume

Density = s

Volume

- )

e 1Acre = 4.0468 x 10’square meter
e 1Sg.foot = 9.92903 x 10”square meter
e 1Sg.inch = 6.4516 x 10" square meter
Triangle
I Equilateral Triangle
An Equilateral Triangle is a triangle A
in which three sides are equal in
lengths and all interior angles are 60°
e Perimeter = 3a a a
e Semi-perimeter (s) = 3a
. J3a
e Height (h) = - B A c
P 3 a2 = h?
e Area= ——a =—
g V3
h

; N
e In-radius (1) = N

A
na’ A
2

. . a
e Area of circum-circle = T

e Area of the incircle =

e Circum-radius (R) =

Sl

Radius of in-circle (r) 1
® Radius of circum-circle(R) ~ 3

. Area of in-circle

Area of circum-circle

e Theratioofr:a:R=1:23:2

1
4

Side Height Area
2 J3 J3
Ixk Ixk Ixk?
2k 3k J3k?
J J 4

2x3=6) (83x3=3J3) (/3x32=93)

B /

selected & Selection fe@TER

Ex. The length of each side of an equilateral triangle is 22
cm. Find the area (in cm?) of this triangle.

w Area of equilateral triangle = e

3
= % x22 x 22 = 1213 cm?

[ Alternatively

Side Area
2 V3
IR38 [
22 12143
Ex. The altitude of an equilateral triangle is 3+/3 cm. Find its
area.
W Height of equilateral A = g a = 3/3= 7331
=a=6
.. Area of equilateral A = ? az= ? x 36 = 9+/3 cm?

[ Alternatively

Ex. Height of an equilateral triangle is 124/5 cm, then find
the difference between the areas of the circumcircle and
the incircle?

m Height of equilateral triangle = %

V3 245
—a=12J/5=2a=——

Difference between area of circumcircle and incircle

]. ]. .3;())(.[; 1
2 = 4 2
—na(s ]_QJ_TEX X 2401 cm
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I If P, P, and P, are the lengths of the perpendiculars
drawn from a point inside an equilateral triangle to its

J3a

a) P +P +P.=—— =h(height),
1 2 3 2

sides then,

2
azﬁ(P1+P2+P3)

(b) Area of the equilateral
triangle

(P, +P, +P,)

J3

Ex. 'P' is point inside an equilateral triangle and if lengths

of perpendiculars drawn on each side of triangle from
'P' are 2 cm, 3 cm and 4 cm. Find area of equilateral
triangle.

w Area of equilateral triangle =

O )
5 =273 cm

I If the length of each side of an equilateral triangle is

(P, +P, +P,)’

3

increased by x then area is found to be increased by y.

J3 J3

o—(a+x) =—a%+
4 @+x) y
Where y = »% + 2ax

IZ" In equilateral triangle, two circle of different radii are
placed inside triangle then

Radius of smaller circle _ 1

Radius of bigger circle 3

If 3 cows are tied to each corner A
of an equilateral triangular field
of side 'a' cm with ropes of lengths
r, 1, and r, cm, then

Area grazed by the cows

_T2, 2, 2
_g(rl +1, +1;)

Areaungrazed by the cows = ——( +17 +17)

J3a2 n,
4

Ex. If 3 cows are tied to each corner of an equilateral
triangular field with rope length 7cm each then find the
total area grazed by the cows?

Area grazed by the cows = g(rl2 +1] +1])

22
- EE (AT T =22 0147 = 77 eme
7%x6 42
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Mensuration 2D

I Scalene triangle

A Scalene triangle is a triangle that has three unequal
sides and three unequal angles

e Perimeter=a+ b+ c A
e Semi-perimeter (s) = artbte
2
c b
e Area : The area of a triangle is
denoted by the symbol A.
B a C
Area = \/S(S -a)(s-b)(s-¢)
e Inradius (1) = é
e Circumradius (R) = @
4A

Ex. The lengths of the sides of a triangle are 5 cm, 7 cm and
10 cm. Find the area (in cm?) of the triangle.

R HINTSJ

: . a+b+c 5+7+10
Semi-perimeter (s) = = =

2 2

11

By Heron's formula,

Area of triangle = \/S(S —a)(s-b)(s-c)
= J11(11-5)(11-7)(11-10)
= J11x6x4x1 =266 cm?

Ex. The area of triangle is 15 sq cm and the radius of its
incircle is 3 cm. Its perimeter is equal to:

W15=3><s:>s=50m

.. Perimeter =5 x 2 =10 cm
5> Special case when sides are 13, 14, 15

Ex. For a triangle having sides 13cm, 14cm, 15cm.
(i) Area of the triangle.

(ii) Inradius of the triangle.

 HINTS

Semi - perimeter (s) = 13+14+15

21lcm

13 15
(i) Area of Triangle

= |21(21-13)(21-14)(21-15)

14

= J21x8x7x6 = \[7Tx3x8x7x6
=7 x 12 = 84 cm?

IZ" Area = é x side x corresponding height

=lXBCXAD=lXACXBE=lXABXCF
2 2 2

. ah, = bh, = ch, = (constant)

B/ i)a C
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I When two sides of any triangle and A
angle between them is given then,

Area = l><bcsin0L = l><<:asinB
2 2

1
= —xabsin
2 Y

A triangle with two given sides has a A
maximum area if these two sides are
placed at right angles to each other.

If a,b are two sides of a triangle

Max. Area = %ab
B a C

IS The perimeter and the area of a triangle made by joining
the mid-points of the sides will be half of original
perimeter and one-fourth of the original area respectively.

If P, Q and R be the mid-point of A
AB, BC and AC, respectively, then

(a) Perimeter of APQR
= % x Perimeter of AABC

B Q C
(b) If the area of AABC is A, then

area of APQR = %

Let a triangle PQR is formed by joining the mid-points of
the sides of AABC, then again a AXYZ is formed by
joining the mid-points of the sides of APQR, if this
process continue till infinite, then

(a) Area of all triangles
= % x Area of AABC

(b) Perimeter of all triangles

= 2 x Perimeter of AABC

B Q C

Ex. Consider an equilateral triangle of a side of unit length.
A new equilateral triangle is formed by joining the mid-
points of one, then a third equilateral triangle is formed
by joining the mid-point of seconds. The process is

continued. The perimeter of all triangle, thus formed is:

m Sum of all perimeter

= 2 x perimeter of original triangle
=2 x 3 x1=6unit
I If three medians of a triangle - m_, m,, m_are given

Area of triangle is A

A= 8, ~m)E, - m)E, -m)

: LT

m, + my, +m_
B (o

Where, S_=

I If m?> =m} +m?, then

Area of A :zmb m
3 [}
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Mensuration 2D

] 1sosceles Triangle

An Isosceles triangle is a triangle that has two sides of
equal length and two angles of equal measure.

Side (AB = AC) = a A

o
e Perimeter=2a+Db
_ b 2 2 _1 2
e Area= Z\/4a -b —Ea sin6 a a
e Height
_ \/az_b_:M:a_Q
4 2 2R B b [}

2

a

e Circum radius (R) = W
o2

e Base= %1/(2R+a)(2R—a)

Ex. Find the area of an isosceles triangle whose sides are 8

cm, 5 cm and 5 cm.
mArea = % Vax5%2-8%2= 2{(36)= 12 cm?

Ex. The perimeter of an isosceles triangle is 100 cm.
If the base is 36 cm, then find its semi perimeter (in

centimeters).

100
m Semi-perimeter = - 50 cm

Ex. The perimeter of an isosceles triangle is 91 cm. If one of
the equal sides measures 28 cm, then what is the value

of the other non-equal side?

m One equal side = 28cm

Perimeter of isosceles triangle = 91
=28+28+a=91=a=35cm

Ex. The ratio of the length of each equal side and the third
side of an isosceles triangle is 3:5. If the area of the
triangle is 30V11 cm? then the length of the third side
(in cm) is:

m Let, length of equal sides = 3x

Length of Third side = 5x

AD= o2 - 25X
4

3x 3x
_ [36x2-25x%  x\11
\ 4 2
ATQ, B 5x D 5x C
: — 2
Area of triangle =30v11 cm 2 5x 2

= Logex1 30017
2 2
=x=2J6

. BC=5x=5x2J6=10J6 cm

. Length of the third side = 10J6 cm

Aditya Ranjan (Excise Inspector) 51




] 1sosceles-right angle triangle
e Perimeter (P) = a(2 + B )

- av2(W2+1)

2
e Area = a
2

Ex. If the perimeter of an isosceles right triangle is 8(\/5 + 1)
cm , then the length of the hypotenuse of the triangle is:

AWM 8(v2+1)- axV262+1) = a- 42

. Hypotenuse = av2 =4x2=8cm

Ex. The area of an isosceles right angled triangle is 16 m?. Its
hypotenuse is

2
m Area of isosceles right angle triangle = %

aZ
:>Z=16:>a2=64:>a=8

Ex. The perimeter of an isosceles, right-angled triangle is 2p
unit. The area of the same triangle is-

m Let, side of isosceles right angle A= AB=AC = a
= BC = \2a ¢

- AB + AC + BC = perimeter of AABC
=2p=2a+ J2a a J2a
L2
>p=a+t+ ——=
P V2
1 _ 1,
Area—axaxa—ga A a B

2

2

p __ P _PR+1I-222)_ 25 5[5

1 V2 +1) 1
o)

-1
2 [1+

Ex. In an isosceles right triangle, the perimeter is 30 m. Find
its area (in m?). (Rounded off to the nearest integral value)

m Perimeter = x + x + x+/2

= 2x+ x+/2 =30

_ 30 _ 30x(2-+2)
:>x—2+\/§ - 2

= 15(2-2)
. _ 1
= Area of triangle = 5% [15(2-1.4 1)]2

_ 225x0.59x0.59 ~ 39 m?

2p=30m = p=15m
Area of triangle = p?(3-2+42) = 15?(3-2V2)
=225 x 0. 172 ~ 39 m?
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Mensuration 2D

] Right-Angled Triangle

A right angled triangle is a triangle in which two sides are
perpendicular, forming a right angle. A

o p>+b2=h?
e Perimeter=p+b+h

e Area of triangle = %X pxb

e Area of right angle triangle
h2
=—sin2 6
4

e Inradius (1) = p+‘;;h ‘or’

{Perpendicular + Base - Hypotenuse}
2 »
e Circumradius (R) = ‘?’
.4 L
T—

. ,{Hypotenuse}
T2

N |
N~

Ex. If the area of a triangle whose base measures 6 cm is 18
cm?, then its height is:

1
m Area of triangle = 2" Base x Height

=18 = % x 6 x Height
= Height = 6 cm.

Ex. One of the angles of a right-angled triangle is 15° and
the hypotenuse is 1 m. The area of the triangle (in sq.
cm.) is

2

LI Area - %sinZO

- 100x100 x sin30° = 1250 cm?
Ex. If hypotenuse of a right angle A is 10 cm. What can be its

maximum area?
10x10

m Area_ = p

Square Inside Right Angle Triangle

=25 cm?

—(a-x)—

|
D, L

|—b—|

— (b-x) —i
—-D>b—-—

x =+ab X = gty

a+b

h
M z
b—
ab
X=— _ pxbxh
Ja’ +b* x=Nabl X"
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Mensuration 2D

Area of Shaded region
Formation of Equilateral triangle on Formation of Semicircle on each Formation of Square on each sides
each sides of right angle triangle sides of right angle triangle of right angle triangle

q | D
= -

Area (AC) = Area (AA) + Area (AB) Area (A,) = Area (A,) + Area (A)) Area(A)) + Area (A,) = Area (A,

e Area of shaded region (p) = sum of [e Area of shaded region (s) = sum of area [ ¢ Area of shaded region (A)) = Area of

area of region (q), (r) and (s) of region (t) and (u) triangle (A)
A
5 c
s ¢ B . - N

Ex. Find the area of shaded region, where AC = 10 cm. Ex. In the given figure, 3 semicircles are drawn on three
sides of AABC. If AB = 21 cm, AC = 28 cm and BC = 35
cm. What is the area (in cm?) of the shaded part?

A
B (o]
m Total required area HINTS
= Area of semi circle formed on hypotenuse Area of shaded part = Area of AABC
2
=210 osreme =%><21><28=294cm2

Important results
I When a semicircle is inscribed B I3 When a semicircle of r-radius is
in a right angled triangle, as shown in inscribed in a right angled triangle
the figure. Then— lies on hypotenuse as shown in the
ab a c figure then
S - ;
+
2re \ Radius (r) = a >
C—b—A a+t c b A
I When two circles of equal radius B " When three circles of equal radius B
is inscribed in a right angled is inscribed in a right angled
triangle as shown in the figure triangle as shown in the figure
c
then then c
ar ‘w‘v\ ]
Radius(r) = =22 AN A S AN Radius(r) = — 22
3a+b+c (& b A 5a+b+c s = >

selected & Selection fe@TER I 53




A circle is closed 2D figure in which the set of all the points
in the plane is equidistance from a given point called
centre.

e Diameter (d) = 2r = Jﬁ
T
Q

Where, r = radius, A = Area PR

Centr@

radius

e Area of Circle = nr?

e Circumference of circle = 2nr

Radius Circumference = 2nr Area = nr? )
7 44 154
4 4 &
7k 44k 154k’
4 4 i
(14 = 7x2) 44x2 154x2?
4 d ¥
( 1) 1 1
35=7Tx— 44 x — =22 154x—=38.5
2 2 4

Ex. The area of a circle is 1386 cm?. What is the radius of the
circle? [Take n = 22/7]

w Area of circle = nr?

- 1386 = %sz

2 1386x7
22
= 12 = 441

=r=21lcm

1386 cm?

A semi-circle is defined as a half circle formed by cutting
the circle into two halves. It is formed when a line passes
through the centre and touches the two ends of the circle.

2
e Area of Semi-circle = 7r2r
e Circumference of Semi-circle
=nr + 2r
T
Radius Circumference Area
7 36 77
¢ 2
2r + mr nr?
2
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Ex. A Semi circle sheet has a radius of 21 cm find its

Circumference.
Radius Circumference
7 36
21 108

Ex. Find the area of a semicircle with a radius of 35 cm.

Radius Area
7 77
S
35 1925 cm?

It is one fourth section of a circle. It is formed by a set of
two lines which are perpendicular in nature.

e Area of quadrant of circle = %7[1‘2

r
e Circumference of quadrant of circle
=T 2r
2 r
( Radius Circumference Area )
7 25 154 _38.5
4
2 \2
or + 2nr nr?
4 4
:2><7+2><2><Z :2><7—2
| =29 - 38.5 ]

Ex. What is the area of a Quadrant of a circle with radius 14 cm?

WArea= lnr2= 1,22, 142 = 154 cm?
4 4 7

_ Alternatively

Radius Area
7 38.5
N
14 154

Ex. Find the perimeter (circumference) of a quadrant of a
circle with radius 21 cm.

r
w Perimeter of a Quadrant = % +2r

X%+2X21 =33 +42 =75 cm?

22

7

Radius Circumference

25

lx?;

75
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A Sector is a portion of a circle enclosed between two radii
and the arc.

e r = radius of the circle.

e 0 = Central angle of the sector (In Degree or radians)
e Arc length (1) = the length of the curved boundary.
e Area (A) = The area covered by the sector.

I Major Sector

If6 > 180°
Major Sector
e Area= X mr?
9 &
e Arclength = X 2nr
360°

1 B
e Area of sector = 3 xlr

; !l Minor Sector
I Minor Sector

If 6 < 180°

e Area=1- X mr?

360°

e Arclength=1- o x 2mr
360°

Ex. If length of the arc = 6 cm and radius of circle = 5 cm.
Find area of sector of a circle.

WArea=%X6X5=ISCm2

Ex. Find the area of the sector of a circle of radius 7 cm with
a central angle of 90°.

2
WArea= nr ><90°=M=ﬂ=38.50m2
360° 4 2

"Central angle determines if a sector is major or minor."

A Segment is the area between chrod and the corresponding arc.
Minor Segment
If 0 is in degree:-

e Area of minor Segment Major segment

n®  sinb
=2 _
360° 2
If © is in radian:- A B

e Area of minor Segment
2

- (0 - sind) Minor Segment
2

Ex. Find the area of minor segment given in below figure.

w Area of minor segment = Area of sector — Area of AOAB

2
= ;206; - %rz sin® = 1102 -

i (103()7:_25\/5] -
selected & Selection fe@TER
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Mensuration 2D

I Major Segment

) 0 1, .
Area of major segment = +—1r?sin®

360° 2
Perimeter of . 21{ 70 +sin6}
erimeter of segmen 3600t o

Ex. Find the area of major segment in the given figure.

w Area of major segment

= area of sector (210°) + Area of AOAB

2
ad 6; + lr2 sin®
360 2

, 210° 1 (175n
3

=rl0 + — x 102 x sin 150° =

360° 2

+25j cm?

If R and r are radii of two concentric circles, then
e Area enclosed by two circle
=n(R+1) (R-1)
e Width of path
_ outercircumference — inner circumference
2r

Ex. The area enclosed between the concentric circles is 770
cm? and the radius of the outer circle is 21 cm, then find

the radius of the inner circle.
w Area enclosed between two circle = n(R* - r?)
= ? (212-r?) =770 cm? = r = +196=14 cm

Ex. The area of a circular path enclosed by two concentric
circles is 3080 m?. If the difference between the radius of
the outer edge and that of inner edge of the circular path

is 10 m, what is the sum (in m) of the two radii?

M ~(R* - r?) = 3080
22
:7(R+r) (R-1)=3080=>R+r=98cm
IWheeI

The number of revolutions completed by a rotating wheel

. . Distance covered in one minute
in one minute =

Circumference
Ex. An athlete runs 8 times around a circular field of radius
7 m in 3 minutes 40 seconds. His speed (in km/h) is:

w Total distance covered in 8 rounds

—0x22 . 7x8=-350m= 32 m
7 1000
Total time = 3 min 40 sec = 220 sec = 220 hrs = £hrs
3600 180
352 180 144
= 222 22 o 27 ym/hr.
Speed = 1000 11~ o5 Km/br
Aditya Ranjan (Excise Inspector) 55



Mensuration 2D

Important results
=

A
Area of shaded region Area of shaded region
2
B 2 A (-]
4 12 a ‘ a 7
B a C
A

IZ" An equilateral triangle circum-
scribes all the three circles

IZ" An equilateral triangle circum-

scribes all the six circles each of
each of radius T’ then

Side = 2r (V3 + 1)

radius ‘r’ then
Side = 2r(V3 + 2)
Perimeter of triangle

= 6r(\3 + 2)

Perimeter of triangle

= 3 x side = 6r(\3 + 1)

{

IZ" Three equal circle each of radius
r are circumscribed by a larger

circle.

X 4r X
Radius of larger circle

Six equal circle each of radius
r are circumscribed by a larger
circle.
. Radius of larger circle
(2 +3 J - %(\/5 +4)
=r X \/5 a
I" According to figure, if the radius R As per the given figure, a big circle
of outer circle is R then the radius 3 and 4 small circles are given
of each circle: inside it, then the ratio of A and B ‘ ﬂ
[ < > will 1:1.
R
ATE PR
A:B=1:1

IS In the given figure all the inner circle I5" when all the outer circles have radii

have the radius ‘¢’ and then the radius ‘R’ then the radius of the inner circle
will be

ol

Sk

iNF

of bigger (outer) circle is.

R=(V2+1)r r=(K2-1R

" When a circle is inscribed in a

. = n(AB)
quadrant as shown in the figure. Then R=——+
4(n+1)
T (\/5 -1R n = no of semi circle ) )
L A
k——R—»
I Total area of three equilateral I According to the figure two
triangle inscribed in a semi- semicircles are inscribed in a
circle of radius T’ cm is quadrant.
J3 343 r r (i) Area of region (p) = Area of region (q)
Area =3 x—1%2=——r?
Al Al (i) Area of shaded region (r)

= Area of shaded regions (s)

N

(iii) Ratio of the area of the region (p), (9), (r), (S) respectively is
p:q:r:s=4:4:7:7
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Ex. An equilateral triangle circumscribes
all the circles, each with radius 10 cm.
What is the perimeter of the equilateral
triangle?

MR Perimeter = 3 x 2 x 10 (V3 +2)= 60 (v3 +2)cm

Ex. XBD is quadrant of a circle D
where, XB = 4a cm, XA = AB =
XC = CD. Four semi-circles are
drawn taking XA , AB, XCand C

CD as diameter. Find the area of

the shaded region.

mXB=4acm

Area of shaded region = Area of quadrant of radius (4a)

— 4 x Area of Semicircle of radius (a) + Area of leaf of
radius (a) = 4—78a2

Ex. Three circular rings each of
equal radii r cm are touching
each other. A string runs all
around the set of rings very
trightly. What is the minimum
length of string required to
bind all the three rings in the
given manner?

" HINTS /
nr

Length of th = 3x
ength of three arc (36

o

X 120°] =2nr

. Length of string = 2nr + Diameter x No. of circles
=2nr + 3 x 2r = 2r(n + 3)

IZ" Four circular rings each
of equal radii r cm are
touching each other. A
string runs all around the
set of rings very tightly.
Then the minimum length
of string = 8r + 2nr

Ex. In the figure given below, AB is line of length 2a, with
M as mid-point. Semi-circles are drawn on one side with
AM, MB and AB as diameters. A circle with centre O and
radius r is drawn such that this circle touches all the
three semi-circles. What is the value of r ?

4@;

A a

m2R=2a:R=a

Tr=

M a
2a

B

Mensuration 2D

w|

a
3
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Quadrilateral

A Quadrilateral is a Polygon with four sides, four vertices

and four angle.
D

Q

e The sum of the interior angles of a
Quadrilateral is always 360°.

ZA+ /B + ZC + /D = 360°

|

A

e Area of quadrilateral

(leCXDE)+ (lechF}
Z 2
1
5% AC (DE + BF)
A B

=% x diagonal x (sum of perpendicular dropped on it)

Ex. In a quadrilateral ABCD, AC = 12 cm. If length of the
perpendiculars drawn from B and D to line AC are 5 cm
and 7 cm, the area of the quadrilateral ABCD is :

mArea=%x 12 x (7 + 5) = 72 cm?

I5" d, and d, are the diagonals of R
Quadrilateral PQRS. S
Area:%xdldeSine Y
‘ Q
P

" The quadrilateral formed A S D

by joining the mid-point

of the adjacent side of

the quadrilateral will be a P R
parallelogram of half area.

IfP, Q, R, S are the mid-

point of the side AB, BC, CD B
and DA respectively, then—

(a) PQRS is a parallelogram
(b) If the area of the quadrilateral is x, then

Area of the parallelogram PQRS = g

IZ° In any Quadrilateral A, B,
C and D are the area of
respective triangles made
by two Diagonals.

AxC=BxD

Q R
IZ" PQRS is any Rectangle/ S R
Square. T is a point inside
it A, B, C, D are areas, then A
A+B-C+D s
B
P Q
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Mensuration 2D
Types of Quadrilateral ~ . /—r\

(i) Area of shaded region (p) = Area of

l l v l l shaded region (q)
Rectangle Square Parallelogram Rhombus Trapezium (i) Area of shaded region (r) = Area of P t 1
Rectqngle shaded region (s)

(iii) Area of shaded region (t) = Area of
AB = CD = a and . s
shaded region (u)

FU=AD =1 (iv) Area of shaded region (p), (q), (1), (s) = Area of rectangular
e AC=BD-= \/a2 +b2 a region
e AO=0C=0B=0D IS A carpet has fix width

_ Wa’+b?

y

- ) Vt -/ T

Al b

e Perimeter = 2(length + breadth) = 2(a + b) T - -l
e Area = length x breadth = ab 4" —»

0 S @IAOISIS S BIADOIE S e O v (10 (i) Let carpet of width w covers floor of dimension [ x b

ab
= Area of ABOC = ry Area of carpet = Area of floor = [ xw=1 xb
b

IS° Radius of the maximum large A D Length of carpet required (1) =

possible circle (ii) Let rectangular tiles of dimension (x x y) cover the floor
_Breadth _b ® b of dimension (I x b)
2 2 i = Area of n tiles = Area of floor

Ib

B a C S>nxxxy=Ilxb=n=__

Xy

IS Radius of the circle circumscribed (iii) If the floor is covered by the minimum number of square

A
the rectangle ABCD be R, then

V breadth of floor.
_Ja’+b?
R = 5 , @ If the length of the rectangle will become x times and

B b c cj’ breadth will become y times, then area of the

,\

& rectangle will become xy times.

o

tiles, then the side of square tile is HCF of the length and

Path inside / outside a rectangle
IZ" Area of the path of uniform width | I=" Area of the path of uniform width | B=5° Area of the path of uniform width d

d all around outside the rectangle 'd' all around inside the rectangle along the length and the breadth in
ABCD ABCD rectangle ABCD
P S A D A (o]
A $a D
4
l
AN 4y b
l 'Y
B $a c B'S >D
Q R B ¢ 7 >C b
Area of the path = (l+ b -d)d
Area of the path =2d (I + b + 2d = _
. P ( ) Area of the path = 2d (I+ b - 2d) Perimeter of path = 2 (I + b — 2d)
Perimeter of path = 4 (1 + b + 2d) Perimeter of path = 4 (I + b — 2d)

Ex. A street of width 10 metres surrounds from outside a
rectangular garden whose measurement is 200m x w Area of path = 2d x (I + b - 2d)

180m. The area of the path (in square metres is) = 570 = 2d x (37 + 30 — 2d)
TN Area of the path = 570 = 2d x (67 - 2d)
=2 > 10 (200 + 180 + 20) = 20 (400) = 8000 m* With the help of options, d = 5

Ex. A path around the interior of a rectangular park with _
dimensions 37m x 30m covering 570 m? What is the 570 =2>5x(67 - 10)
width of the path? = 570 =570

(@ 10m (b) 15m (c) Sm (d) 28m So, width of path = 5 m
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Ex. The diagram given below shows two paths drawn inside
a rectangular field 50 m long and 35 m wide. The width
of each path is 5 metres. Find the area of the shaded

portion.
g 50m >
. PO
w Area of shaded portion A
=(l+b-d)d D_ L [o cg
5m
= (50 + 35 - 5)5 =400 m> A M N ng
5m-| v
R S

Ex. A rectangular plot 20 m long and 14 m wide is to be
covered with grass leaving 2 m all around. Find the area
to be laid with grass.

¥ HINTS D %

Length of grassy lawn IZm
=20-2x2=20-4 4 R2nL

< Green Lawn [¢—| | 14m
=16m 2m

P Q

Breadth of grassy lawn Y
=14-2x2=14-4 i v
= 10m As 20m "B

Area of grassy lawn = length x breadth
=16 x 10 = 160 m?

e Perimeter = 4 x Side = 4a A¢«——a—»B
e Area = (Side)? = a? T T
e When diagonal is given then, a (2a a
(diagonaly® _ d? l l
Area =————— = —
2 2 De——a—>»C
o Area of AAOB = Area of A D
ABOC = Area of ACOD
2
= Area of ADOA = aT 3
B a C
e Radius of the largest circle D c
drawn outside the square of R
side 'a’ o
Radius of circumcircle (R) = % R
A B
e Radius of the largest circle D a C
inscribed inside the square
P a a
of side 'a 2 2
3 g g a r
Radius of incircle (r) = — ®
2 a a
2 k 2
A a B

\/5:1

e Circum Radius (R) : Inradius (r)
= Area=2:1

e If one of the diagonal or the perimeter become x times
then the area will become x? times or increases by
(x® = 1) times.
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Mensuration 2D

=

Ex.

For two squares

Ratio of sides = Ratio of diagonal = Ratio of perimeter

(@)
(b) Ratio of area = (Ratio of sides)? = (Ratio of diagonal)?

= (Ratio of perimeter)?

If we make circle inside a square
and again make a square inside
the circle and so on then area will

become half and soon.

middle of

square : smallest square =4 :2: 1

Area of largest square :

Area=2:1

The ratio of the area of the circle to the area of the square is:

area=n1 W2)?
= . 2
22
=== 2
42 7
11 : 7

In the given figure, ABCD is a square. EFGH is a square
formed by joining the mid points of sides of ABCD. LMNO
is a square formed by joining the mid points of sides of
EFGH. A circle is inscribed inside LMNO. If area of circle is
38.5 cm?, then what is the area (in cm?) of square ABCD?

11 7 14 : 28 56
38.5 cm?




‘@When circumference of a circle is equal to perimeter

Ex. When a wire is bent in the form of a square, then the
area enclosed by it is 5929 cm?. If wire is bent into the
form of a circle, then what will be the area enclosed by
the wire?

w Given,

a? =5929 cm? and 27R = 4a

of a square then the ratio of areawillbe 14 : 11

=R= 4a = 2a
2n 0w
2. 2. 2
Area=nR2=nxfa>< “_ da
T b4 b
4 7
= % = 7546 cm?
_ Alternatively
Square Circle
Area ratio » 11 14
x539 %539
Area —» 5929 7546

Area of circle = 7546 cm?

Ex. A copper wire is bent in the form of a square and it
encloses an area of 30.25 cm?. If the same wire is bent to
form a circle, then find the area of the circle.

R HINTS

Square Circle
Area ratio—» 11 14
x2.75 x2.75
Area — 30.25

Area of circle = 38.5 cm?

Mensuration 2D

" According to the figure area of shaded region

D a C D a C
a a a a
A a B A a B
D C D a C a
/ \ a . a
V4
A B A a B a

"Area of shaded region is equal in each case"

Area of shaded region in each case = %az

Ex. ABCD is a square whose side is 14 cm, find the area of

the shaded region.

w Area of shaded region = i512 A B
’ N

O\

x 14 x 14 =112 cm?
C—14—D

SIS

Ex. If side of square = 2a cm, find the area of shaded region.

<“—2a—»
W Area of shaded region = Area of square of side
(2a) — 2 x Area of semicircle of radius (a) + 2 Area of
leaf of radius (a) = 2a2

Important results
IS ABCD is square of side a. ACis D r C | == ABCD is square of side a. D a C
a curve and a circle of radii ris  F|[en]*¥ AC is a curve and 2 circles R
drawn, then r of radii r and R are drawn,
\ then a
2 a &l a
r=(v2-1) a N 1 1 1 R
—_— = —t — [r=—
Jr VR Ja|l 2 l
A a B
A 2 B
IZ" When two circle of equal radii 'r' x» ABCD and PQRS are squares of D &
are placed inside a square of side a and x. Curves AC, BD cuts
length 'a’
PQRS at Q and R.
_ R
r= M P 3_a X
V2 S
A P S B
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Mensuration 2D

Area of Shaded Region
I If side of square = a cm then D a C | = If side of square = a cm then T
Area of shaded region 2 (1 —
) & Area of shaded region = #‘ a
= a_(4 ~n) a a l
4
a B
I For the following figure, side D a C | = Area of the largest square that can be drawn inside a
of square is ‘a’. semi-circle of radius r.
Area of shaded region 4,
A Area of square = —r
a’n V3 , 2 5
6 4
b 2r !
A a B
I Area of the square inscribed in Q I Area of the square inscribed in Q C
the quadrant of a circle of ¢ B the quadrant of a circle of radius
radius 'r'(As shown in the T'(As shown in the figure).
figure). D B
_ Area of square = %ﬁ
Area of square = %
(o) r A E o A P
—— 1 —
I According to the figure area of I For the follwing figure, Side of square is 'a’
shaded region . 2
Area of Green region 7 T
a
2
a
=—{3(1-v3 |+
3 ¢ ( \/_) & r r
Area of Red region Br it G
2 a
= ?—2[75 ~12+643] _
Area of Green region = i r’(4-n)
I If side of square = ‘@’ IZ" For the following figure, side of square is ‘a’.
Yellow Red
1
Blue
Yellow Yellow
Red Blue
2
Radius of yellow circle = G Area of blue Region = n; - gaQ
Radius of blue circle = a J3 , ma’
6 Area of yellow Region = 2|, & ———
4 12
Radius of red circle = 3?21 2 3
Area of red Region = a”® — n: —TaQ
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Parallelogram

Mensuration 2D

In Parallelogram ABCD, let side AB = a cm and BC = b cm,
then

e AB =CD and
BC = AD

e Each diagonal AC 4
or BD divides the
parallelogram in the
congruent triangles. m|

e AC?+BD?=2(a%+hb?
e Perimeter = 2(a + b)

e Area = Base x Height =a xh,=b x h,
e The length of one diagonal is d
Then, Area of parallelogram ABCD
=2./s(s—a)(s - b)(s-d)
a+b+d
2

Types of Parallelogram

Where, s =

Rectangle - All angles are 90°, diagonals are equal

2. Rhombus- All sides are equal, diagonals are perpendi
cular

3. Square - All sides and angles are equal. It is a rhombus
and rectangle.

Ex. Side AB of a parallelogram ABCD is 24cm and side
AD = 16 cm. The distance between AB and CD is 10 cm,
then find the distance between AD and BC.

AN Area = 24 x 10 = 16 x x

= x=15cm

I ABCD is a parallelogram whose
sides are a and b and angle

between them is 0 then

Area = %ab sin(0)

Area of all triangles E Cc D v
of same base and
between the parallel
lines are the same.

If XY | | PQ, then P
Area AABC

= Area AABD = Area AABE

In AABC, D and E are mid points of sides AB and AC

respectively BC is extended up to F such that CF = BC.
Then what is relation between Ar.ADEF and Ar.AABC.

w Let G is mid point of BC

- Ar.ADEG = ALAABC

Ex.

A

If D and E are mid points of AB
and AC respectively then DE
|| BC || BF

Ar.ADEF = Ar.ADEG (triangles

Ar.AABC
4
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in between | | lines with same base) =

62

In rhombus ABCD, A D
Let the side BC = a, AC = d, and d,
BD = d,, then <

e AB=BC=CD=DA=a

1
e Side (a) = E\/dlz + d22 or, B fe)

4a2= di +d;

e Perimeter = 4a
1
° Area=§><d1><d2

e Perimeter of a rhombus is 2p unit and sum of the
lengths of diagonals is m unit, then the area of the
rhombus is-

= %(m2 - p2)sq.unit

Ex. Length of each side of a rhombus is 13 cm and one of

the diagonal is 24 cm. What is the area (in cm?) of the
rhombus?

M 4 * 13 x 13 =242+ d}=d, = 10 cm

Area = % x 24 x 10 = 120 cm?

a

Area of trapezium =% x sum of parallel sides x height

Ex. The ratio of the length of the parallel sides of a trapezium
is 3 : 2. The shortest distance between them is 15 cm.
If the area of the trapezium is 450 cm?, the sum of the
length of the parallel sides is

w Area of trapezium = % x sum of parallel sides x height

= 450 =%(2x+ 3x) x 15

=5x=30x2=x=12
. Sum of the length of the parallel sides
=5x=5x12=60cm

Ex. A wall is in the form of a trapezium with height 4m and
parallel sides being 3m and Sm. What is the cost of painting
the wall, if the rate of painting is ¥ 25 per sq. m?

w Area of trapezium = é(3 +95) x4 =16 m?

Total cost of painting = 16 x 25 =3400

\
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Ex. In a trapezium ABCD, AB and DC are parallel to each

with a perpendicular distance of 8 m between them.
Also, (AD) = (BC) = 10 m, and (AB) = 15m < (DC). What

is the perimeter (in m) of the trapezium ABCD?

Y HINTS 4 A

10 m

15m B

10 m

D E F (o]
—6m— IS m———6m —

Pythagorean theorem DE = \/AD? - AE2
= 410°- 8% =36 = 6m

Perimeter of trapezium

=AD + DC + BC + AB
=10+ 27 +10 + 15
=62 m
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Mensuration 2D

Ex. ABCD is a trapezium with AD and BC parallel sides, E
is a point on BC. The ratio of the area of ABCD to that
of AAED is

m Area of trapezium ABCD A D
Area AAED
1 ; i
_ 5(AD+BC)><h _ AD+BC
%AD xh AD

B E C
Ex. ABCD is a trapezium in which AB | | DC and AB = 2CD.

The diagonals AC and BD meet at O. The ratio of area of
AAOB and ACOD is

 HINTS §

Let CD = x then AB =2 CD = 2x
ACOD ~ AAOB

Area AAOB _ AB’ (oxp _

AreaACOD CD? 2+
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CHAPTER

Introduction

MENSURATION 3D

A 3-D solid is a three-dimensional object that has length,
breadth, and height (or thickness), unlike flat 2-D
shapes. These solids are enclosed by flat surfaces called
faces. Where two faces meet, they form a line segment
called an edge, and where edges meet, they form vertices
(corners). To describe the structure of any 3-D solid,
Euler formulated a mathematical relationship between
the number of vertices (V), edges (E), and faces (F). This
relationship is known as Euler’s formula, and it states:

V+F=E+2

This means that for every 3-D solid that is a convex
polyhedron, the sum of its vertices and faces is always
two more than the number of its edges.
Let us consider an example of cube:
Clearly,

Face
V=8, F=6and E = 12
From Euler’s Rule, Edge
V+F=E+2
=8+6=12+2 Vertex
= 14 =14

I Lateral/Curved Surface Area (LSA/CSA)
This refers to the area of the curved surface of a 3D
shape. It’s commonely used for objects like cylinders,
Cones and spheres. The curved surface area of a cylinder
is the area of the curved part excluding the circular top
and bottom.

I Total Surface Area (TSA)

TSA of a solid is the sum of the lateral surface area and
the areas of the base and the top.

TSA = LSA + Area of top surface + Area of bottom surface
I Volume

It refers to the amount of space that an object occupies,
measured in cubic units. Only 3-D objects have volume.

-

2

N

Match the shape to its name.

N RN
L=

Cuboid Cylinder Cube

g
)
8
(=N
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Aditya Ranjan (Excise Inspector)

A cuboid is a rectangular solid object having six rectangular

surfaces. It is sometimes also called as rectangular
parallelopiped.

T

Height
l »

For a cuboid with base length (1), breadth (b) and height (h)
(i) Lateral Surface Area = area of 4 walls = 2(l + b)h

(ii) Total Surface Area = 2(Ib + bh + hl)

(iii) Volume of Cuboid =1xb x h

(iv) Face Diagonal of Cuboid = vI%2+b? (base or top face)
= yI2 +h? (front or back face)

= b2 +h? (side faces)

l—— Length

Space
diagonal

\ .
Face diagonal

(v) Space diagonal = ;2 ; b2 + h2 (Longest)

\@3 = Space Diagonal = ;2 ; 2 ; h2

Ex. A mosquito sitting at the top corner of a cuboidal room
of dimensions 7 x 3 x 2.5 m sees a cat sleeping at the
farthest bottom corner of the room. How much distance
will the mosquito have to fly to bite the cat?

w To find the shortest straight-line distance across

a cuboid (from one corner to the opposite corner), use
the space diagonal formula.

If the cuboid has sides
I, b, and h, the distance

will be 2 +b% + h?
Distance = /72 + 32 + 2.52
=J49+9+6.25
=64.25=801m

(Because the mosquito can fly freely through the air, it
doesn’t have to follow the walls or surfaces — it simply

P"@ Length of longest rod that can be placed in the room
)

Mosquito

h

l Cat

takes the shortest straight-line path through 3D space)

\
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Mensuration 3D

@ In general if the dimensions of the cuboid are a, b

@ If you know the areas of any 3 adjacent faces of a
>~ cuboid, you can directly find the volume.

Volume = vPQR

se’ c where a 2 b > ¢, then the shortest path along th

@ surface will be [ 1 ¢)? + a2

&7
! (This can be proved algebraically, if we so desire)

Ex. The areas of three adjacent faces of a cuboid are 32 cm?,
Ex. A lizard sitting at the top corner of a cuboidal room of

dimensions 5 x 4 x 3 m sees a fly sleeping at the farthest

bottom corner of the room. How much distance will the m Volume = v/32x 24 x 48 = 192 cm®
lizard have to crawl to catch the fly.

24cm? and 48cm?. Find the volume of cuboid.

IS° Relation between diagonal and total surface area of

m a cuboid:

Lizard B A 5 B 4 C (I+b+h)2=2+Db?+h?+2(b+bh+h)
D @ Lizard- or (Sum of dimensions)? = (Diagonal)? + Total Surface Area
3 Ex. The sum of length, breadth and height of a cuboid is 20
3 cm. If the length of the diagonal is 12 cm, then find the
4 F total surface area of the cuboid.
H 5 i E F GFly

P HINTSJ

B (Sum of dimensions)? = (Diagonal)? + Total Surface Area
D = (20)? = 12 x 12 + Total Surface Area
= Total Surface Area = 256 cm?
F 5" Volume of hollow cuboid % b
H 5 "G Fly = Ibh - (1-2) (b~ 2x) (h-2%)
Unfold two adjacent faces into a flat rectangle, turning Where, x is the t}}ickness of b
the 3D crawl into a straight 2D line. walls of the cuboid
Route 1 (Green line)=A - E — G 1
AG = y(4+3)*+5% = 74 ~8.6 m (Shortest) Ex. A wooden box measures 20 cm by 12 cm by 10 cm.
Route 2 (Red line)=A > D - H — G Thickness of wood is 1 cm. Volume of wood to make the
box (in cubic cm) is
AG = (5+3)*+4% = /80 ~8.94 m (Medium)
Route 3 (Purple line) =A > B > F - G m Volume of hollow cuboid

=20 x 12 x 10 - (20 - 2) (12 - 2) (10 — 2) = 960 cm®

AG =+(5+4)?+3% = /90 ~9.48 m (Longest)

So, the shortest crawling path along the surfaces Ex. A cuboid has dimensions 30 cm x 25 cm % 20 cm. If the

= 8.6 m (by unfolding height + breadth sides) mass of the cuboid is 15 kg. Find its density in g/cm?®.
T AT Volume = 30 x 25 x 20 = 15000 cm®
' N Mass = 15 kg = 15000g
Shortest crawling path = /(b +c)? + a2 (a=2b=c)
2 Density = Mass —_ 15000 _ 1 g/cm?
= V(4+3)°+5° = J74~8.6m ¥~ Volume ~ 15000  ©

(Unlike a mosquito, the lizard cannot fly. It must crawl
along the surfaces of the room to reach the fly.So we I Making a box from Rectangular Sheet

must find the shortest crawling path along the walls of We can make an open rectangular box by cutting off

the cuboid ) equal squares of side x unit at four corners and the
I Cuboid with Adjacent Faces remaining is folded up.

Let a cuboid have dimensions:

Length = [, Breadth = b, Height = h T x x| T

Let the areas of three adjacent faces meeting at one b B x X

corner be: l X x| Folded up AN

P = b (base area), Q = bh (side area), R = hl (front area) i
Volume (V =[x b x h) using only P, Q, R l¢ 1 > \/ ©
P x Q xR = (lb) x (bh) x (hl) = Pb%h? Volume of rectangular box = (I - 2x) (b - 2x)x

Volume = [bh = \/PQiR
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Ex. From the four corners of a rectangular sheet of dimensions
25 cm x 20 cm, square of side 2 cm is cut off from four
corners and a box is made. The volume of the box is.

Volume of rectangular box = (I-2x) (b — 2x)x
=(25-2x%x2)(20-2x%x2)x2=21x16 x2 =672 cm?

Ex. A square of side 3 cm is cut off from each corner of a
rectangular sheet of length 24 cm and breadth 18 cm
and the remaining sheet is folded to form an open
rectangular box. The surface area of box is.

w Surface area of open box
=(l-29 (b-2x9+2(b-2x (9 +2(1 (I-2x
=(24-2x3)(18-2x3)+2(18-2x%x3)(3)+2(3) (24-2x3)
=18x12+6x12+6x 18
=216+ 72 + 108 = 396 cm?

[ Alternatively

Surface area of the open box = Area of rectangle — 4 x
Area of square of side 3 cm

=24 x 18 -4 x 32 = 396 cm?

In case of an open box, The area of upper surface (lb)

is excluded. Similarly While calculating the cost of

@ painting a room, the area of floor (lb) is excluded and

(& the remaining surface area (b + 2bh + 2h) is
A multiplied by the cost per unit area.

Ex. The length, breadth, and height of a room are 10m, 8m and
6 m respectively. Find the cost of white washing the walls of
the room and the ceiling at the rate of ¥7.50 per m?.

(a) 2,220 (b) 1,850
(c) 2,150 (d) 2,000

AN Area=(10x 8 +2x8x 6 +2x 6 x 10) = 296 m”

Cost of white washing = 296 x 7.5 =32220

In Mensuration, if the cost per unit area is a prime
number or multiple of a prime number, then the final
answer will also be a multiple of that prime number, if
itis 9 or multiple of 9, then the digit sum of the correct
answer will be 9.
de’ In the above example, 7.5 is a multiple of the prime
il number 3, hence the final answer will also be a
multiple of 3. Out of the given options, only option (a)
is a multiple of 3.

" A rectangular tank is ‘’ metres long and ‘h’ metres deep.
If ‘X’ cubic metres of water be drawn off the tank, the
level of the water in the tank goes down by ‘d’ metres,
then the amount of water the tank can hold is given by

[xxh
d
metres.

A rectangular tank is 50 metres long and 29 metres
deep. If 1000 cubic metres of water be drawn off the
tank, the level of the water in the tank goes down by 2

metres. How many cubic metres of water can the tank
hold? And also find the breadth of the tank.

w Volume of the tank = M = 14500 cubic meter.
We may conclude that even if the length of the
o@ rectangular tank is not given, Volume of the tank

(© can be calculated. To find breadth of the tank
length is needed but not the height of the tank.

&
1000

.. Breadth of the tank =
50

j cubic metres and the breadth of the tank is (%}

Ex.

= 10 metres.
x 2
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A solid object having all the six identical square surfaces
is known as cube. Thus, length, breadth and height of a
cube are equal.

<+——Vertex
H
B=H-=L Edge
Face

ISS =

Consider ‘a’is the side of the cube.
(i) Lateral Surface Area = 4a?
(ii) Total Surface Area = 6a>

3
) Vislisine — oF = [ \/Total Sur6face area]
(iv) Diagonal = J3a

(v) Face diagonal = +/2 a

(vi) If diagonal of cube is given then volume of cube

~ (Diagonal]3
B

Ex.The total surface area of a cube is 1728 cm?. Find its
volume.

w Let, side of cube = a

Surface area of cube = 6a?

= 6a2= 1728 = a= 122

(12v2) -

3
Total Surface area ’ @
Volume = 6 = 6

- () - (1248) -

Ex. The length of longest diagonal of a cube is 7+/3 cm. Find its
volume (in cm?).

: 3
W Volume of cube = (Dlagonal]
J3

(78
73

The string goes diagonally from the bottom left corner

. Volume of cube = a® = 345642 cm?

345642 cm?

3
] = 343 cm?®

(point R) to the top right corner (Point S) of this rectangle.

Length of the string = /(4a)2 + a2 = aJ17

-
| i

-
e

®
ol
-

R Starting point
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Ex. A string makes to complete turns arround the cube along
its sides faces, starting at a point at the bottom and ending
at a point directly above the start. Find the length of string?

W When unwrapped, it forms a rectangle of width
8a (4 faces x 2 turns) and height a.

Length of the string = V(8a)* +a® = a./65

Special case I:-

When n cubes (side = a) are joined to form a cuboid.
(i) Length of cuboid =n x a

(i) Breadth and height of cuboid = a

(iii) Volume of cuboid = n x a’

(iv) Surface area of cuboid = 2a° (2n+1)

Ex. Four cubes each of volume 216 cubic cm are joined end to
end to form a new solid. The surface area of the new solid is:

WVolume ofcube=a’>=a*=216=>a=6

6 cm

6 cm

When 4 cubes are joined together then length =4 x 6 = 24cm,
breadth = height = 6 cm

Total surface area of cuboid = 2(lb + bh + hl)
=2x(24x6+6x6+06x24)
=2 x (144 + 36 + 144) = 2 x 324 = 648 cm?

6 cm 6 cm 6 cm

Volume of cube (a)® =216 => a =6 cm
No of cube (n) = 4
Length of cuboid =n xa =4 x 6 cm = 24 cm
Height = breadth = 6 cm
Total surface area of cuboid = 2a? (2n + 1)
=2x6%(2x4+1)=648 cm?
Special case II:-
When a cuboid is cut up form minimum n cubes.
(i) Side of cube = HCF of sides of cuboid

. Volume of cuboid
(i) n =

Volume of cube

Ex. A rectangular block of length 20 cm, breadth 15 cm and
height 10 cm is cut up into exact number of equal cubes.
The least possible number of cubes will be

M side of cube = HCF of (20, 15, 10) = 5

1’1_20><15><10=
5x5x5

24

Special case III:-

When minimum n cuboids are joined (arranged) to form

a cube.

(i) Side of cube = LCM of sides of cuboid

. Volume of cube

(i) n = :
Volume of cuboid

Ex. There is a cuboid of dimension 6 cm by 4 cm by 3 cm.
The minimum such cuboids are arranged to make a
cube. Find the volume of the cube.

M Side of cube = LCM of (6, 4, 3) = 12

Volume of cube = 123 = 1728 cm?®

Mensuration 3D
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— f;}@ Did You Know 7

uw
(i) Joining of cubes: If we join two cubes, two of their
surfaces will be lost.

2
a
A

g
a2

TSA = 6a°+ 6a°— a’— a’= 10a’
(ii) By making n cuts, we obtain (n+1) cuboids.
Now, increase in TSA = 2na’
TSA of these (n+1) cuboids = 2a* (n+3)
C

D a C
a az a
B
A
A a B

A Cross section

N _/
Right Circular Cylinder

A solid which has uniform
P

circular cross-section is
>(’?

called a cylinder (or, a right
Perimeter (circumference) of cross-section = 2znr

circular cylinder)

Let r be the radius of
circular cross-section and
h be the height of cylinder,
then

(i) Area of cross-section = nr?
(i)

(i)

Cross
Section

Curved Surface area =
height = 2nrh

Total Surface area = Curved surface area + 2 x Area of
cross-section = 2nrh + 2nr? = 27r(r + h)

Perimeter of cross-section X
(iv)
(v) Volume = Area of cross-section x height = nr?h

. . h
(vi) Ratio of total surface area to curved surface area = tr

Ex. What is the total surface area of a cylinder having radius
of base as 7 cm and height as 5 cm?

r=7cm, h=5cm
Total surface Area of a cylinder = 2nr(h + r)

22

=2><7><7><(7+5)=4-4><12=5280m2

Ex. If the height and diameter of a cylinder are 12 cm and 28

cm, respectively, then find the ratio of the total surface
area to the curved surface area.

Wh=12cm,r=§=l4cm

TSA _ h+r _12+14 _ 26 _ 13
CSA h 12 12 6

Ex. If the curved surface of a cylinder is 880 cm?, then the
product of its height and radius is.

w Curved surface area = 2nrh

= 2 x % x rh = 880 = rh = 140 cm?

@’@ When volume, CSA and TSA is multiple of 11 then it
&, is necessary that radius or height will be multiple of 7,

Aditya Ranjan (Excise Inspector)
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(i)

If curved surface area (c) and volume (V) are given then
ratio of radius to height is.

T _8nV?

h ¢
Ex. The curved area of a cylindrical pillar is 264 m? and its

. . 227 . . .
volume is 924 m?3.| Takingn =7 Find the ratio of its
diameter to its height.

R HINTS

Diameter _g_ 2x 87V? _ 2x8x22x924x924 _Z
Height h  (CSA) 7x264x264%x264 3

(ii) If curved surface area (c) and height (h) are given the
volume of cylinder is.

C2

B 4nh
Ex. A right circular cylinder of height 16 cm is covered by a

rectangular tin foil of size 16cm x 22 cm. The volume of
the cylinder is:

If tin foil covered cylinder then curved surface
area of cylinder is equal to area of tin foil.

C.S.A. = 16cm x 22cm

h =16cm
c? _16x22x16x22x7
4rh 4x22x%x16

I Folding and Revolving aRectangular Sheet toform aCylinder

Volume = =616 cm?

Rectangular Sheet to be Fold

1€ »l
€ 1]

r . . - .
i Folding along Length

h=b

| 2nr =1
r=—

= 2n

Rectangular Sheet to be Revolve

Folding along Breadth

& =9

h = I 2nr=

—
!
!
|

b
bDr—ﬂ

Revolve along Length

/’—_—_—1—7(\-’1- =1
b —
b »>h =0
l i I

Revolve along Breadth

-
1 \
D) ,' i
b —> | ] |
| IH»r=>b
\ \ 1
\ \|/
1=-h
1
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Ex. A rectangular paper sheet of dimensions 22 cm x 12 cm
is folded in the form of a cylinder along its length. What
will be the volume of this cylinder?

m 2nr =22 =>r = 22x7 :Zcm., h=12cm
2x22 2
. Volume of cylinder = nr?h = gx%g x 12 = 462 cm?®

Ex. A figure is formed by revolving a rectangular sheet of
dimensions 7 cm x 4 cm about its breadth. What is the
volume of the figure thus formed?

mh=7cm,r=4cm

Volume of cylinder = nr?h = 22

x 4 x4 x7=352cm?

When a rope is wound spirally (helically) around a cylinder
then the cylinder is unwrapped into a rectangle.

For each turn -
length per turn = \/(Circumference)2 + (Rise per turn)®
Where, circumference = given base perimeter
Total Height
Number of turns

Rise per turn =

Total length of rope = length per turn x no. of turns
o S

When unwrapped

Ex. A thread is wound once around the cylinder of radius 10
cm and height 24 cm. Find the length of the thread?

Circumference of cylinder = 2ar = 2 x 3.14 x 10 = 62.8
h = 24 cm, Number of turn (n) = 1

Length per turn =+(62.8)* + (24)* = 4519.84 ~ 67.2

Length of the thread = 67.2 cm

Hollow Cylinder

)
(i)

Thickness (T) = (R-1)
Curved Surface Area = 2nirh + 2niRh =
2rth(R + 1)

(iii) Total Surface Area
= 2nth(R +r) + 2r(R? - 1?)
(iv) Volume of material of hollow Cylinder
=n(R?-r?h
Mass (weight) of hollow cylinder

)
= Density x Volume of material

Ex. A hollow cylinder is made up of steel. The difference in
its outer and inner CSA is 132 cm?. Height of cylinder is
21 cm and sum of its inner and outer radius is also 21
cm. Find TSA of the hollow cylinder (in cm?).

M 2vh(R-1)=132=>R-r=1

Also, R+r=21cm (given) > R=11cm,r= 10 cm
.. TSA of hollow cylinder = 2nh(R + 1) + 21 (R? — 1?)
=2r(R+r[h+R-1]=2x %x 21 [21 + 1]

=6 x 22 x 22 =2904 cm?
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Mensuration 3D

Cone is a three dimensional Apex 1= All triangles formed by cutting cone are similar t(()) each other.
structure having a circular (A) (i) AOCD ~ AOAB

base where a set of line (LA =4£C=90°20 = £0)

segments, connect all of the H _ R _ Eorg _ E

point on the base to a common h r I R r

point called apex. Base

I Right Circular Cone

The solid obtained by revolving a right-angled triangle

; . ) I Let V is volume of larger cone and v is volume of
about one of its sides (other than hypotenuse) is called a

smaller cone

cone or right circular cone. 1,

Let the right angled triangle ABC be revolved about its side (i) v o 37 R*H _ R2H
AB to form a cone; then AB is the height (h) of the cone A ln 2h r’h
formed, BC is the radius (r) of its base and AC is the slant 3

height()). B R® L

iy~ - LR _ L
v h? r I

A
(B) CSAof 5 parts of cone “ITTI
. . 2
1 12:22-12:32-22: 1 52— 3
=1:3:5:7:9 54
Volume of 5 parts of cone
=1%8:23-1%:3%5-2%:43-3%:53-43
C
B c B r

=1:7:19:37:61

(@) Slant height () = vr2+h?

(i) Curved Surface Area = rrl I Cone by Rotating Right Angle Triangle

(iii) Total Surface area = nr(r + [

(iv) Volume = én r’h

Ex. The volume of a conical tent is 1232 m?® and the area
of its base is 154 sq.m. Find the length of the canvas
required to build the tent, if the width of canvas is 2 m.

m]m7tR2=154m2 = R=7m

Rotation Alon
& mR?h = 1232 m? :h 1232 =>h=24m g
3 154 v v v
Base Perpendicular Hypoteneous

~ =25 m (by triplet of 7, 24, 25)

Area of the canvas required to build the tent = nrl A A
Which will equal to the area of the rectangular canvas. c “ C
22 © ¢

= = 7 x 25 = 2 x Length of the canvas v © B b
i
= Length of the canvas = 275 m B C a :
=@ i
2 {2} Canvas required to construct a conical tent = Curved a r=a :
@’3 surface area of cone [=b h=c By Similarity 1b = ac;
: I=b Sum of volume of |
IZ" If S denotes the curved surface area of a right circular tvs;o cones !
cone of h height and semivertical angle o then S equals - ands !
3" D i
i

to?

Ex. A right angle triangle ABC with sides 5 cm, 12 cm and
13 cm is revolved about the side 12 cm. What is the
volume of the solid so obtained?

mr=50m,h=120m

Volume of cone = %nrQh = %n x 52 x 12

tana=%:>r=htana
h
cosa:73 l=h seca

Surface area of cone = nrl

= th2seca. tano = 100 nrcm?®
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Ex. A right angle triangle whose side are 15cm and 20cm
(other than Hypotenuse) is made to revolve about its
hypotenuse. Find the volume of double cone so formed?

15%20 15 15/ 19 \I®
r= o =12cm
20 = 25 1
Volume of cone so formed
3 % |
1 20 20
= —nx 122%x (9 + 16)
3
= 48w x 25
= 1200n cm?®

I Cone Formed by Rolling up a Sector

When a sector is rolled up in such a way that the two
binding radii are joined together then a cone formed.

1. A right angled sector of radius R cm is rolled up into a
cone

., R* JI5R

Height of cone (h) =+I* - =,/R 6- a

Curved surface area of cone = Area of sector =

RjszER

1
Vol f =—7XxX|—
olume o1 cone 3 ( 4

4
_ \/Eﬂ'Rs

192

2. A semicircular sector of radius R cm is rolled into a cone.

—R—»
l
Rolled Up
_—
27R_ TR

2
Height of cone (h)

= JP-r2=

Curved surface area of cone = Area of sector =

R2_K= @

4 2

Volume of cone = %71'1"2}.'1

Mensuration 3D

Circle to Cone

® Semicircle ( % part of circle) | ® Quadrant (% part of circle)

®* Cone=1[=R ®* Cone=1=R
_R R
r—§ r—4

Where R = Radius, [ = Slant height of cone
r = radius of cone

Ex. A cone is made of a circle of radius 35 cm and an angle
of 90°. What is the total surface area of cone?

W Angle = 90° (% part of circle)

Radius of sector (R) = 35 =1

Radius of cone (r) = 35
* 5
3
Total surface area = nr(l + r) = 2772 x % (35 +4j

175

-3 e =1203.125 cm?

2
A semicircular sheet of metal of diameter 28 cm is bent

into an open conical cup. The capacity of the cup

( 22) .
usem =—| 1S:
7

Ex.

Capacity of cup =
p y 1Y 8\/5
_ 22x14x14x14 _ ¢hn 4 o
7x8x1.732

If a cone is cut by a plane parallel to its base, the portion of
solid between this plane and the base is known as frustum

A}

-\

Frustum

of the cone.
A

h,

Cone

Frustum
(i) Volume of frustum = %n(R2 +1?+ Rr) h

(Compare with volume of a cone = %nrzh)
(ii)) Curved surface area = (R + 1)l

(Compare with curved surface area of a cone = nrl)
(iii) Total surface area = n/(R + 1) + n(R? + r?)

(Compare with total surface area of cone = nr (r+1)

Where 1= yh*+(R-1)
selected £ Selection @1 &
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Ex. A 22.5 m high tent is in the shape of a frustum of a cone
surmounted by a hemisphere. If the diameters of the
upper and the lower circular ends of the frustum are 21
m and 39m, respectively, then find the area of the cloth
(in m?) used to make the tent (ignoring the wastage).

R HINTS

1= Jh*+(R-1)

39 21\
= 122"’(?—?] =15

Required Area

=mn(r + R)l + 2nr?

2
2 Bsia <2 (2]

702 2 2
- %x@x 15+2x %xgxg
7 2 7 2 2
_22,1341_14751_ o
7 T2 7 =

H\]

A sphere is a solid obtained on revolving a circle about any
diameter of it.
(i) Surface area of sphere = 4nr?

(ii)) Volume of sphere = %n o

I Let V, and V, be volume and S, T
and S, be area of two sphere
then

3 2

Vi (S pS (W)

V2 SZ SZ V2

Ex. Find the diameter of a spherical ball whose volume is
38.808 cm?.

&M Votume of sphere = %nr” = 38.808 = % x % x 12

=r=2.1cm

.. Diameter = 2.1 x 2 =4.2 cm

Ex. The surface area of two spheres are in the ratio 4 : 9.
Their volumes will be in the ratio.

3 3 3
S HINTs AN 2_(ij5_ 2p_22_8
v, S, 9 3? 3 27
Ex. The ratio of weights of two spheres of different materials
is 8 : 17 and the ratio of weights per lcc of materials

of each is 289 : 64. Find the ratio of radii of the two
spheres:

LM Density - M2
Volume
8
Ratio of the volumes of sphere = 289 _ _8x64
17 289x17
4 64
3
3™  8x8x8 1t (8) . r 8
=2 = =>S=|—=| 2—-==
3 17x17x17 T, 17 r, 17
gan

Mensuration 3D
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Spherical Shell

It is solid encosed between two concentric spheres.

Let R be the external radius and r be
the internal radius of a spherical shell

then,
(i) Volume = Volume of material in

spherical shell = %T:(R3 -9

(i) Total surface area = 4n(R? - 1?)
Ex. A hollow spherical metallic ball has an external diameter

6cm and is %Cm thick. The volume of the ball (in cm?) is

4 | 1Y’
w Volume of the ball = gn 3% - 3—5

_ ix%(27 22 216—125]
37 8 7 8
A 2201 193 472 em?
3 7°8 3

Hemisphere

125) 4 22
-—— | = =x
3

|m

When a solid sphere is cut through its center into two
equal (identical) piece, each piece is called a hemisphere.

(i) Curved Surface area = 2nr?
(ii) Total surface area

= 2nr? + nr? = 3nr?
(iii) Volume = %nr3

Ex. The volume of a solid hemisphere is 19404 cm?. Its total
surface area is:

2 22
w 2 159 = 19404 = 2x22 x 13 = 19404
3 377

1
- % =9261 = r= (9261 =21cm
X
22

.. Total surface area = 3nr?> = 3 x 3 x 21 x21=4158 cm?

3

Hemispherical Shell

C_——

(i) Curved Surface area
= 2n(R? + r?)
(ii) Total surface area
= 27R? + 2nr? + n(R%*-r?)

= 3nR? + nr?

(iii) Volume = %n (R®-19)

Ex. A hemispherical bowl is made of silver and its inner
diameter is 4 cm. If the thickness of the silver is 0.5 cm,
then calculate the amount of silver used to make the
bowl, correct to two decimal places. (Use n = 3.14)

MM r=2cm, R=2+0.5=25cm

Volume of silver used = %n (R®-r?)

= %X 3.14 (2.5 - 2%) = %X 3.14 x 7.625 = 15.96 cm?
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Summary

s N

Sphere Hollow Sphere  Hemisphere Hemispherical Shell

009 ¥ =

_i 3 _i 3 _ .3
V—3nr V—sn[(r+x) r]

V=§nr3 V=§n(R3—r3)

Concept of Melting & Recasting

Volume of Melted object = Volume of recasted object

Ex. A large solid cube is melted and cast into ‘N’ small solid
spheres, each of radius 3 cm, and N + 2’ small solid
cuboids, each of dimensions 4 cm x 4 cm x 6.5 cm. If the
length of each side of the large solid cube is 12 cm, then
find the value of ‘N’.

P HINTS |

Before Melting

After Melting

Given, radius of small spheres = 3 cm
Volume of cuboid = (4 x 4 x 6:5) cm?®
Side of cube = 12 cm

ATQ,

4 22
12 x 12 x 12 =[§X7X3X3x3XN) +(N+2)(4x4x65)
88
= 1728 = 25 N + 104N + 208
= 1520 = 732 x N + 104N = 1520 = %N —~N=7

Ex. The radii of the ends of a frustum of a solid right-circular
cone 45 cm high are 28 cm and 7 cm. If this frustum is
melted and reconstructed into a solid right circular cylinder
whose radius of base and height are in the ratio 3 : 5 then
find the curved surface area (in cm?) of this cylinder.

R HINTS

Before Melting

After Melting

= 5x

3x

Volume of frustum = Volume of cylinder

:lnH(R2+Rr+r2):nr2h
3

3%5[282+(28x7)+72]:9x2x5x:>784+ 196 + 49 = 3¢

=1029=32% = x*=343=x=7
. Radius of cylinder = 3 x 7 =21 cm

Height of cylinder =5 x 7 = 35 cm

. C.S.A of cylinder = 2nrh = 2 x 2—72 x 21 x 35 = 4620 cm?

72 Aditya Ranjan (Excise Inspector)
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Ex. A solid cone of radius 7 cm and height 7 cm was melted
along with two solid spheres of radius 7 cm each to
form a solid cylinder of radius 7 cm. What is the curved
surface area (in cm?) of the cylinder?

Before Melting After Melting

AoccE

Volume of (Cone + 2 spheres) = Volume of cylinder

lenx72x7+2xinx73=nR2h
3 3
3%n><343><(1+8)= <R°h

= R?h=343x3= 49 xh=343x3
= h=21cm

. C.S.A. of cylinder = 2nrh
=2><2—72><7><21=44><21=924cm2

Ex. Two right circular cones of equal height of radii of base
3 cm and 4 cm are melted together and made to a solid
sphere of radius Scm. The height of a cone is:

P HINTSJ

Before Melting After Melting

LA-Q

Volume of two cones = Volume of sphere

= lTCX32Xh+lTCX42Xh=iTEX53
3 3
= 9h + 16h =4 x 125
4x125
25
Ex. Three cubes of metal whose edges are 6cm, 8 cm and 10

=h-= =20 cm

cm, respectively are melted and a single cube is formed.
What is the length of the edge of the newly formed cube?

P HINTSJ

Before Melting
@ ' @ * )

Volume of recast cube = Sum of volume of three cubes
= a’=6+83+10°=216+ 512 + 1000 = 1728

After Melting

1
= a= (1728)® = 12cm

@ When many cubes integrate into one cube then
" the side of the new cube

\/Sum of the cubes of sides of all the cubes

selected £ Selection @1 &




Ex. A hollow sphere of internal and external diameters 6cm
and 10cm respectively is melted into a right circular
cone of diameter 8 cm. The height of the cone is:

Before Melting After Melting

"OA

Volume of cone = Volume of hollow sphere

= l7'|:><42><h:in(53_33):>h: M:%ZQ
3 3 4 4 2
= 24.5cm
Ex. 12 sphere of the same size are made by melting a

solid cylinder of 16 cm diameter and 2 cm height. The
diameter of each sphere is:

w Before Melting

After Melting

12 x

Volume of 12 spheres = Volume of cylinder
64x2x3
12x4

:>12x%nr3=n)<82><2:>r3= =8 =r=2cm

Concept of Digging & Earth taken out

W

A well of diameter ‘D’ m or radius
T’ m is dug ‘h’ m deep. If earth
taken out has been spread all
around it to a width of ‘W’ m to

ix

form a circular embankment
then height of embankment

r’h
~ w(w+D)

Ex. A well 20 m in diameter is dug 14 m deep and the earth
taken out is spread all around it to a width of 5 m to form
an embankment. The height of the embankment is:

w Volume of embankment

= Volume of well (Volume of earth

5m
w
b D
taken out) ‘
= (152~ 10’ h = x 102 x 14
10x10x14 56

>h=———"—=— =11.2m
125 5
-
Alternatively
10m
. r’h
Height of embankment = ———
w(w +D)
10x10x14
1400 _ 56 _ 11.2m

© 5(5+20) 125 5

Ex. A field is 125m long and 15m wide. A tank 10 m x 7.5
m x 6 m was dug in it and the Earth thus dug out was
spread equally on the remaining field. The level of the
field thus raised is?

Mensuration 3D
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w Remaining field = Area of field — Area of tank
=125%x15-10 x 7.5 = 1800 m?
Volume of earth dug = 10 x 7.5 x 6 = 450m?
By given condition, 1800 x h = 450

450 1 100
= ——=—m=——cm = 25cm
1800 4 4

Filling a Container by Another Shape Container

Volume of water flowing through pipe (Cylindrical / Cuboidal)
in t time = Volume of the tank (Cylindrical / Cuboidal)

= Area of base x speed of flow x time = Volume of the
tank (Cylindrical / Cuboidal)

iﬁ

(@) mr? x v x t = tR?h or LBH or § nR?H

(b) Ixbxvxt=LBH or tR*h
Ex. Water flows through a cylindrical pipe, whose radius is
7cm, at 5 metre per second. The time, it takes to fill an
empty water tank, with height 1.54 metres and area of
the base (3 x 5) square metres is

w nr? (vt) = Area of base x height

22, 7 T «st=@3x5)x1.54
100

7 100
=t = 300 seconds = 5 minutes

. Water flows at the rate of 10 metres per minute from a
cylindrical pipe 5 mm in diameter. How long it take to fill
up a conical vessel whose diameter at the base is 30 cm
and depth 24cm?

LM = vy = 5 =R

= 0.25 x 0.25 x 1000t =% x 15 x 15 x 24

% = 28% minutes = 28 min, % x 60 seconds

= 28 min 48 seconds

=>t=

Ex. Water is flowing at the rate of 3km/hr through a circular
pipe of 20cm internal diameter into a circular cistern of
diameter 10m and depth 2m. In how much time will the
cistern be filled?

W Water flowed in t hours through the pipe =
volume of circular cistern

= nr? (vt) = nR?H

R’H 5x5x2x100x100 5

=>t= -
10x10x 3000 3

r’v

=1 hour, % x 60 minutes = 1 hour, 40 minutes
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Ex. Water flows into a tank which is 200m long and 150m
wide, through a pipe of cross-section 0.3m x 0.2m at 20
km/hour. Then the time (in hours) for the water level in
the tank to reach 8m is:

w Let time for the water level in the tank to reach
8m be t hours.

20 km/hr

.. Water supplied by pipe in t hours = Volume of water tank
= Area of cross section x (vxt)=[xb xh
= 0.3 x 0.2 x 20000t = 200 x 150 x 8
_ 200x150x8
0.3x0.2x20000

. Some medicine in liquid form is prepared in a hemispherical
container of diameter 36 cm. When the container is
full of medicine, the medicine is transferred to small
cylindrical bottles of diameter 6 cm and height 6 cm.
How many bottles are required to empty the container?

w Diameter of hemisphere = 36 cm

Radius of hemisphere (r)) = 18 cm

= 200 hours

Diameter of cylinder = 6 cm

Radius of cylinder (r,) = 3 cm

Let n cylindrical bottles are required.

. Volume of hemisphere = n x volume of cylinder

2
S>Znrd=nxnr; xh
3

3%X18X18X18=nx3x3x6:>n=72

. A hemispherical bowl of internal radius 6 cm contains
a liquid. This liquid is to be filled into cylindrical shaped
small bottles of diameter 2 cm and height 4 cm. How many
bottles will be needed to empty the bowl ?

(a) 32 (b) 37 (c) 38 (d) 36
[Correct option (d)]

74

Aditya Ranjan (Excise Inspector)

Mensuration 3D

Concept of Rise in Height

Ex. A conical vessel, whose internal radius is 20 cm and
height is 27 cm, is full of water. If this water is poured
into a cylindrical vessel with internal radius 15cm, what
will be the height to which the water rises in it?

Volume of cone = Volume of cylinder

= linen- zrlh,
3
:é xmx (202 x27=nx(152xh, =h =16cm

. A cylinder has some water in it at a height of 16 cm. If a
sphere of radius 9 cm is put into it, then find the rise in the
height of the water if the radius of the cylinder is 12 cm.

R HINTS
J
16} 16]

Let, the rise in water level be h cm.

|
bl

1

N

then, Volume of sphere = Volume of water risen.

3%”(9)3 =7x(12xh

o h= ,9%9%9 _ 27 _ o5 om
3 Tax12 4

. Some ice pieces, spherical in shape, of diameter 6 cm are
dropped in a cylindrical container containing some juice
and are fully submerged. If the diameter of the container
is 18 cm and level of juice rises by 40 cm, then how
many ice pieces are dropped in the container?

R HINTS
Vi

Ice pieces of
radius 3 cm

£\

[Exe]
ee

\
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Let n Ice pieces are dropped.

Volume of cylinder = n x Volume of spherical Ice pieces

4
:nx9><9><40=§><n><(3)3><n

_ 9x9x40x3

-n= 3x3x3x4

. Two irons sphere each of diameter 6cm are immeresed in
the water contained in a cylindrical vessel of radius 6¢cm.

The level of the water in the vessel will be raised by.

i,

o

QA Radius 3 cm

i
L

Volume of two iron sphere = volume of cylinder

=2 x % xtx3P=nrx62xh=>h=2cm
Ex. A cylindrical vessel of base radius 14 cm is filled with
water to some height. If a rectangular solid of dimensions
22 cm x 7 cm x 5 cm is immersed in it then what is the
rise in water level?

Volume of cylinder = Volume of rectangular solid

j%xmxmxh 22X7X53h—%—1250m

Ex. A cylindrical tank of diameter 35 cm is full of water. If 11
litres of water is drawn off. The water level in the tank
will drop by:

usem =—
7
m Volume of cylinder = nr’h

= nr’h =11 x 1000 cm?

= gxs—sx%xh= 11 x 1000

7 2
h—@ llécm
7 7

Ex. A rectangular tank whose length and breadth are 2.5 m
and 1.5 m, respectively is half fill of water. If 750 L more
water is poured into the tank, then what is the height

through which water level further goes up?
W Volume of extra cuboid = Volume of water

:>25X15Xh—ﬂ:>h 0.2m = 20cm

Mensuration 3D
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Combination of 3-D Objects

@

(i) A maximum Cone inside a Cylinder

Volume of cylinder : Volume of cone

=nr’h: ;nrQh 3:1

A Cylinder just encloses a Sphere

Height of cylinder = Diameter of sphere
=2r

Volume of Cylinder : Volume of Sphere

= 7r?(21): —7rr =2: f-s 2

(iii) A maximum Cylinder inside Cube
Radius of cylinder = %x edge of cube = %
Height of cylinder = edge of cube = a

Volume of cube : Volume of

2
cylinder =a®: n(gj a

=1: g><1 14:11
7 4

(iv) Amaximum Sphere inside a Cube

Diameter of sphere (2r) = edge of
cube = a

Volume of cube : Volume of

4 (aY
sphere =a’ EH(EJ

=21:11

(v) Amaximum Cube inside a Sphere

R~

Diagonal of cube = Diameter of sphere

2r
Ja=2r>a=—
J3
Volume of sphere : Volume of cube
4 45 (2r 4 22
=—7rnr | — —X— ——11\/— 7
3 [\/§J 37 303
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(vi) Amaximum Sphere inside a Cone
AOCD ~ AOBA

OD CD
= —=—
OA AB
L _R
h-r r
= Ixr=hR-Rr= r= hR
[+R
(vii)Amaximum Cylinder inside a Cone (o)

AOCD ~ AOAB
(LA = £C =90°, £LO common)

—— T ———>
— i —>

OoC CD A B
= ===
OA AB
H R ] L
= —=—
H-h r D

(viii) Amaximum Cube inside a Cone
AOCD ~ AOAB ¥
_ oc_cp
OA AB
H R

(ix) Largest Cube inside a Hemisphere

Let, R be the radius of
hemisphere and x be the

side of cube. C is the
centre of hemisphere.

BD = 2x

. -

.. BC= NG

In AABC, AC? = AB? + BC?

= R2 =

2
3x = x= \/ER
2 3

(x) Amaximum Cylinder inside a Sphere
Volume of cylinder 1

e

Volume of Sphere

(xi) A maximum Cone inside a Sphere
Volume of cone 8
Volume of Sphere 27
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Ex. The Largest possible sphere is carved out of a cube of
side 6 cm. What is the volume of the sphere?

P HINTSJ

Radius of largest possible sphere

- % _3em
2

Volume of sphere = %an

B Alternatively

Volume of cube = a® = 6% =216

Volume of cube : Volume of sphere = 21 1\1,1
216 792
7

Ex. A sphere passes through the eight corners of a cube of
1443 14cm

side 14 cm. Find the volume (in cm?® of the sphere.
Side of the cube = 14 cm
= Radius of sphere = —— l
2
4

oo 7]
usen =-—
7
= Diagonal of cube = 14/3 ” T
.. Volume of sphere = 3™ r’

—xZ2x73x7J3x7J3 =88 x 493 =4312/3 cm?

Volume of sphere Volume of cube

1143 : 7

lx 392 lx 392
43123 14°(Given)

Ex. What is the volume of the largest right circular cone that
can be cut out from a cube whose edge is 10 cm?

P HINTSJ

Base cube:

<+«—10cm—

Height of cone = height of cube.

Radius of cone = % x width of cube.

Given, edge = 10 cm
250

.. Volume of cone =%nr2h :%nxSxleO :—3 n cm?®
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Ex. A sphere of maximum volume is cut out from a solid
hemisphere. What is the ratio of the volume of the sphere
to that of the remaining solid?

T @

Vol. of sphere Vol. of remaining Solid

i7t><r3 : g7t(2r)3—inr3
3 3 3
—nr’ : g7r><8r3—i1tr3
3 3 3
—nr’ : Errr3
3 3

1 : 3

Required ratio =1 : 3

Ex. A hemispherical depression of diameter 4 cm is cut out
from each face of a cubical block of sides 10 cm. Find the
surface area of the remaining solid (in cm?).

[
¥ HINTS

Radius of hemisphere
A 2 cm
2

Required surface area

= T.S.A. of the cube — 6 x area
of circle formed on the top of
each face of the cube + 6 x
C.S.A. of hemisphere formed
on the each face of cube
=6x102-6mx2%2+6 x 21 x 22=600 + 24n

528
7

22
=600 +24 x ~==600 +

- 600 + 755 = 6753 cm?
7 7

. For making a toy, a hemisphere is attached at one end of a
cylinder and a cone is attached at the other end of the
cylinder. The cylinder, the cone and the hemisphere have
a common radius of 4.2 cm. The height of the cylinder and
that of the cone is 7 cm. Find the volume (in cm?) of the

toy. (Use nt =§)
7
Volume of toy = Volume of cylinder

+ Volume of hemisphere + Volume of
cone

= nr’h + g nre + 1 nr’h
3 3

nr? (h +2r+ E)
3 3

22 aoxanx (72 xa2+ 1)
7 3 3

672.672 cm?®

Mensuration 3D

Concept of Cutting a Solid

(a) Volume of solid does’nt change

Ex. A sphere is cut into hemisphere. One of them is used as
bowl. It takes 8 bowlfuls of this to fill a conical vessel of
height 12cm and radius 6¢cm. The radius of the cylinder is:

m Volume of 8 hemishpere = Volume of cone
= 8 x 2 X xrd= lrr><62>< 12
3 3

6°x12 _6° 6 oy
8x2

== é=30m
2

8 2°
(b) Surface area of solid increases.

Ex. A cuboid of size 50 cm x 40 cm x 30 cm is cut into 8
identical parts by 3 cuts. What is the total surface area
(in cm?) of all the 8 parts?

R HINTS

Total area
before cutting = 2(50 x
40 + 40 x 30 + 30 x 50)
= 9400 cm?

1* cut

2™ cut
surface

There are three cuts m
3" cut
along length - breadth,
breadth height and
height - length. So,
each cut will produce
extra length, breadth
and height.

After cutting into 8 equal parts, surface area will be
doubled.

.. Total surface area after cutting = 2 x 9400 = 18800 cm?

There are three cuts along length - breadth, breadth
height and height - length. So, each cut will divide
length, breadth and height into two equal part.

New dimension of each part = 25 cm x 20 cm % 15 cm

Total surface area of each part = 2(25 x 20 + 20 x 15 +
15 x 25) = 2350 cm?

Total surface area of 8 parts = 2350 x 8 = 18800 cm?

. A solid cube has side 8 cm. It is cut along diagonals of
top face to get 4 equal parts. What is the total surface
area (in cm?) of each part.

P HINTSJ

TSA=2><%><8><4+8

X8 +8x442 x2

=96 + 6442




Ex. A right circular cylinder has height 18 cm and radius
7 cm. The cylinder is cut in three equal parts (by 2 cuts
parallel to base). What is the percentage increase in total
surface area?

nr’

TSA = 2nr(h + 1)

=44 x 25 = 1100 cm?
Increase in surface area = 4nr?
=4 x 154 = 616 cm?

616

% increase = x100% = 56%

Ex. A solid sphere of diameter 17.5cm is cut into two equal
halves. What will be the increase (in cm? in the total

surface area?

m Total surface area of solid sphere = 4nr?

When it cut into half parts in two hemisphere
then, Total surface area = 3nr? + 3nr? = 6nr?
So, increase in area = 6nr? — 4nr? = 2nr?

22 175 17.5 _ 0 o
72

= 2x

Flrst cut

AD

—>» Second cut

db/

2 cut (4 pieces), 1 cut — 2 circle area (Increase)

4 part TSA = 4nr? + 4nr? = 8nr?
2
= 27r?

TSA of each part (quarter sphere) =

Ex. A spherical ball is first polished and then it was cut into

4 equal pieces. What is the ratio of the polished area to
the unpolished area?

m Polished area = 4nr?

Non-polished area

nr?
= 2x—|=4nr?
ox 2]
Ar(Polished)  4nr?
Ar(unpolished) C4nr?
=1:1
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A prism is a solid that has two faces that are parallel and
congruent and their faces (Polygon) join by vertex to vertex.
A prism has a polygon as its base and vertical side
perpendicular to the base.

(@)

Curved surface area of a prism
= Perimeter of base x height

(ii) Total surface area of a prism = Curved
surface area + 2 x area of base

(iii) Volume of a prism = Area of base x

height

Ex. The base of a right prism is a triangle with sides 16 cm,
30 cm and 34 cm. Its height is 32 cm. The lateral surface
area (in cm?) and the volume (in cm?) are, respectively:

 HINTS

Lateral surface area of prism
= perimeter x height = (16 + 30 + 34)
x 32 = 2560 cm?

Volume of prism

= area of base x height

:%xsox 16 x 32 = 7680 cm?

I Equilateral triangular prism

(i) C.S.A.=3ah

(i) T.S.A.=3ah +2 x ?aQ

(iii) Volume = ?azh

Where a = side of equilateral triangle,

h = height of prism

@h

Ex. The total surface area of a triangle prism of the height

6 cm is 162+/3 cm?. If the base of the prism is an

equilateral triangle. Find its volume?

m T.S.A. = 16243

= L.S.A. + 2 x area of base = 162\/§

a>=162J/3 = a=63
2

(6\/5) x h

= 3ax6+

Volume =

G

'Pa\w‘&

x6x6x6x3=1623 cm?
I Square Prism

(i) C.S.A=4ah

(i) T.S.A=4ah +2a2

(iii) Volume = a%h

Where a = side of square,

h = height of prism

@6
@h

a
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Ex. The height of a right prism with a square base is 15 cm. If the
total surface of the prism is 608 sq. cm, then its volume is:

w Let, side of base = x

T.S.A = 4ah + 2a2?
= 608 = 4x x 15 + 2,2
= 2x* + 60x-608 =0
On solving, x =8
V = Area of base x height = 82 x 15 = 960 cm?®
Ex. The base of a solid prism of height 10 cm is a square and

its volume is 160 cm?®, What is its total surface area of the
prism (in cm?) ?

w Volume of prism = base area x height

= 160 =2a2x 10

= a%?=16

=a=4

side of square (a) = 4 cm.

Perimeter of square = 4a =4 x4 = 16 cm

. Total surface area of prism
= curved surface area + 2 x area of base
=16x10+2 x4 x4=160 + 32

=192 cm?
I Hexagonal Prism

(i) C.S.A=6ah
(i) T.S.A =6ah + 33 a2

Lo
6x+/3 )
4

(iiij) Volume =

a’h h

Where a = side of hexagon,
h = height of prism
Ex. A prism has a regular hexagonal base with side 6 cm. If

the total surface area of the prism is 2163 cm?, then
what is the height of prism?

R HINTS

Area of hexagonal = 6 x 9 V3 cm?

3

Area of equilateral A = e x 6x6=9+3 cm?

Area of two Hexagonal = 2 x 6 x 94/3=108+/3 cm?
TSA = 6ah + 33 a2
= 216+/3 =36 xh+ 1083

1083 =343 om

36
Ex. The base of a right prism is a regular hexagon of side 5 cm.
If its height is 12V3 cm, then its volume (in cm?) is:

w h=12V3 cm, a = 5cm

=h-=

Area of regular hexagon = 3\/2§a2
3V3x5° 753
=—(/———=——cm
2 2
.. Volume = base area x height
75V3

x12V3 = 1350cm?®

2

Mensuration 3D
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Pyramid

A pyramid is a three-dimensional shape. A pyramid has
a polygonal base and flat triangular faces, which join at
a common point called the apex. A pyramid is formed by
connecting the bases to an apex. Each edge of the base
is connected to the apex, and forms the triangular face,
called the lateral face. If a pyramid has an n-sided base,
then it has n + 1 faces, n + 1 vertices, and 2n edges.

lateral :
surface ; h

(i) Lateral/Curved surface area of Pyramid = Sum of

areas of all the lateral triangular faces.

= %X Perimeter of base x slant height

(ii) Total surface area of Pyramid = Sum of the areas of all
lateral faces + Area of the base.

= Curved surface area + area of base

-1 x Perimeter of base x slant height + Area of base

(iiij) Volume of a Pyramid

= X

3 area of base x height

Ex. If E, F and V are respectively the number of edges,
faces and vertices of a square pyramid, then the value
of 2E - F + 2V) is :

W In a pyramid, Number of faces =n + 1

Number of vertices =n + 1
Number of edges = 2n
F(faces) =4+ 1=35
V(vertices) =4+ 1=15

E (edges)=2x4=38

S (2E-F +2V)
=(2x8-5+2x15)
16-5+10=21

Ex. A prism and a pyramid have the same base and the
same height. Find the ratio of the volumes of the prism
and the pyramid.

W Volume of pyramid = % x area of base x h

Volume of prism = Area of base x h

.. Required ratio

_ Arxh =§
lerxh 1
3

=3:1
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I Equilateral triangular Pyramid

(i) C.S.A. = lx 3axl
2 Slant height(])

Height(h)
Slant edge

(i) T.S.A.

1 J3 .,

= —x3al+—a

(iii) Volume

Circum
radius (R)

(iv) Slant height () =h®+1r® = |h? + (LT
\ 243

(v) Slant edge =+h? + R? =\/h2 +[i) _ \/12+[Side)2
J3 7

Ex. The base of right pyramid is an equilateral triangle, each

x£a2xh
4

W~

In radius (r)

side of which is 20 cm. Each slant edge is 30 cm. The

vertical height (in cm) of the pyramid is:

w Let, h be the vertical height. e
2
Circum radius of equilateral A = —=
J3
30
2
h=JAE?— AP? - 302_[20]
J3
(o] B
oo B BB N[
3 3 3 "

I Square Pyramid

(i) C.S.A. = %x4axl
l><4al+a2

(i) T.S.A.=
2

(iii) Volume = éx a’xh

(iv) Slant height
a 2
= h2 +[_j
\ 2
a 2 id 2
== ] See
(v) Slant edge \/ [\/Ej A +[ 2

Ex. The base of a right pyramid is a square of side 8V2 cm
and each of its slant edge is of length 10 cm. What is the
volume (in cm?®) of the pyramid?

a
V2

a

NI

h=+10?-8%= 6cm >
. 1 h Q
. Volume of pyramid = 3 x area ‘3\
A\
-
of base x height
= %XS\/EXS\/EX6 =256 cm®
8
2y o2
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Ex. A right square pyramid having lateral surface area is
624 cm?. If the length of the diagonal of the square is
2442 cm, then the volume of the pyramid is:

d= 242
.. Side of square (a) = 24
Lateral surface area

=4x% X 24 x [ = 624 = 48 x |

24
624

48

=1 13

Now, h = 5 cm [Pythagoras triplet of 5, 12, 13]

.. Volume of pyramid = % x area of base x height
1 1

= —xa?xh=—-x24x24x5
3 3

=24 x 40 = 960 cm®

. The total surface area of a right pyramid, with base as a
square of side 8 cm, is 208 cm?. What is the slant height
(in cm) of the pyramid?

w Given, a = 8 cm

T.S.A. of pyramid = 208 cm?

= L.S.A. + area of base = 208 cm?

= {% x perimeter of base x l} + area of base = 208
= {%X4><8><l}+ (8 x 8) =208

=16x1+64=208cm?*=1=9
I Rectangular Pyramid

There are two slant height:

» (bY
e First slant height () = h® + E

12
e Second slant height (1) = h2 4+ (5]
. 1 1
i C.S.AA. = 2x—Ix[ +2x—=xbxl,
2 2

(i) T.SA.=C.SA+1b

(iii) Volume = é x |bxh

a)
(iv) (Slant edge)? = h? + (E)

\
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Ex. Find TSA of a pyramid with rectangular base whose
length is 16 cm and width is 12 cm, if the height of
pyramid is 8 cm?

R HINTSJ

16

12 16

C.SA = 2x1ixl +2xExbxl,
2 2
1

= — X

16><10><2+é><12><8\/§><2=160+96\/§

TSA = 160 + 9642 + 16 x 12 = 352 + 96+/2
I Hexagonal Pyramid

(i C.SA. = %x 6al

(i) T.S.A.

V3

- L bal+6x—a
2 4
(iii) Volume

= 1x¥a2xh

3
(iv) Slant height

0)=,/h*+ [ﬁa]
2

Slant edge = +/h? +a?

v)

Ex. There is a pyramid on a base which is a regular hexagon
of side 2a cm. If every slant edge of this pyramid is of

length 5?a cm, then the volume of this pyramid is:

W Height of regular

hexagonal pyramid (h)

= \/(Slant edge)’ - (Side)2

BE=

Volume = % x Area of base x height

X 6 x g X (2a)? x %a = 343 a’cm?®

Mensuration 3D

selected & Selection fe@TER I

Tetrahedron

a
RS
Pyramid on a triangular base is a tetrahedron. When a
solid is bounded by four triangular faces then it is a
tetrahedron. A right tetrahedron is so called when the
base of a tetrahedron is an equilateral triangle and other
triangular faces are isosceles triangles. When we encounter
a tetrahedron that has all its four faces equilateral then it
is regular tetrahedron.

(a) There are four equilateral faces.
(b) All edge are equal in length
(c) Slant edge is same as side of base

V3

(i) C.S. A. = Area of 3 equilateral triangle = 3 x Ta

(ii) T.S.A. = Area of 4 equilateral triangle

\/§a2:\/_2

= — 3a
4
(iii) Height (h)= /az _(%]2 - \E a
1

(iv)

=4 x

Volume (V) = g x Area of base x height

BB e
a —a

=—x—a’x,|[—a=
3 4 3 12

Ex. The length of the side of a regular tetrahedron is 12 cm.

Find the volume.

w Volume of regular tetrahedron =

NG

=22 412°= 1442 cm®
12

V2 s

—a
12

Ex. Find curved surface area of a regular tetrahedron whose
side is 6V3 cm.

w CSA of tetrahedron = 3 x ?aQ
J3

= 3x—x
4

108 = 81./3 cm?

Ex. The volume of regular tetrahedron is 144v2 cm?®. Find the
length of its edge.

w Volume of regular tetrahedron = gaa

2

= Y2 a%= 1442
12

= a=12cm
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Solid Figure Volume Curved Surface area [Total Surface Area
Cube
Side® 4 x side? 6 x side?
Do ——
v ’-. Ixbxh 2(1h + bh) 2(1b + Lh + bh)
_——
1
r
N |
Cylinder h nrzh 2nrh 2nr (r+h)
Cone [;)ﬂ:rzh nrl (where 1 =+/r?+ h?) nr(r+ ]

Frustum of

1
cone 3"R* +r* +Rr]h n(R+r)l (R + 1)l +7(R? +r?)
lar 4 rr? 4 n r?
Sphere 3
2 3
Hemisphere 37 r 2 1 r? 3 mr?
Spherical in(Re'_ ) 47(R* - r’) 47(R* - r?)
Shell 3
. . 2 3 3 2 2 2 2
Hemispherical —n(R°= r°) 21(R" + 1) 3nR* + nr
3
Shell
v
Prism Base area x height | Base peri. x height LSA+2 x Base area
>
Pyramid

<=

1
ExBase area x H

1
EX Base peri. x Slant h.

LSA + Base area

82
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CHAPTER

NUMBER SYSTEM
|

v ' v v

v v v

Ex. (1, 3,5,7

EER 4 — Smallest

composite no

9 — Smallest odd
composite no

PERFECT NUMBER

If the sum of all the factors of a number
(except that number) is equal to the given
number, then that number is called a

Classification Unitdigit Factor Divisibility Remainder Number of Counting of Binary
~ of Numbers Zeroes Numbers Number
CLASSIFICATION OF NUMBERS
I
v v
REAL NUMBER — COMPLEX NUMBER «— IMAGINARY NUMBER
No. which can be denoted No. which can’t be denoted
on number line on number line
17 8
R VTS Ex.\"7,4-3,4-1 = i(iota)
v v
RATIONAL IRRATIONAL
No. can be expressed in % form (Q # 0) P, Q — integer No. can'’t be expressed ing form
s NCs 22 3 Exz,\3,Y2, .. , 0.1432507.......,
1 7 V3
| n=23.141592 ......
v v v
INTFGER FRACTION DECIMALS NUMBERS
v B, 2,2 — TERMINATING
NEGATIVE WHOLE NUMBER 953
INTEGER Ex.05<-L L
[95, =1, =0), =8, <Ab e 0, Tp e N 9 ol 100
v I 3 — NON-TERMINATING REPEATING DECIMAL
1
ZERO NATURAL NO. Ex. 0.3333..... = —> 0.565656..... = 5@
Ex.1,2,3,4 ... 3 99
— NON-TERMINATING NON-REPEATING
| DECIMAL
l l l l Ex. \[2=1.414 .....
ODD NO EVEN NO COMPOSITE PRIME NUMBER Irrational number
No. NOT DIVISIBLE  No. DIVISIBLE NUMBER Only two factor 1 and itself
by 2, (2k £ 1) form by 2 (2k form) More than two factor g, 5 3 5 7 11 ... etc.
Ex.0,2,4,6 Ex.4,6,8,9 .

e Each prime number can be written in (6k * 1), form
But every (6k + 1) form may not be necessarily
prime no.

Ex. 13 - 6 x 2 + 1 (Prime)
25 5> 6 x 4 + 1 (Not a prime number)

perfect number. ¥
Ex. 6, 28, 496, 8128 etc.

Factors of 28 — 1, 2,4, 7, 14

L 1+2+4+7+14=28

Thus, 28 is a perfect number

IR 6 is a smallest perfect number.

CO-PRIME NUMBERS

Ex. (2, 3), (11, 13),
(16, 9), (25, 19) etc.

If the HCF of two numbers is 1.

v
TWIN-PRIME NUMBER
When two consecutive prime
numbers are with an interval
of 2, then they are called twin
prime numbers.
Ex. (3, 5), (5, 7), (11, 13)

selected 2 Selection fa®TCA I

n (Excise Inspector) 83




2 is the only even prime no. & smallest prime number
3, 5, 7 only pair of consecutive odd prime number
101 is smallest 3 digit prime number

997 is largest 3 digit prime number

1 is neither a prime nor a composite number

2,3,5,7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59,
61, 67,71, 73,79, 83,89, 97

0 > 50 > 100
15

1—>200 =46
11— 500 =95

Prime number Prime number,
L I 1——> 1000 = 168

(1 - 100) - 25 Prime number

I How to check the given number is prime or not?

To check whether a number is prime number or not,
first take the square root of the number. Round of the
square root to the immediately lower integer. Then
check divisibility of number by all prime number below
it. If number is not divisible by any prime number then
number is prime number.

137 is prime number or not?

w J137 ~ 11 = prime number less than or equal

to 11 are 2, 3,5, 7 and 11. 137 is not divisible by any of
them. Hence it is prime number.

Ex.

Ex. What is average of prime number from 80 to 100?

w V100 = 10 = Prime number less than 10 are 2,

3, 5, 7 Hence, even number and ending with 5 will not
prime numbers so only check divisibility of 3 and 7.
Prime number between 80 to 100 are 83, 89 and 97.
83+89+97 269
—F—=—— =289.67

3 3
x, y and z are distinct prime numbers where x <y < z. If

x+y+z=70, then what is the value of z?

Required Average =

Ex.

W Sum is 70, means, at least one of the number is

even, because odd + odd+ odd = odd

As we know, only one even prime number exists, and
that is 2.

2 is also the smallest prime number. Thus, x =2

Now, 70 -2=68 =y + z

Now, let’s use the options

Option (a): z=29 = y=68-29 =39 (yis non prime)
Option (b): z =43 =y = 68 — 43 = 25 (y is non prime)
Option (¢): z=31=y=68-31=37(z<Yy)

Option (d): z = 37

=y=68-37=31(y <z, satisfies the given condition)
Hence, z = 37

Ex. x,y and z are prime numbers such that x+y + z = 38.

What is the maximum value of x?
w If all the numbers are even, then, > x+y+z=6

So, two of them are odd and one of them is 2
Let,zbe 2 = x+y =36

The closest prime number to 36 is 31. If x = 31 then we
get y = 5, an odd prime number.

. 31 is the maximum value of x

To find the units digit of a given expression, we do not
have to solve the entire expression, but by operating on
the units digit of all the numbers, the units digit of the
resulting expression is known.

Let us consider N=a x b, N=a+ b, N=a-b, to
calculate the unit digit of N, we only consider the unit
digit of number a and b.

84 Aditya Ranjan (Excise Inspector) \

( CYCLICITY )

-

[0,1,2,3,4,5,6,7,8,9 |

Cyclicity of 1 Cyclicity of 2 Cyclicity of 4

0,1,5,6 4,9 2 3 7 8
(0 =0 2t=2 3'=3 T7'=7 8'=8
1)=1 odd even 22-4 32=9 172=49 82 = 64
(5°=5 (4=4  (49=6 -8 gz2=27 73=343 8°=512
©ér=6 (9=9 9)=1

2*=16 3*=81 7*=2401 8*=4096

Ex. Find the unit digit of 232 x 235.

N HINTS VIR
232 x 235 = unit digit (0)
Ex. Find the unit digit of 628 + 493 + 589.

NI 628 + 493 + 589 = 8 + 3 + 9 = unit digit (0)

Ex. Find the unit digit of 2383 — 1689.

AN 2383 - 1689 = -6+ 10 =4

Let us consider N = ¥

To calculate the unit digit of N, we only consider the unit
digit of number x.

The unit’s digit of an expression can be calculated by
getting the remainder while power of the expression is
divided by 4.

Ex. What will be the unit’s digit of (382)575?

w Step-1: Divide last 2 digits of power by 4 and find
out remainder.
Remainder = 75/4 = 3
Step- 2: Put remainder as a power of unit place number

and find out answer. [23 = 8]

0"@ In step 1, if remainder is O then put power
°J  equal to 4.
p 4

. Find the units digit in each of the following cases.
(i) (187)%2 x (529)%2! x (343)23¢
(i) (789)315 + (232)%** + (528)53
(iii) (982)*8! — (219)2*!
W (i) Divide last 2 digits of power by 4 and put
remainder as a power of unit place digit.
7?x91x3*=9x9x1=1
(i) 9*+2*+8'=9+6+8=3
(iii) 2! -9'=12-9=3
[If first number is less then add 10 in it]

Ex. Find the unit digit of the expression.
IM+20+31+41+ ... + 100!

A 1+1x2+1x2x3+1x2x3x4+1x2x3x

4 x5+ ..+ 100!

=1+2+6+4+0+0+0 +0=13
Hence unit digit of the expression is 3.
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Factor:- Any number N can be expressed in the form of aP x bd x ¢ x ds x

number.

Ex.15=3x5,45=32x5, 100 = 22 x 52 and so on

|_FACTOR |

v

v

v

Total number of factors
IfN=a"xb*'xc xd®x ..., Then
Total Number of factors
=pPp+1l)x(g+l)x@r+1)x(s+1)...

Total number of even factors
IfN=a"xb*xc xd x .., Then
Total Number of Even factor
=px(q+1l)x(r+1)x(s+1).....

Total number of odd factors
IfN=a"xb'xc" xd” x ..., Then
Total Number of odd factor
=(@t1)x(r+1)x(s+1)

Ex. Find the total number of factors
of 360.
Prime Factorisation of 360
=23 x 32 x 5'
Total number of factors
=@+1)x22+1)x(1+1)=24
Ex. Find the total number of factors
of 480.
Prime Factorisation of 480
=2°x3' x5
Total number of factors
=B+1)x(1+1)x(1+1)=24

Ex. Find the total number of even
factors of 360.

w Prime Factorisation of 360

=23x32x5'

Total number of even factors,

=3x(2+1)x(1+1)=3x3x2=18

Even factors = (Total — Odd) Factors
Total number of Even Factors
=4x3x2-3x2=18

IR When we find the number of odd
factors, we ignore the exponent of a,
where (a = 2)

Ex. Find the total number of odd

factors of 360.

w Prime Factorisation of 360
=2%x 32 x 5

Total number of odd factors,
=2+1)x(1+1)=3x2=6

Sum of all factors
IfN=a"xDb'xc xd® x...., Then
Sum of all factors
=(a’+a'+...+ a") (b°+b' + ... + b
(c®+c+ ...

Sum of all factors
ap+1 = 1 bq+1 . 1 cr+1 . 1

= X X

b-1

a—-1 c-1

Sum of even factors
IfN=a"xb'xc xd®x...
Sum of all even factors
=@ +a’+..+a" (b°+b+.bY
(CRECHE ST GH)

p+l _

_[a 1_1 ¥
a-1
‘ORV
Sum of all even factors
ap+1 —a bq+1 _1 Cr+1 _1
X X
b-1

, Then

Cr+1 ol 1

c-1

bt -1
X
b-1

a-1 c-1

Sum of odd factors
IfN=a"xb*xc xd* x ..., Then
Sum of all odd factors
=a’(b°+b'+ ...+ b

("+c' +... +c), Where a = 2
IOR'
Sum of all odd factors
bq+1 Cr+1 A 1
= X
b-1 c¢-1

Ex. Find the sum of all factors
of 360.
Prime Factorisation of 360

=23x 3°x 5!
Sum of all factors
=(2°+2'+22+2% (3°+ 3"+ 3?

(5° +5)
=(1+2+4+8)(1+3+9)

(I+59)
=15x13x6=1170

" Alternatively

Sum of all factors
ap+1 . 1 bq+1 _ 1 Cr+1 _ 1
= X X

a-1 b-1 c-1
231 3*'-1 5%-1

= X X
2-1 3-1 5-1

=15%x13x6=1170

Ex. Find the sum of all even factors
of 360.
Prime Factorisation of 360
=23x 3’ x5!
Sum of all even factors
= (2" + 22+ 23)x(3° + 3" + 3?7)%(5° + 5
=14 x 13 x 6 = 1092

_ Alternatively

Sum of all even factors

23+1_2 32+1_1 51+1_1
_[ 2-1 ( 3-1 [5—1

=14 x 13 x 6 = 1092

Ex. Find the sum of all even factors
of 720. [Ans. 2340]

Ex. Find the sum of all odd factors
of 360.
w Prime Factorisation of 360
=28 x 32 x 5
Sum of all odd factors
=2°(8"+3"+3%)(5°+5)
=1x13x6=178

Sum of all odd factors
3* -1 5" -1 26 24
= X = — X T =

78

Ex. Find the sum of all odd factors
of 720. [Ans. 78]
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Prime and Composite Factor of a Natural Number To find factors which are co-prime to each other

We know that,
Total numbers of factors of any natural number = 1

*IfN=a"xb* [a, bare prime factors of N]

+ prime factors + composite factors. Then Number of co-prime factors will be
TR 1 is a factor of all natural numbers. =[(p+1)q+1)+pq]
When we do prime factorization, the number of prime e IfN=2a’xbixc

factors can be given by just counting the number of
prime factors present in it.

Therefore, Total number of composite factors = Total =[P+ 1)@+ 1)r+1)+pg+qr+rp+ 3pqr]
number of factors — Prime factors —1 OR take two at a time and then calculate.

Important Note: Let N = 56 = 2° x 7'
Number of distinct prime factors = 2(namely 2 and 7)

Total number of prime factors (repetition allowed)
=3+ 1 =4 (sum of powers)

Then number of co-prime factors will be

Ex. How may sets of two factors of N = 56 will be
co-prime to each other?
N=56=2"x7

Ex.N =56 =2°x 7' find total number of composite factor. . Number of co-prime factors
w Here, Total number of prime factors = 2(namely =[B+1)(1+1)+3x1]=11
2 and 7) Total number of composite factor Ex. Given that N = 720 = 2* x 32 x 5' find number of

=[3+1)(1+1)]-2-1=8-3=5
Ex. If N = 720 find total no. of prime factors of N.

w Given that, N =720 =2*x 3*x 5' - "
Clearly, there are three prime factors namely GG

sets of factors which are co-prime to each other.

2, 3 and 5. N=720=2"x3"x5'

Ex. N = 720 find total number of composite factors of N. Number of sets of factors which are co-prime to each
Given that, N =720 = 2° x 3° x 5' other= (p+1)(q+ 1) (r+ 1)+ pg+qr +rp + 3pqgr
Total number of composite factors = Total number =@4+1)(2+1)(1+1)+8+2+4+3x8

of factors — Number of prime factors -1 =30-3 -1 =26

=5x3x2+38=30+38=68

No. of factor of Perfect square No. of factor of Perfect cube No.of factor of perfect square & cube
Ex. Given, N = 720 = 2* x 3 x 5' find | Ex. Given that N = 720 = 2* x 3 x 5' Ex. Given that N = 720 = 2 x 3 x 5'
total number of factors which are find total number of factors which are | find total number of factors which are
perfect square. perfect cubes perfect square and perfect cube both
N=720=2"x3"x5' N=720=2"x3"x5' N=720=2"x3"x5'

Powerof2 | Powerof3 | Powerof5 Powerof2 | Powerof3 | Powerof 5 Powerof2 | Powerof3 | Powerof5

2° 3° 5° 2° 3° 5° 2° & 5°
2° 3? o . Total number of factors of N = 720
z )
2 .. Total number of factors of N = 720 for which the facto.rs are perfect
.. Total number of factors of N = 720 that tectonbera s It square and cube simultaneously
that are perfect square =3 x 2 x 1 =6 at are periect cube = ¥ =1x1x1=1
” Alternatively
power .
a2n _ p0\22ver = integer + 1 an = e = integer + 1 a6 = % = integer + 1
= i+1 X g+1 X l+1 :(i+l)x[g+le(l+1) :(i+1)x(g+l)x(l+1)
2 2 2 3 3 3 6 6 6
2+ 1)x(1+1)x1=3x2x1=6 =1+1x1x1=2x1x1=2 =1xlxl=1

Ex. How many factor of 720 are divisible by 10.
w Factors of 14400 = 2° x 32 x 52

M N =720 =2 x 32 x 5

For the factors to be divisible by 10, minimum power of

Factors of 18 = 2 x 32, Factors of 36 = 22 x 32

25 x32x52

2 to be used = 1, and minimum power of 5 used is 1. Factors which are divisible by 18 = o3z 25 x 52
Hence all the factors of 720 that are divisible by 10 will ’{)otiallréumber of factors which are divisible by 18 = (5 + 1)(2 +
be of the format = 2! x 5! (23 x 3?) 2632 52

Factors which are divisible by 36 = — 55— =2%x 52
-. Number of factors =4 x 3 x 1 = 12 2°%x3

Total number of factors which are divisible by 36

Ex. How many factors of 14,400 are divisible by 18 but not =@4+1)2+1)=15

by 367 .. Required factors = 18 - 15 =3
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Ex. When 732 is divided by a positive integer x, the remainder 720 = 2% x 32 x 5!
is 12. How many values of x are there? Total factors of 720

%m]m =@4+1)x(2+1)x(1+1)=30

Remainder is 12 it means divisor must be greater than 12. Factors till 12

732 =720 + 12 =1,2,3,4,5,6,8,9, 10, 12 =10
** 720 must be divisible by x . . Required factor = 30 — 10 = 20
Sum of factors =
* Sum of reciprocal of factors =, . * Product of factors = (N)?
Given number
Ex. Find the sum of reciprocal of factor of 16. Where N = Given number
w Factors of 16 = 1. 2. 4. 8. 16 n = Total number of factors

) I 1 " 1 N 1 31 Ex.What is the product of all factors of 360.
Sum of reciprocal of factors = 2 2%8%16 16 w

Factors of 360 = 2° x 3% x 5!

Prime Factorization of 16 = 2*
Sum of factors of 16 = 2° + 2! + 22 + 2° + 2 Number of factors = 4 x 3 x 2 = 24

n 24
=1+2+4+8+16=31 31 Product of factors = (N)? = (360)2 = 360"
Sum of reciprocal of factors = 16

DIVISIBILITY

DIVISIBILITY CONDITION EXAMPLE
( 2 A no. is divisible by 2 when last digit is even (O, 2, 4, 6, 8) Ex. 224,112, 264
} 4 A no. is divisible by 4 when last 2 digits are divisible by 4 Ex. 144, 156
2" ] 8 A no. is divisible by 8 when last 3 digits are divisible by 8 Ex. 48512, 35480

l16 A no. is divisible by 16 when last 4 digits are divisible by 16 & so on. Ex. 324096, 153248

3,9 A number is divisible by 3 or 9 when the sum of digits of the 523872 = sum of digit
number is divisible by 3 or 9 =5+2+3+8+7+2=27

6 A number °N” is divisible by 6 only when °N” is divisible by both | Ex. 56934 is divisible by both 2 &

2 and 3 3. Therefore, it is divisible by 6.

A number is divisible by 7 if the difference between sum of the Ex. 12348 = 012 348 = 348 — 012

7 triplets at odd places and sum of the triplets at even places is
A =336/7 = 48
divisible by 7.
(5 A number is divisible by 5' when the last digit is O or 5. Ex. 10, 45, 105, 300 .......
.] 25 A number is divisible by 5° when the last two digit is 00 or Ex. 75. 150. 300. 425
5 divisible by 25. B T
o o o o o o 3 o o
t125 $1m11ar1y, a. r}gmber is divisible by 5° when the last three digit Ex. 125, 250, 375, 1000 .......
is 000 or divisible by 125 and so on.
Sum at even place digit ) If diff is O or multiple of 11 | Ex. 166452 =1+6 +5 = 12
11 e dici :| Take diff —> then no. will be divisible by =6+4+2=12
Sum at odd place digit 11 Diff. = 12 — 12 = 0 is divisible by 11
13 Adding 4 times the last digit from the rest, If the resulting Ex. 169 > 16 + 9 x 4 = 52
number is divisible by 13 then “N” will be divisible by 13. So, 169 is divisible by 13.
17 Subtract 5 times the last digit from the rest, If the resulting Ex.391 > 39-1x5=34
number is divisible by 17 then “N” will be divisible by 17. So, 391 is divisible by 17.
7. 11. 13 When any 3 digit number multiplied by 1001 then it repeats Ex. 123123, 147147, 164164,
1 ? itself and always completely divisible by 7, 11 and 13. 574574

When any number multiplied by 10101 then it always
3,7, 13, 37 | completely divisible by 3, 7, 13 and 37. 3 x 7 x 13 x 37 = 10101 | Ex. 353535, 414141
xy x 10101 = xyxyxy i.e. 73 x 10101 = 737373

® Any number of the form of xyxy is divisible by 101. Ex. 25 x 101 = 2525
ol i.e. xy x 101 = 2525 Ex. 234 x 101 = (234 + 2) 34
® And xyz x 101 = (xyz + x)yz = 23634
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Ex. If the six - digit number 479xyz is exactly divisible by
7,11 and 13 then {(y + z) x x4 is equal to:

M LCM of 7, 11, 13 = 1001

When 3 digits of a number are repeated twice then that
number will be divisible by 7, 11 and 13.

479479 is divisible by 7, 11 and 13
=>x=4,y=7,2=9

Lytz)xx=(7+9) x4 =64

If the seven - digit number 35345xy is divisible by 40,
then the minimum value of (4x + Sy) is:

M We know, 40 = 5 x 8.

Given Number = 3534 5xy

ATQ, 35345xy is divisible by 40, Then last digit must be
0.Soy =0.

As we know, If any number is divisible by 8. Last 3 digit
must be divisible by 8. In other words, 5x0 must be
divisible by 8.

Thus, Minimum value of x = 2

L 4x+5y=4%x2+0=8

Ex.

Ex. If the 8 - digit number 7y9745x2 is divisible by 72, then
the value of (2x - y) for the greatest value of x is:

M The number 7y9745x2, is divisible by 72
Divisibility by 8 - Check last 3 digit

Divisibility by 9 - Check sum of digit

5x2 is divisible by 8 —» if x= 1,5, 9

the maximum value of xis 9

The number 7y9745x2 is divisible by 9 if y = 2

Thus x=9,y =2

L (2x-y)=2x9-2=16

If the 5-digit number 535ab is divisible by 3, 7 and 11,
then what is the value of (a2 — b2 + ab) ?

M LM of 3, 7, 11 = 231

Divide 53599 (take the maximum possible values of a &
b) by 231.
We get 7 as remainder

Ex.

Now, subtract 7 from 53599 & get the correct number =
53592
=a=9,b=2
sa?2-b2+ab=81-4+18=95
Ex. 225+ 22 + 227 is divisible by

OIDEE 25 (20 + 2! +29) = 235(1 + 2+ 4) = 25 x 7
5 22° 4+ 226 + 227 s divisible by 7

Ex. How many numbers between 300 and 700 are divisible
by 5, 6 and 8?

R HINTS

LCM of 5, 6 and 8 = 120

Numbers between 300 and 700 which are divisible by
120 = 360, 480, 600

Required number = 3.

Ex.

How many numbers are there from 1 to 100 which are

neither divisible by 3 nor by 5?
88
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N HINTS ABTIR % x% (since 100 is not divisible by 3 x 5 =

. 2 4
15, let’s take 90 instead of 100) = 90 x 3 X 5 48

Between 91 and 100 numbers 95 & 100 are divisible by
5 whereas 93, 96 & 99 are divisible by 3. Hence there are
5 numbers which are neither divisible by 3 nor by 5.

Total numbers = 48 + 5 = 53

Neither divisible by 3 nor by 5 = Total — (Divisible by 3 or 5) =
Total — [N(3) + N(5) — N(15)]
Total number from 1 to 100 = 100

o 100
Divisible by 3 = 3 33
Divisible by 5 = % =20

100
Divisible by 15 = 5 6

Required number = 100 - (33 + 20 - 6) = 53
Ex. How many numbers are there from 700 to 950 which

are neither divisible by 3 nor by 7?

m Numbers from 1 to 950 that are neither divisible by
2 6
3 nor by 7 =950 x 3 X z (since 950 is not divisible by 3 x

2 6
7 =21, let’s take 945 instead of 950) = 945 x 3 X 7= 540

Between 946 and 950 number 948 is divisible by 3
whereas no number is divisible by 7. Hence there are 4
numbers which are neither divisible by 3 nor by 7.

Total numbers = 540 + 4 = 544
Numbers from 1 to 699 that are neither divisible by 3

nor by 7 = 699 x %xg (since 699 is not divisible by 3 x
7 =21, let’s take 693 instead of 699)
693 2 X 6 396
X — -_— =
3 7

Between 694 and 699 numbers 696 & 699 are divisible
by 3 whereas no number is divisible by 7. Hence there
are 4 numbers which are neither divisible by 3 nor by 7.
Total numbers = 396 + 4 = 400

Numbers between 700 & 950 which are neither divisible
by 3 nor by 7

= numbers between 1 & 950 which are neither divisible
by 3 nor by 7 — numbers between 1 & 699 which are
neither divisible by 3 nor by 7

= 544 — 400 = 144

Neither divisible by 3 nor by 7 = Total — (Divisible by 3 or 7) =
Total — [N(3) + N(7) - N(21)]

Total number from 700 to 950 = 251

Divisible by 3 =251/3 ~ 83

Divisible by 7 = 251/7 ~ 35

Divisible by 21 = 251/21 ~ 11

Required number = 251 - (83 + 35 -11) = 251 - 107

= 144
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Remainder The number “N” can also be expressed as below:
. . . N=DQ+R
Remainder is the amount left over after division when

Ex. On dividing a number by 38, the quotient is 24 and the

one divisor does not divide the dividend exactly. remainder is 13. then the number is:

Let us suppose number N when divided by divisor D, m
leaves the remainder as R and quotient as Q.
] We know that,
Q— Quotient . L . .
Divisor — Dﬁ Dividend Dividend = Divisor x Quotient + Remainder
Here, Divisor = 38, Quotient = 24 and Remainder = 13
. Required number (Dividend) = 38 x 24 + 13 = 925

R— Remainder

REMAINDER

REMAINDERS ARE ADDITIVE REMAINDERS ARE MULTIPLICATIVE CONCEPT OF NEGATIVE REMAINDERS
Let, us suppose N, N,, N, ...... Let, us suppose N,, N,, N, ... gives the Remainders by definition are non-
gives quotients Q,, Q,, Q,, .... quotients Q,, Q,, Q,,.... leaves the negative in nature. Hence, even when
leaves the remainders R, R,, R;, ... remainders R', R’, R’, ... respectively, we divide -26 by 6 we say remainder
respectively, when divided by when divided by common divisor D. is 4 (and not-2). But, sometimes to
common divisor D. Therefore, make the calculation easy we look at
Therefore, N,=DxQ +R ,N,=DxQ,+R, the negative value of remainder.
N,=DxQ,+R,,N,=DxQ,+R, N,=D x Q, +R,, .... and so on. Let us take a example to explain
N;=D xQ; +R,, ... and so on. Let P be the sum of N,, N,, N, ...... the above concept more clearly. Let
Let S be the sum of Ny, N,, Ny, ... then, P = N, N, N, us write 109 as the difference of two
then, S=(D xQ, + R + =DxQ,+R)+DxQ,+R)+ numbers and then divide it by 11.
(DxQ,+R)+(DxQ;+Rj)+..... (DRIONELRIE ... For Example.

Q. + Q.+ R =DxK+R R,R, ......
R R Where K is 1sorile 3jnumber \L+8 \L—Q
=DxK+R +R,+ R, ...... ) 109 118—9 118 9

Clearly, product of R, R,, R,,... is free

TVE;heref i§ 1st:10me nu.mcllaer. hen S i of D, therefore the remainder when P is TS Ll R
o e remainaet WOSHESE divided by D is the remainder when the Therefore, Net remainder = 8 -9
divided by D is the remainder when SaP =-1+11=10
e product R, R, R, ...... is divided by D.
R, + R, + R, + ... is divided by D. . ‘ 89
F . For Example. Ex. What is remainder of ©2
or Example: 9
13 ¥ HINTS
IR 1 0+1 1+4+1 P
{0 R R ) () 361x363| _ 1x3| ©8 LCRERRRE T e . ]
6| 36/ 30+6| 21+9+6| 12 -1zl 9 9 9 9 9 9
— = =] =... R R
Slr 5 r S |R 5 |R .. Net remainder =-1+9=8
Ex. What is the rem. when the sum | Ex. When positive number x, y and z 111

A Ex. What is remainder of ——
of 335 608 and 853 is divided by 13 ? are divided by 31, the reminders are 12

W 17, 24 and 27 respectively. When m

(4x - 2y + 3z) is divided by 31, the

remainder will be: 111 120-9 120 _ 2
10 10 8 —_— =
I\ A4 mx=31><1+17=48 12 12 12 12
335+608+853 10+ 10+8 y=31x1+24=55 0-9 -9
13 N 13 z=31x1+27=58 =5 “1p--9+12=3
28 Now, (4x— 2y + 32)
—13R 2 Rem. 4 x48-2x55+3x58 =956 . Net remainder = 3

. Remainder = 256 + 31 = 8

116
Ex. What is the rem. when the sum | Ex. Find the rem. when 179 x 172 x 173| Ex. What is remainder of ry
of 47, 69 and 85 is divided by 9 ? is divided by 17.
[Ans. 3] [Ans. 3] [Ans. 4]
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SOME IMPORTANT CONCEPTS OF REMAINDER

v

® Rem M — 0 ; Where n is
(a+b)

odd number.

Ex. Find the remainder of

8371 + 5371
> HINTS/ [5)
Here, 8 + 5 = 13.
Thus, remainder of the expression

is O.

* Rem M — 0 ; Where n is
(a+b+c)

odd number.

Ex. Find the remainder of

361 + 261 +461
> HINTS/ [9 '
Here, 3 +2 +4 =9,

Thus, remainder of the expression

is 0.

(a+b+c)
a+b+c+..and soon in Arithmetic
Progression and n is odd number.

Ex. Find the rem. of the following
167° +177° +18™ +197
70

expression [

Here, 16 + 17 + 18 + 19 are in A.P
and 73 is odd number.
Thus, rem. of the expression is O.

a® -b"

(a-b)

o Rem{ } — 0 ; For all value

¢ (@" + b”) where n = even

836 _ 936
Ex. Find the remainder of {TJ
Using concept defined above,

Rem. of the expression is 0.

® Rem 2 — 0 ; Where n is even
(a+Db)
number.
724 _ 424
.| Ex. Find the remainder of B

Using concept defined above,
Rem.of the expression is O.

.. (a" + b" is not divisible by both
(a+ b) and (a—b)

(a+1)
a

C Rem{ } — 1; For all value

of n.

13

Ex. Find the remainder of

15
15 ISEEIIS

13
Remainder = — =1
15

© Rem{(a_l)} —1; When n is even
a

number.

Ex. Find the remainder of the
72282

expression

 HINTS

72282 - (73_1)282 o
73 73

C Rem{(a_al]n} —(a-1)or-1; When

n is odd number.

Ex. Find the remainder of the

281
expression
72281 (73_1)281
?:T=_ lor73-1=72

Fermat's Remainder Theorem:
P-1

If & Then remainder = 1

P = prime number
a, P —» co-prime

Euler's Theorem of Remainder:
)

=1 (Rem.)

N = any natural number
¢ (N) = Totient function of N
a, N co-prime

Wilson's Remainder Theorem:
If P is a prime number then (P - 1)! +
1 is divisible by P. In other words,
remainder obtained when (P — 1)! is
divided by P is —1.

Ex. Find the remainder of Rk
8254 B (8218)3 i 13 71
19 19
. . 9351
Ex. Find the remainder of 22 .
> HINTS 4 H
51 10\5
93 :(93 ) ><93:1><5:5

11

11

111
Ex. Find the remainder of Sl

[Ans. 1]

How to find ¢ (N):
¢ (72) = 72 =23 x 32

b
2 3
=72 x 1 X g =24
2 3
FTER For all the prime numbers, Euler

number will be the number one less

then the given prime number.

1 1
E,=2x |1-2|=1,E=3x|1-7)=2

Do It yourself:

Ex. Find the totient of 100. [Ans. 40]

Ex. Find the remainder when 40! is
divided by 41

Using the Wilson's theorem,

(41—1)!} _
41

Remainder = [

=41+ (-1)=

40

96132
Ex. Find the remainder of

90
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Concept of Successive Division

Number of Zeros

Lets take an example to explain the concept of Successive
Division

Suppose a number ‘N’ successively divided by 3, 4 and 7
the remainder obtained is 2, 1 and 4 respectively.

If we need to find the value of N, we need to follow the
below steps.
Divisor 53
3

17 4 2
4 v 1
7 Lo 4
+
Thus, the value of N = 53

Now, Let’s look at how successive division worked.

Rem.

15>7x0+4=4
2 54x4+1=17
3517 x3+2=53

. 53 17 4
uotient — =17 — = — =0
Q 3 i >

Remainder 2 1 4

The above example clearly explain the concept of
successive Division.

Ex. When a number (N) is successively divided by 3, 4 and
7, the remainders obtained are 2, 3 and 5, respectively.

What will be the number (N)?

R HINTS

Divisor 71
3 23 2
4 3

7 5
X F

Remainder

1-57x0+5=5
25>4x5+3=23
3-523x3+2=71

Thus, the value of N = 71

Quotient | - =93 22 =5 g =0

Remainder 2 8 5

@ Least number to be added or subtracted to given
Q number so it becomes divisible by a divisor.
fie|

Ex. What is least number to be added to 42072 to get a
number which is divisible by 93?

M 42072 + 93

We get quotient = 452 and Remainder = 36
So least number to be added = 93 - 36 = 57

Ex. What is the least number to be substracted from 25809
to get a number exactly divisibly by 139 is.

M 25809 + 139

We get quotient = 185 and Remainder = 94
So, If we subtract 94 from the given number 25809 i.e.
= 25809 - 94 = 25715 is exactly divisible by 139.

Do It yourself:

Ex. After the division of a number successively by 2, 3 and 5,
the remainders are 1, 2 and 3, respectively. What will be
the remainder, if 13 divides the same number (if the last
quotient is 1)? [Ans. 1]

selected & Selection fe@TER I

IS Number of zeros in an expression
Let us assume we have to find the number of zeroes in
a product 24 x 13 x 52 x 27 which can also be written
as 2% x 3* x 132. Clearly, this product will have no zeroes
because it has no 5 in it.

. However, if we have an expression like:
8 x15%x24 x 13
The expression can be rewritten as
26x32x5x13
We know that zeroes can be formed by combination of 2
and Si.e. (2 x 5).
In the above expression, there are 6 two’s and one five.
Hence, we can only form one pair of (2 x 5).
Therefore, there will be 1 zero in the product.

IZ" Finding the number of zeroes in a factorial
Let us assume that we have to find the number of zeroes in 7!
TN'=7Tx6%x5%x4x3x2x1
=7x(3x2)x5x2x2x3x2x1
=7x5x32x2%x 1
The above expression have one pair of 5 x 2. Clearly,
there is only one 5 and an abundance of 2’s.
It is clear that in any factorial value, the number of 5’s will
be always lesser than the number of 2’s. Hence, the count
of 5’s in a factorial will give the total number of zeroes.

Power of number contained in a factorial
Highest power of a prime number p contained in n!
is given by

B

Where [x] denotes the greatest integer less than or
equal to x.

Ex. Find the number of zeroes in 47!
w For finding the number of zeroes in 47!, we need

to find the maximum power of 5 in 47!

Thus, Highest power of 5 in 47!

47 47 47
= |—|+|—|+|— |+
5 25 125
=9+1+0+0..=10

Hence, the number of zeroes in 47! will be 10

Ex. Find the number of zeroes in 300!

w For finding the number of zeroes in 300!, we
need to find the maximum power of 5 in 300!

Thus, Highest power of 5 in 300!
300 300 300 300

= + + + +on
[ 5 } [25} [125} [625}

=60+ 12+2+...=74

Hence, the number of zeroes in 300! will be 74
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Counting of Numbers

" Counting a Digit
Ex. How many times 5 will come from 350 to 600.

N HINTS 4 5 1600 5 1350
5 | 120 5 | 70
5 | 24 5 | 14
T 4 2

Frequency of 5 Frequency of 5
=120+24+4=148 =70+14+2 =86
Frequency of 5 from 350 to 600 = 148 — 86 = 62
Ex. How many numbers are there from 400 to 700 in which
the digit 6 occurs exactly twice?

w Range Numbers Count
400 - 499 466 1
500 - 599 566 1
660 — 669 ©660-669 (excluding 666) 9
606 — 696 Every 10™, 606, 616, ... 9
696 (excluding 666)
Total =1+ 1+9+9 =20

1> Page counting and key strokes

1 to 9 — 9 key strokes

1 to 99 — 189 key strokes

1 to 999 — 2889 key strokes

1 to 9999 — 38889 key strokes
Total number of digit =n(N + 1) - 1_
where n = no. of digits in given no.
N = larger number
1, = No. of digits in given no. will be

counted as 1.

Ex. What is the number of digits required for numbering a book
with 428 pages?

Concept of Number as a Difference of Squares

T (Digits

Number Total digits
Single 1to9 1x9
Two 10to99 2 x90=180
Three 100 to 428 3 x 329 =987

Required number of digits =9 +180 + 987 = 1176

~ Alternatively

Total no of digits =n (N + 1) - 1_
=3428+1)-111=1287-111=1176

Ex. A printer number the page of a book starting with 1 and
use 3189 digit in all. How many pages does the book have.

P HINTSJ

Total no of digits =n (N + 1) - 1_
=3189=4(N+1)-1111
=4300=4 (N+1)=N+1=1075
= N=1074

1= Sum of digits

Ex. Find out sum of all digits from 1 to 100.

M (single digit no. (1 - 9)- )
Sum=1+2.... +9=45

Two digit no. (10 — 99):-

(Each digit 1 — 9 appears 10 times)

Tens place :- (1 +2 +..... +9) x 10 =45 x 10 = 450
(Each digit O — 9 appears 9 times)

Unit digit:- (O+ 1 +2 +..... +9)x9=45x%x9=405
Three digit (100):- (1 Hundred place)

Total sum = 45 + 450 + 405 + 1 = 901

If a number N can be written as the a+b=odd
product of two number (a x b) then a-b=odd
2 _1)2 odd + odd
N:ab:(a+bJ _[a b) a= = o
2 2
= Even natural no.

a+ b =even a+ b =even

a—b = even a—b = odd
_ even+even _ event odd _ odd
2 2 2

= Even natural no. ! Natural no.

Ex. How many pairs of natural number are there. Such that
the diff. of their square is 35.

w Let, the number be x and y.

x2_y2=N
xX*-y*=35
(x+y (x-y
7x5=35
35x1=235

Hence, 2 pair is possible.

. x and y are natural number, (x - y). and (x + y) must
also be integers. also x2 — y?2 = 35 > O Therefore (x —y)
and (x + y) must be a positive integer.

92
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Ex. How many pairs of natural number are there. Such that
the diff. of their square is 36.

W Let, the number be x and y.

x*-y2=36
X+ x-y) =36
(x+y) (x-y) 1+ 36
1 X 36=x—>X= 5 # Natural no.
2 x 18= «—>%=%= 10
3 x 12=Xx x—y 18-2 ]Naturalno,
4 x 9=x 2 2 8
6 x 6=V Hence, 2 pair possible.

@ For x and y to be positive integers, both x and

°*~ y must either be odd or both must be even.If one
is even and the other is odd, then the value of x
and y will be in decimal.
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2-Digit number and its Reverse form

Let, two digit original number = 10x + y, Reversed number 10y + x

Sum of original and reversed number

(10x+y)+ (10y +x) =11(x+y)

Diff. of original and reversed number

(10x +y) - (10y + x) = 9(x~y)

Ex: The sum of two-digit number and the number obtained
by inter-changing the digit is 77. If the difference of digits is
1, then the number is:

P HINTSJ

Let, number = 10x +y
(10x+y) + (10y + x) = 77
=>x+y=7

x-y=1

On solving equation (i) and (ii),
x=4andy=3

Hence, Number = 10x+y =10 x4 + 3 =43

Ex: The sum of the digits of a two-digit number is 9. The
number obtained by interchanging its digits exceeds the

given number by 45, then the original number is:

 HINTS

Let, two digit no. is 10x+y
ATQ, x+y=9

10y + x—- (10x +y) = 45

= 9y -9x =45

=>y-x=5

From eqn. (i) and (ii), x=2,y=7
o Original no. = 10x+y =10 x 2 + 7 = 27

3-Digit number and its Reverse form

Let, Hundred digit = x, Tenth digit = y, Unit digit = z, So, original number = 100x + 10y + z

ORIGINAL NUMBER (100 x + 10y + 2)

Hundreds and unit digits interchange

Hundreds and tenths digits interchange

New number 100z + 10y + x

original number — new number
100 x + 10y + z - (100z + 10y + x)
=99 (x-2)

=99 (z — x) if reversed

After subtraction =

New number 100y + 10x + z

original number — new number
100 x+ 10y + z— (100y + 10x + 2)
90 (x-y)

90 (y — x) if reversed

After subtraction =

Ex: If the hundreds and unit digits of a three-digit number
are interchanged, the resulting number is 198 less than
the original number. What is the difference between the
hundreds and unit digits?

 HINTS §

Let, the original number be, 100x + 10y + z

After interchanging hundreds and unit digits, number
=100z + 10y + x

Given:

(100x + 10y + z) — (100z + 10y + x) = 198

= 99x-99z = 198

= 99(x—-z) = 198

=>x-z=2

.. Difference between hundreds and unit digits = 2

Ex: If the hundreds and tens digits of a three-digit number
are interchanged, the resulting number is 360 less than
the original number. What is the difference between the
hundreds and tens digits?

 HINTS

Let, the original number be, 100x + 10y + z

After interchanging hundreds and tens digits, number
=100y + 10x+ z

Given:

(100x + 10y + z) — (100y + 10x + z) = 360

= 90x - 90y = 360

= 90(x—-y) = 360

> x-y=4

.. Difference between hundreds and tens digits = 4

Interchange New number Difference Result
Hundreds and unit 100z + 10y + x 99 (x-2z) Multiple of 99
Hundreds and tenths 100y + 10x + z 90 (x-y) Multiple of 90

selected & Selection fe@TER I
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| Number System J
— BINARY NUMBER

v v
Binary — Base 2 Octal — Base 8 Decimal — Base 10 (;‘Iixza‘;e:i:lzl :8338;:( 113)
el 0, 1,2,3,4,5,6,7) (0,1,2,3,4,5,6,7,8,9) | g(11)c(12),D(13),E(14),F(15)
Ex. Convert (101010), — (?)y Ex. Convert (675); — (?), Ex. Convert (63),, > (?), | Ex. Convert (D 9),, — (),
¥ HiNTS ATE  HINTS ¥ HiNTS
2 1 2 |63 N 8 4 2 1

L d)l Ly ,d)z 1 d)t; 6|1 1 o o [31 [1 D13)[1 1 0 1
2* 9 2 ¥ 22 701 1 1 o s ET
i -y 2 5011 0 1 > T7 11

> g =110111101 2 (3 |1 =11011001 ]
P Ex. Convert (175); = (?)o BE Ex. Convert (6 FD),, — (?),

Ex. Convert (1010101), —(?),, m - — m
¥ HINTS 4 1 7 s Sl (6 FD)is = (): = ( )s

x 82 8! 8° Ex. Convert (67),, = (?)s |8 4 2 1
1 1 1 1
26I524I322£120 64 56 5 > HINTS 4 6/ (| o ST
'64 T ” 1' 64 + 56 + 5 =125 F(@5)1 1 1 1
Ex. Convert (675); = (?)6 g 167 b1 1 0 1
64 + 16 + 4 + 1 = 85 m 81813 =011011111101
1 |o
Now, — (. ),
Ex. Convert (1010101), —»(?),} (675 = ()2 = (7 L1 baa R
S HINTS S = (103), .121..i21..421..4$1.
6|1 1 o S T .
.(b 1 (i) 1 .d) 1 d) Ll 7 (1 1 1 Ex. Convert (425),, > (?)s| =337 5
P22 22 2222 5|1 0 1 NS HINTS Ex. Convert (1 AD),, — (?),,
4 ; - (| =110111101 ol
Now, = (- )i
5 5 6l 261 9 1 A(10) D(13)
11011 1101 . 1 ;
= 16 16 16
55 ii$1 ,8i21, ,84$1, L Loy x
1 11(B) 13(D) = 1A9 256 160 13
- 1BD 256 + 160 + 13 = 429
 Note: 3

® When decimal presents in left side then divide the given number by right side base.

® When decimal presents in right side then multiple by the series of power of left base.

® Binary to Octal or Octal to Binary — 421/3 digit pair Ex. Convert (4 AE),; = (?)s
® Binary to Hexadecimal or Hexadecimal to Binary — 8421 /4 digit pair Ans. (2256),
® Direct conversion of Octal to Hexadecimal or Hexadecimal to Octal is not possible. Ex. Convert (10101), >(7)s
Firstly you have to convert it into Binary. Ans. (15),
Ex. Convert (17. 125) = (?), Convert the fractional part
 HINTS 4 0.125x2=0.250 0
First, convert the integer part 0.250 x2=0.500 O
2 |17 0.500 x2=1.00 1
21 8 1
> 2 o (17.125),, = (10001.001),
21 2 0]
1 0
<) 2000

7
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CHAPTER

ALGEBRA

Algebra is the branch of mathematics in which abstract symbols, rather than numbers, are manipulated

or operated with arithmetic.

Topic Included
Inverse Square Formula Cube Formula Concept of Value Putting Quadratic
Function for 2V & 3V for 2V & 3V Perfect Square and Symmericity Equation
Inverse Function
I (a) Basic Formulae

1

x+=

x

If x+—=n, then
o x2+i:n2—2
x2
4,1 2 2
e X +—=(n"-2)"-2
X

1
Ex. If x+—=3, then
x

LMY <+ -3 -2=7
X

. x +i:(32—2)2—2 =47

4

pe
s 1 2 2 2
o xt—=|(3°-2) -2f -2 = 2207
X
3 1 3
e X'+—5=3-3x3=18
X

115 Aditya Ranjan (Excise Inspector) \ selected ¥ Selection fe®TEa

Ex. If x—l:S , then
X

A <+ =3 +2- 11
X

4

- Lo (32f-2=110

X
8 1 2 2 ’
R (32 +2) -2| -2 = (1192 -2 = 14159
. xs—%:33+3x3=36
X

1
e X°+ —5 =(3%+3x3)2+2=1298
X




Algebra

b
I+
by L

! !

Ifx+l=n,then Ifx—l=n,then
x x
s 1 > 5 1 ( 1) s 1 ol s 1
+—= +— +— -] x+= e — - |- x-=
* X x° (x x2}(x xs) . X * x° E +x2 . x° * X
~ 2 3 _ _ _ -2 3 _
(n* -2)(n° —-3n)—n =Mn“+2)(n” +3n)—n
7. 1 (.4 1 3 1 1 - 1 4 1 3 1 1
o X +77(x +FJ()C +FJ—[X+;) e X —7: X +F P —F + x_;
-[@?-22-2]@n%-3n)-n =[m?+27? -2]n®+3n)+n

1 1 I (c) Reverse case
5 7 .
@ ¢ x°+— and x" £ — must be a multiple of n.
x x
Xe) If x* + L n, then
*

1
o Jf x£ >R (unit digit), then unit digit of x° + Ls
x

1
dx"+—= t be n.
and x’+ P must be n l l
1 PN ey 2oL mo
Ex. If x+—=23, then X2 2
x I
w x5+i:(32—2)(33—3xs)—3=123 1 ' 1l
x° X+—=4vn+2+2 X——=yVn+2-2
x x
1
o X' +—=[(32-2)2-2](3°-3x3)-3=2843 1
X To solve, first convert the given expression intox+ —
i - X
Ex. If x—l =3, then then proceed further according to requirement of
X &Y questions.
w xs—isz(32+2)(33+3x3)—3=393 , 1 , 1),
X Ex. If x +x7= 119 (x > 0), then the value of [x +—3j is:
x
s 1
e x'-—=[(82+2)2-2] (33+ 3 x 3)+3 =4287 , 1
@:"lig X" +—=119
x 0 0 XQ
I (B) Quadratic equation
To solve, first convert the quadratic equation (ax? + bx + =X + — = V119+2 =4121 =11
1 1
c = 0) into (XJr* or (X—* 1
X x = x®+— =(11»-3x 11 =1331-33=1298
Ex. | 5p+1 10’ »p # 0, then the value of | P " is:

Ex. If k*+ % =194, then what is the value of k® +

—_— 4 =

1-
k3

2 1 1
= ———F=7-=20-= p+——5 = kK+—5=19412=14 = k+— 14+2
p-5+— 10 p k
P 1
R+ —=45-12 =52
1 ks
=25=p+ —
p

1 3 Ex. If x> 1 and x* + i=83then,x3—iis:
Ex. If p> -~ 4p - 1 = 0, then the value of p2 + 3p + 7 p is: x2 x°

1 :>x—l= 83-2=9
p+—+3(p——j x
P 1
L —==93+3x%x9="729+27 =756
=18+3x4=18+12=30 x3
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Ex. Given that x® — 34x* + 1 = 0, x > 0. What is the value of

1
X -7
xS
M < -34x +1=0
1 .1
=>x-34+—5=0= x"+—=34
X X
S+t 342 -6 x-1-6-2-2
X X
, 1
L XP-— =2243x2=14

x3

I (D) Concept of bridging

| '

If x+l=n, then
X

If x—l=n, then
x

P N P
X
1
R =3x(+V/5) = +35
Ex. If x—— =3, then

. x2_i2: 3x(++/13)=+ 313
X

Ex. If x+ 1__ 14, and x < -1 what will be the value of x* —iz
X X

b HiNTs SEESEERRE

X
L_JF147-4 - fioz -+ 83
X

* X -

1 1 .
X+ — or x— — = * n gives two values.

Al T
Q’V/) ® Choose the sign based on the range of x.
@ e If x < -1, then the value is negative.

Here, We take — 843 because x < -1,

P %=(—14) x (-8y3) = 1123

Algebra

Aditya Ranjan (Excise Inspector)

General Form:-

o Ifxm+L:a, thenxm—im:i a“ —

x™ X

i1

1
o Ifxm——m=a,thenxm+—m=i a“+
x x

1
Ex. If = x3+i= 18, then xs——3= ?
x° x

J320 = 85

1

3

@:";ii’ X’ —-—= =
x*

Ex.1f x*--% =82, then - x5+is >
X X

\/182—4 = |/324-4 =

W x5+% - /827+4 = [6724+4 = [g728 =582

Ex. If x> 1and x* + % =25 , What is the value of x* —
X

LM =+ =25
xz
xz—%=1/(2£)2—4=4
X
B (x2+i2j[x2—i2) =25x4=85
X

X

1,
x4

Ex. If [x+l):2\/§ and x> 1, what is the value of (x6—
x

W Given, that

x+l =22 = x-
X

LJ?
x6

8=

1

=>xX- 5 =2°+3x2=14
X
S+ L= (V2P -3x2/2 = 1042
X
1 1 1
S - = = (- ) )

=14 x 1042 = 14042

1
Ex. If (x—lj =6 and x> 1, what is the value of (XS _F]?

X
 HinTs MESEYENG
X
= x+l:1/6+4:\/ﬁ = x° +i2 - (J10) —2-8
X
. 1
= x'+—=8-2=62
X
X - i4 = /3844 -4 = 3840
X
L x —isz(x“ +i4j(x“ —%J = 62+/3840 = 992415
X X X
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I (E) Unequal Co-efficient

axih=k
X

|
| '

If ax—B =k, then
x

If ax+3=k, then
x

b

o ax——=+vk?—4ab o ax+E=i\/k2+4ab
x x

b’ b?

° a2x2+—2:k2—2ab . a2x2+—2:k2+2ab
x x
b° b°

o a’x®+= =k®-3kab o a’x® - = =k%+3kab
x x

Ex. If (5a+i—2]= 13 and a > 0, then
a

LM 52+ > -2=13=5a+ % =15
a a
. 5a—§=ix/152—4><5><4= +4225-80 = +/145
- 2502+ 16 905 2 x5x4-225-40-185
a

e 125a%+ 6%: =3375-3x15%x5%x4=3375-900 =2475
a

Ex. If (Sa—ij= 13 and a > O, then

a
TMY 52- > -13
a
e Sa+ 3 - /13°14x5x4 = +/160+80 = +249
a
- 2522+ 16 _ 16942 x 5 x 4= 169 + 40 = 209
a

. 12520+ 9% —(13)3+3>< 13 x5%x4=2197+780=2977
a’

I(F) Special Case
1 1
o Ifx+—=2,thenx=1 o Ifx+—=-2,then x=-1
X X

° Ifx+l:1,thenx3:—l ° Ifx+l:—l,thenx3:1
X X

° Ifx+l:i«/§, then x2+i2=O:>x4 =-1
X X

° Ifx+l: i\/§, then x3+i3=0:> x8=-1
X X

1
Ex. If x+ — =2 then find the value of x"?!' + —.
X x

1
w We know that, if x + ~ =2then x=1

.~.x121+—1121=1+1=2
X

Ex. If x+ = — 4 then find the value of

X+

(x + 2)231 +

(x+2)
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w Given, x+ =—-4
x+2
= x+2)+ (x+2) -2=>x+2=-1
1
co(x + 2)281 + = (= 1)23! +
( ) (x + 2)231 ( ) (_1)231
=-1-1=-2

. If Ly B =1 then the value of r° is:
13 r

w L+E—1 Let, x = L
13 r 13

3
fxrlol o1 (ij -1 == 2197
" 13

Ex. If x+l =— 1 then find the value of X®' + x*°> + 3! + x!° +
x

XX+ 4.

w We know that, if x + 1 =—1thenx*=1
X
LT P+ XS+ P+ 4
()17 + (695 + ()7 + () + 20 + 4
1+1+1+1+1+4=9

Ex. If x + = =42 ; then find the value of X% + x100 + x!12 + x116

X
+ X+ 3.

L HINTS

©x00 4 00 4 4112 4 5116 4 44 4 3
=X+ 1)+ PP+ 1)+ X+ 3
=o+0+(—1)+3=2

~=J2thenx¥=-1

Ex. If x+—
X

X500 4 5400 4 3A06 4 5206 4 3200 4 46 4 5
1

w We know that, x+ — = /3 then ¥+ 1=0or x*=— 1.
x

xlOlQ + x1006 + x506 + )C’SOO + xlOO + -X‘AOG + )(:206 + xQOO + .7(,6 + 5
= X100 ()0 + 1) + 250 (X + 1) + 0 (X + 1) + P (X + 1) + X6
+5=-1+5=4

I (G) Miscellaneous Concept

V3 then find the value of x1012 + x1006 + 506 4

b preo At 1 Vardb Ja-b _2arh)
Ja— b “a-b Vaib @b
Ex. If x=ﬁ+\/\/§ and y= \/_—://—Z then the value of
xz_)cy+y2
X +xy+y’

b HinTs A
NNz
When two numbers x and y are reciprocal then x + y

_2(a+b) 2(5+4)
" (a-b)  (5-4)

=18 = 2 +y2=18-2=322

321
323

-y +y?
C X2+ Xy +y2

_322-1_
322+1




Ex. If ¥*-11x+ 1 =0, what is the value of x* - 14159x* + 11?
M - 11x+1=0

:>x+l=11:>x2+i=121—2=119
x x>

=x'+ 1192 -2 = 14161 -2

€
x4
$

=X+ =14159 = x%+ 1 = 14159x*

x4

= x*- 14159 = -1
Sox®=14159x¢ +11=-1+11=10
Ex. If x(x — 5) = -1, then the value of X*(x*> - 110)?

M Given, x (x-5) = -1

= x—5=_—1 = x+l=5
X X

= x3+i3:53—3><5
x

= x3+i3=110:>x6+1= 11023
X

= - 1108 =-1
58 (@ -110) = -1

Ex. If 8k + 15k® — 2 = 0, then the positive value of (k + ij is:

w Let, k3 = x

So,

8x*+15x-2=0
=8¢+ 16x-x-2=0
=8xx+2)-1(x+2)=0
= 8x-1)(x+2)=0

=>8x-1=0=>x=

|~

orx+2=0=>x=-2

[Not possible because of negative value]

Now,
k3=l =k= 1
8 2
(k+l) =(l+ 2) = S. 2l
k 2 2 2

Ex. If X + 6x + 1 = 0 then the value of (x + 6)° +

w Let, x+6=t=>x=t-6

X*+6x+1=0

= (t-6P2+6(t-6)+1=0

(x+6)3 '

=>t2+36-12t+6t-36+1=0

>t?-6t+1=0=t+ - =6

| =

1
t’+-=63-3x6=198

t3

198

1
s (x+ 6+ 7 =

(x+6)
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I Alternatively

x2+6x+1=03x+6=_—1:x+ =-6

1
X X
L - 216+18--198
X

2J-ere- ()

Ex. If x* - 16x + 59 = 0O, then what is the value of (x — 6)% +
1

(x-6)°

w Lety=x-6
= x=y+6
Now, (y + 6)2 = 16(y + 6) + 59 = 0
— y2+36+ 12y~ 16y - 96 + 59 = 0

XK+

So(x+ 6+ 3 =

(x+6)
= _(-198) = 198

=y -4y=1
1

>y-—=4
y

= y2+i2= 18
y

S (x—6)2+ =18

1
(x - 6)*

Square Formulae (Two Variables)

a? + b% - 2ab

a?+ b? + 2ab
(a+ D) (a—b)?
(a—Db)? + 4ab (a + b)?2—4ab
o (at+ b+ (a-Db)2=2(a?+b?
e (a+Db)?*-(a-Db)?=4ab

2 2
ab:(aer) _(a—b]

2 2

e a2-Db2=(a+b)la-h)

(az + b2) (a2 - b2) (a2 . b2)2 + 2a2b2

a'-b' a'+ bt

(a2 + b?)(a + b)a-b) (a2 + b2)? - 2a%b?

Ex. The simplified form of (7x + 4y)? + (7x — 4y)?
AT (a+ b2+ (@-b)* =2(a* + b?)

(7x + 4y)* + (Tx - 4y)* = 2[(7x)* + (4y)?]

=2 (492 + 16y?)

= 08x% + 32y?

Ex. [2x+3y]2 _(2x—3y]2 _o
2 2

2 2
> hivrs AES I ESS Y EERRE

\
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Cube Formulae (Two Variables)

o (a+b)P=a*+b*+3ab (a+b)
e (a—Db)®=a%>-b®>-3ab (a—-Db)
e (a+ b))+ (a—b)®=2a°+ 6ab?
e (a+ b)®—(a-Db)®=2b°+ 6a%b

(a+b) (a2 —ab + b?)||(a—b) (a> + ab + b?)

a® + b%/—{(a + b)[(a + b)>-3ab]| |(a - b)[(a — b)2+3ab]-+a* - b*
(a + b)® — 3ab(a + b)| |(a — b)®> + 3ab(a — b)

a b

o If —+—=+1thena®+b3®=0
b a

OIflil: L ,thena®*¥b3=0
a b azxb

e Ifab(a+b)=1, then —a®-b3=3

a’b?®
Ex. If x + y = 1, then what is the value of x°* + 3xy + y°?
W x+y=1

cube on both sides

X Hy H 3y (x+y) =12

=>x+y*+3xy=1

Ex. If a = 999, then the value of 13/a(a2 +3a+3)+1 is.
w we know that, (a + 1)®=a%+3a?+ 3a + 1

Here, a = 999
. §a(a®+3a+3)+1 = (a+ 1) =999 + 1 = 1000

Ex. Simplify (x + y)® — (x —y)® — 6y(»® — y?)

M (< + y)° - -y = 25° + 62y
Sty - (- y) - 6y - y?)
= 2y® + 6xX%y — 6X%y + 6y° = 8y*

Ex. What is the simplified form of the following expression?

SRSl
x—-=| +|x+=
y y
M (2 + b + (a - b)* = 2a° + 6ab*

[x—l} +[x+1j :Q(x)3+6(x)(1] =2x° + 6—);
y y y y

Ex. If (2x - S5y)®> — (2x + Sy)®> =y [ Ax* + By? |, then what is the
value of (2A - B)?

A (2 - b)° - (a + b)* = ~2b(b* + 3a?)

(2x = 5y)® = (2x + 5y)° = - 2 x 5y [(Sy)* + 3 x (2x)°]
=~ 10y (25y2 + 12x%) = y (-120x° — 250y?)
= A =-120, B = 250

Algebra

-~ (2A-B) =2 x (-120) + 250 = 10

ﬁ selected & Selection fe@TER I

Ex. Ifa+ b =10 and ab = 6, then the value of a® + b? is:

AN a+b=10,ab=6

a®+ b’ = (a +b) {(a+ b)? - 3ab}
=10 {(10)? -3 x 6} = 10 x 82
=820
Ex. If x—y =25 and xy = 444, compute the value of x* — y>.

AT *-° = (x-) [(x- v + 3]

= 25 [25% + 3 x 444]
= 25 [625 + 1332]
= 48925

Square Formulae (Three Variables)

e (@at+tb+c)2=a2+Db2+c2+2(ab + bc + ca)

e (@—b-c)2=a?*+b?+c2-2(ab—-bc + ca)

e (@+b-c)2=a?+b2+c?+2(ab-bc-ca)

e (a+tb+c)2+(a-b-cP=2[a%+ (b+c)?

e (@a+tb+c)2-(a—-b-c)2=4a(b+c)

e (@-b)2+(b-cP2+(c-a)2=2(a%+b2+c?-ab-bc-ac)

Ex. Ifa+b+c=10and ab + bc + ca = 30, then the value of
a%+ b? + c?is:

w a2+ b2+c2=(a+b+c)2-2 (ab + bc + ca)
- (10)% - 2(30) = 40

Ex.lf x+y+2z=13, x +y?+ 2?2 =91 and xz = y?, then the
difference between z and x is:

AN <+ +2° = +y+ 2+ 20y +yz + 2%

= 169 =91 +2(xy +yz +y?
= 78=2y(x+z+y)
=39=yx13

>y=3
(z—2x%*=x+2°-2xz

= ((z-x?=82-2%x9= (z-x?=64

Lz—x=8

" Alternatively

Put x =1,y = 3 and z = 9 satisfy all the equation.
Lz-x=9-1=8

Ex. Ifa+ Db+ c=10; a2 + b? + ¢c2 = 38, what is the value of
(@a=-b2+(b-cP2+(c-a)3?

(@a+b+c)?—(a?+b2+c?

w ab +bc+ca=
2

_100-38 _62 _ 4,
2 2

L (a=-b)2+(b-c)P2+(c—a)?

=2(38-31) = 14

~ Alternatively

Put a =5, b = 3 and ¢ = 2 satisfy all the equation.
L(a=-bP+(b-c)+(c-a)P=22+12+(-3)?=4+1+9=14
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Cube Formulae (Three Variables)
(F-1)

a® +b3 +c2 - 3abc

(F-3)

(a+b+c)(a2+b2+c2—ab—bc—ca)

(a+b+c)[(@+b+c)? —3(ab +bc +ca)]
%(a+b+c)[3(a2 +b2+c?)—(a+b+c)

é(a+b+c)[(a ~bP+(b-cf+(c-a)?]

Ex. Ifa+b+c=6,a2+b?>+c?2=14andab+bc+ca=11,
then what is the value of a® + b® + ¢ — 3abc ?

w a+tb+c=6,

a?+ b%+c?= 14,
ab+bc+ca=11
. a®+ b+ c® - 3abc

=6(14-11)=6x3=18

Special

Case-I| Case-ll

Ifa® + b3+|03— 3abc =0

a+b+c=0 a=b=c is d then,

(When, a, b, c are (When, a, b, c are
distinct integer) positive integer)
Ex. If Bx+ 1P+ (x-3) +(4-2x>+6 Bx+ 1) (x-3)(x-2) =

0, then what is the value of x?

AN 1f a® + b* + c* - 3abe = 0

Then,a+b+c=0

=>3x+1+x-3+4-2x=0

=2x+2=0
= x=-1
Ex. If (4x-3)°+ (2x+ 5)3 + (5x=7)% = (4x-3) (6x+ 15) (5x-7)

and x # 1—51 then, find x?

w Casel:-Ifa®+b*+c*—~3abc=0thena+b+c=0
=4x-3+2x+5+5x-7=0
= 11x-5=0
:>x=% (It is not possible)
Case2:-Ifa®+b®+c®-3abc=0thena=b=c
=4x-3=2x+5
=2x =8

=>x=4
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If a, b and c are in A.P.
and common difference

a’ + b’ + ¢>- 3abc = 9bd®
Where b is the middle term. = 34°

Ex. lfx+y+z=7, xy+yz+zx= 8, then what is the value of
B +y>+28-3xyz?

w X+ y%+ 23— 3xyz = 7(49 - 3 x 8)

=749 -24)=7x%x25=175
Ex.Ifa+b+c=6,a%+b?+c2=32and a®+ b® + c®= 189,

then the value of abc — 3 is:

w a® + b® + c® - 3abc
_larbro)

2
= 189 — 3abc = 3[3 x 32 - 36]

(@2 +b%2+c?3) - (a+b+c)

= 189 - 3abc =3 x 60 = abc = 3
~abc-3=3-3=0

Ex. If x=32,y =33 and z = 35, then evaluate the expression
K +y3 + 28 - Bxyz.

w x-y=-1,y-z=-2,z-x=3

X +yi+22-3xyz = —1(2)0(1+4+9)=700

cases

Case-lll
If a, b and c are in A.P.
and common difference
is d then,
a’+b’+c—ab-bc-ca

Case-IV
If two numbers are equal

and third number is one
more than the numbers
then,
a’+b’+c’~3abc=a+b+c

Ex. If a =199, b =200, c = 201 then find the value of a® + b®
+ ¢® — 3abc

W Here, a =199 b =200 and c =201 a, b, c are in A.P.
Because common difference (d) = 200 - 199 = 1,

b =200
c.a®+ b®+ c® - 3abc = 9bd?
=9 x 200 x 1 = 1800
Ex. If a=2001, b =2002 and ¢ = 2003 then find the value of

a?+b%?+c2-ab-bc--ca.

W Here, a = 2001, b = 2002 and ¢ = 2003 a, band ¢

are in A.P because common difference (d)
=2002 -2001=1
~ a?+b?+c?-ab-bc-ca=3d?

=3 (1

Ex. If a=b =336 and c = 337 then find the value of a® + b?
+ ¢® - 3abc

M 2=b =336 and c =337

a®+b®+ct-3abc=a+b+c

=336 + 336 + 337 = 1009
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Concept of Perfect Square

Algebra
Concept of Value Putting

If x + y = O then, either x or y should be negative but if x?
+ y2 = 0 then, both x and y should be 0 because neither
Xx nor y can be negative

(i Ifxr+y?+2z2=0thenx=y=2=0
(i) If(x—a)P+(y-b2+((z-¢c)*=0
thenx-a=0=x=a
y-b=0=y=b

z-c=0=z=c

@ Whenever the sum of square of n-terms is equal to zero
s then individually all terms is zero:-

If (x—a)+(x-a) +(x—a)*+..... (x-a)*=0

then, x-a =0, x-a,=0......... x—a_ =
Ex. If (a—-18)>+ (b—-12)? + (c — 6)2 = O, then find the value of

1
(a+b+¢)2

MM (2 - 187+ (b- 127 + (c =6 =0

=a=18;b=12;c=6
L (a+b+c)”=(36) =16

Ex. If the valueof @+ b—-2)2+ (b+c-52+(c+a-52=0
then the value of \/(b+c)a +(c+ra) -1 is:

w(a+b—2)2+(b+c—5)2+(c+a-5)2=o

a+ b =2
b+c=25
c+a=35

Adding equation (i), (ii) & (iii)
L 2@+b+c)=12
=>a+b+c=6
—a=1,b=1,c=4
Jo+cf +(c+al -1 = J(5)+(5) -1=9=3
Ex. If ¥* + 4y®> + 2x + 1 = 0, then find the value of x* + y®°.

M < + 4y +2x+1=0

= (x+1)2+(2y)?2=0
=>x+1=0= x=-1

2y=0=>y=0
5280 + Y98 = (=1)% + (0)% = -1

Ex. If a? + b2 + 49¢? + 18 = 2 (b — 28c — a) then the value of
(a+b-"7c)is:

_ Coefficientofa  _1 )
W as Coefficient of a®> 1

Coefficient of b

" Coefficient of b

Coefficientof ¢ 28 _4

€7 Coefficient of 2 49 a2

'.a+b—7c=—1+1—7><(_74) -4
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Ifx+y=7find 5(x+y)

1
7 0
6 1
5 2
4 3

We can't find exact value of x and y
But 5(x+y)=5x7=35
= The value of 5(x +y) depends upon (x + y) not upon x &y

0),@ If an equation contains two variable, then two equations are
'»f;'\ required to find the values of both variables.

(¢
¢ If only one equation is given (e.g. x + y = 7) then we
can fix the value of either one of the variables. The
other variable will remain unfixed and we can assume
its value according to our convenience, as long as it
satisfies the given condition.
Cautions:

(i) When putting a value in the equation, make sure the
equation doesn't become undefined such as % ,

infinity or any other undefined form.

(i) First try putting O for any one of the variable. If that
doesn't work, try putting another variable to O.

(iii) If putting O doesn't satisfied, try other values like +1,

-1, -2, -6 etc depending on what fits the equation.

Any value we assume must not violate any condition
mentioned in the question

(iv)

e If two/three equations are given then the value of
two/three variables will be fixed and remaining all
other variables will be unfix which we can assume
their values as long as the equations are satisfied.

Ex. If 2a + 2b + ¢ = 0, then find the value of.
4a? + 4b? + 4c?
5¢? — 8ab

w Put,a=b=1

=c=-4
4a” +4b*+4c”® _ 4+4+64 72 _
5¢® - 8ab 80-8 72

2 2 2
3P +a+y -
p* '

1

Ex. Ifa+ B +y=0, then
— oy

M Put, a=p=1;y=-2
3B2 + a2+ y?
282 - ay
_ 3x@P+A)2+(2)7
T 2x(1)2-1x(-2)

Ex.If ¥ + y2 + z2 = xy + yz + zx, then the value of
17x* +9y* +162* ]
8x°y> + 6y°2> +102°x> | 1%

w Putx=y=z=1

17+9+16 _ 42

=1.75

8+6+10 2




Concept of Symmetricity

Whenever the degree of each term in an expression
is same & they come in same numbers in the given
expression, Apply the concept of symmetricity. i.e
equate the each variable/terms to another and simplify
the expression.

e An algebraic expression is symmetric in its variables
of interchanging any variables does not changes the
expression.

Ifa?+ b2+ 2=
e Degree of each term in both side should be same.

Ex.Ifa?=Db + ¢, b?2=c+aandc?=a+ b then find the value
1 1

1+b 1+c

W Check the value ofa=b=c=2ina%2=b + ¢, b2

=c + aand ¢ = a + b and these value satisfying the

ab + bct ca,thena=b=c

f——+
° l+a

equation.
1 1 1 1 1
— = + + =
l+a 1+b 1l+c 1+2 1+2 1+2
2 y2 2
Ex. If = 1 then find the value of
by +cz S ax+cz ax+ by

x y z
+ +
x+a y+b z+a

wCheckthevalueofx=y=z=2anda=b=c=1

in above eqn and these value satisfying the equation.
Putx=y=z=2&a=b=c=1
X y z

= + +
x+a y+b

2 2 2
2+1 2+1 2+1

Concept of Degree

In algebra, the degree refers to the highest power
(exponent) of the variables in a polynomial expression
(maximum power of variable is called degree)

Key points:-
(i) Linear polynomial: ax + b(degree = 1)

z+cC

(ii) Quadratic polynomial: ax*> + bx + c (degree = 2)
(iii) Cubic polynomial: ax® + bx® + cx + d (degree = 3)

1. Forasingle-variable polynomial: The degree is the highest
exponent of that variable:

In 4x® + 2x* — x + 7 The degree is 3 (because of highest
power of x°)

2. For a multivariable polynomial: The degree is the highest
sum of exponent in any term:

Ex.

Xy +2xy +y
Ji Ll
21 13 1
| I— 1 4
3 4 1

So, the degree of the equation is 4.
Ex. 7x3-9x° + 13x* + 12x% -

3. The degree of a constant (like 5 or —2) is 0, and the degree
of the zero polynomial (just 0) is undefined or sometimes
defined as negative infinity, depending on the context.

37 — Degree = 8
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e If the variable is in multiple then power will be added
Ex. a'b! + bc + ca = Degree (a'b!) = 1+ 1 =2

e Ifvariable is in division then power will be subtracted
2

Ex. — = degree=2-1=10
a
11,1
EBx, 2Dtbetea jab _2_, ;.
a-b—c a 1

e In any Homogenous expression degree of question must
be equal to degree of answer.

a(b—c)2 . b(c—a)2
B (cZa)(a—b) (a=b)(b-c)

W Here,

(b — ¢)? has degree = 2
a(b-c)j’hasdegree=2+1=3

c(a —b)2

"(b-c)(c-a)

has degree

Also, (c—a) has degree =1

(a —b) has degree = 1

So, (c—a) (a—b)hasdegree=1+1=2
Hence

a(b-c)’
(c—a)(a—b) has degree=3-2 =1

{(m2 +n2)(m—n)—(m—n)3}

is:
(mzn - mnz)

. The value of

(a) m+n (b) m-n
() 2 (d) mn
W Here, the degree of polynomial = % —% =3-3=0

So, the value of polynomial will also be of O degree i.e.
the value is constant.

Since only option (c) contains the constant value.

. Option (c) is the correct answer.

Componendo & Dividendo Rule

X+
If3=*then a+b =7y
b y a-b X-y
b
I If x = 2ab then x+2a+x+2 =2
a+b x-2a x-2b
2ab 2ab
Wh “8 _pand ===
ere, 2a b

415 X ++/20 X +4/12
Ex. If x= then find the value of .
\/_ \/— x—+/2 O x-+/12

w Using the concept explained above, we will get
the result of the expression is 2.

) Ox+J_
'x\/—Ox\/_

= -
(

= AYa? + B¥a + C,then
\/§ \/E+1)

1o oL

A=0;B-=
a-1 a-1
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Ex. If = a¥4 + b¥2+ c and a, b, c is a prime

1
J4 +32 +1

number, then find the value of a + b + c.

w Using the above result,a=0,b=1,c=-1

Hence,a+b+c=0+1-1=0

Identity Based Algebric Equation

Ex. If a® + 3a% + 9a = 1, then what is the value of a + 3 ?

W a®+3a2+9a=1

3a®+9a?+ 27a=3
Multiply by 'a’ in equation (i),

a*+3a®+9a%2=a
Subtract (ii) from (iii),
a*-27a=a-3

= a*+3=28a

:>a3+§ =28
a

Ex. If a?> + 3a + 3 = 0 find the value of a® + 6a*> + 12a + 10 = ?

M «*+3a+3=0

a®+3a*+ 3a=0

Multiply by ‘3’ in equation (i)
3a?+9a+9=3

Add equation (ii) and (ii),
a’+ 6a’+ 12a+9=0
nad+6ar+ 12a+10=1

Ex. If x> + 2 = 2x, then the value of xX* — x® + x® + 2 is:
T = 2x+2-0

X¥-2x*+2x=0

X' -2x+2x*=0

Add equation (ii) and (iii),
X'-x*+2x=0
S>X-xX+x+2=0

Some Important Formulae & Results

Formulae 1:-

e (i) % x

v (i) x x

... (iii)

«1+A+B+AB=(1+A)(l+B)
e (@>—ab + b? (a> + ab + b?) = a* + a?b? +b"
o (a® + b?)(x* +y?) = (ax + by)* + (ay — bx)?

Formulae 2:-

a®(b? —c?)+ bs(c? —a?)+c3(az - b?
a?(b—c)+b?c—a)+c?*@a-b)

ab + bc + ca
a’(b+c)
(a-Db)a-c)

b3(c +a)
(b-c)(b-a)

c’(a+b)
(c-a)lc-Db)

Algebra
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Formulae 3:-

. ax(b-c bx(c-a)P} cx(a-b)
(c-a)la-b) (a-b)(b-c) (b-c)lc—-a)
e(@atb+c+dP=a%?+b2+c2+d?+2a(b+c+d)+2b(c+d +2cd
ea?(b-c)+b?(c-a)+c*(a-b)=-(b-c)(c-a)la-b)

e a%(b+c)+b*c+a)+c*a+hb)=(a+b+c)ab + bc + ca) - 3abc
e a(b?—-c?) +b(c2-a?) +c(@-b?)=(b-c)c-a)a-h)

e ab(a—-b)+bc(b-c)+tca(fc—-a)=(b-2a)(b-c)(c-a)

e (b+c)(c+a)a+b)+abc=(a+b+c)ab+ bc+ca)

e(x+ta)(x+tb)(x+tc)=x>+x2(a+b+c)+x(ab+ bc+ca)+abc

=at+b+c

Ex. If a* + a?b? + b* = 24 and a? + ab + b? = 8, then find ab.

Wa2+ab+b2=8
24

a*+ta??+b*=24 = a?-ab+b2=—"—=3
a?—ab+ b2 =3 () 8

a?+ab+b?=8 ...(ii)

Subtracting eqn (ii) from eq® (i)
=>-2ab=-5=ab=2.5

Ifax+ by =8, ay —bx =6, a%> + b+ x* + y? = 29 find

a’+b® ,
55 a2+ b2> 2 +y2

Ex.

x> +y
LM (2 + b7 (¢ + y7) = (ax + by + (ay ~ bx)* = 8 + 62
100
= /N
25 4
~a’+b? o5
C Py a
Result 1:-
1 + ! + ! =0
x2-yz y?*-zx z?>-Xxy
(x,y,2)#0

If xy + yz + zx = 0, then
x2 y2 Z2

+ =1
y2-zx z2-Xxy

x?-yz
Result 2:-

01fxy=lorx=lthen1 1n+1 1n=1
y +X +y

o lfx=a+ 1 a_ndy=a—lthen \/x4+y4—2x2y2 =4
a a

° Ifxil= a,y J_rl= b, z il= c then, xyz ii= abcF(a+b+c)
z x Xyz

If (@2 + 1) (b + 1) + N2 = 2N (a + b) henia ey
a
o Ifa +%= b +l= c+l(where a # b# c)Jthenabcis equal to +1
c a
b+c L_cta atb _
bc(a-1) ca(b-1) ab(c-1)

If bc + ca + ab = abc, then

2

OIfx2+y2=z+1,y2+z =x+1,zz+x2=y+1,

then xyz = 1 or—%

(s—a)2+(s—b)2+(s—c)2+s2

2 =1

e [fa+b+c=2s, then T
a“+b“+c

If|:\/(a2 +b2+ ab) + \/(az +b2 _ab):l =1then(l-a?(1-b?= %
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N87 —71 N87 +4/71
Ex. If x= and y = then
V55 +4/39 55 -+/39
1 1
+ =
1+x 1+y
w Here =\)87—\/ﬁx\/87+\/ﬂ _ 87-71 E_
T 554439 V55 -39 55-39 16
1 1
Lot =1
1+x 1+y

Algebra

Ex. Ifx(x+y+2z)=9,y(x+ty+z)=16andz(x+y+z =144
then what is the value of x?

AMF x(x+y+2) +y(x+y+2) +2(x+y+2)

=9+ 16 + 144
=S (x+y+z (x+y+z =169
= (x+y+z=
LX(xtytz) =

9

S x= —
13

A Quadratic equation is a polynomial equation of degree 2.
Its standard form is:

ax*+bx+c=0

where a, b, c, are real numbers, and a # 0

e The values of variable x which satisfy the quadratic
equation is called roots of quadratic equation.

Relation between roots and coefficients

Ex. xX>-15x+56=0
Step 1: Find factors

Find two factor of 56 that add up to 15. Factor are 8 and
7 because 8 x 7=56and 8 + 7 =15

Step 2: Change sign

Quadratic equation | Positive/Negative roots

eax*+bx+c=0 Both value of x is negative
eax*-bx+c=0
eax*+bx-c=0
eax*-bx-c=0

Both value of x is positive
One value of x is —ve and one is +ve
One value of x is +ve and one is —ve

Change the sign of the factors. So, factors = 8, 7

Step 3: Divide by coefficient of x?

Since the coefficient of ¥* is 1. So, dividing by 1 doesnot

change the values.
Step 4: Roots

The roots of the quadratic equation are 8 and 7.

Aditya Ranjan (Excise Inspector) \

I If the roots a and B are known then the equation is given
by x® — (o + B )x + (o .B) =
I If o and B are rational numbers and one roots of quadratic

equation is a + Jb then other roots is (a —\/E) i.e (vice
— versa)

Ex. Find quadratic equation whose one roots is 2 + J3.

IZ If o and B are the roots of the equation ax® + bx+c =0 w asa=2+,B=2-+3
(i) Sum of roots B B
-b  —Coefficientof x Sum of roots (o +f) = (2 + \/E) t2- \/§) =4
(+p)=—=——
a  Coefficientof x Product of root (o.. B) = (2 + +/3) (2-+/3) =1
(ii) Product of roots Using Formula,
(o p) = = Sonstant term @+ x+taB=0=—4x+1=0
a Coefficientof x
\l, Methods to Solve Quadratic Equation
Factorisation Completing square Quadratic formula
o Simplest Method e Move constant to the other side e Formula:-
. e
® Not conventionally 0 LLELD CUaiiti g of.x . . -b++b?-4ac
applicable for all e Take hglf of coefficient of X, 2a
. s square it and add to both sides . .
quadratic equations [ p————— e Applicable for all equations
(1) Factorisation Method: (2) Completing square

Ex. ¥*-15x+56 =0

LM = 15+~ - 50
2 2
15 15
= x*-15x+ (2} =-56 + (2)

2

== [x—ls) -1 :>x—§=ir 1 =>x=8,7
2 4 2 2

(3) Quadratic formula (Sridharacharya formula)

1 Two Roots of the equation ax? + bx + ¢ = 0 are

_-b+yb’-4ac _ -b+D

2a 2a
-b-+b’ -4ac _ -b-D

L 2a 2a
Ex. X*-15x+56=0

M D=b*-4ac=15"-4x1x56=1

=—b+\/b2—4ac= 15+1=8
2a 2

_ —b—\/b2—4ac _ 15—1=7
2a 2
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Nature of Roots

Algebra

The nature of roots of a quadratic equation depend on
the discriminant, which is the expression under the
square root in the quadratic formula.

ax*+bx+c=0

Discriminant (D) = b? — 4ac
Nature of Roots
|

IfD=0 IfFD>0 IfD<O

Roots are real and equal Roots are imaginary

D = Perfect square D = Not Perfect Square

Roots are real, unequal
and rational

Roots are real, unequal
and irrational

Ex. For what value of m, the roots of the equation 4x? + 6mx
+9 =0 are equal.

w Standard form of quadratic equation
ax*+bx+c=0and 4+ bmx+9=0
Comparing standard equation then we get
a=4,b=6mandc=9
If roots are equal = b2 —4ac =0
=36m?=144 =>m=%2

Ex. If x** - 5x + 6 = 0, find the nature of roots.

w a=1, b=-5,c=6
D=(-52-4x1x6
=25 -24 =1 (perfect square)
So, roots are real, rational and distinct.

Ex. If«/ﬁ t2-3t+3 \/5 = 0, find the nature of roots.

w Here,a= /2,b=-3,c=3

D=b>-4ac=9-24=-15
D<O

. Roots are imaginary

Conditions for Common Roots

Consider two quadratic equations: a,x* + b, x+c, =0

a,x*+b,x+c,=0
(i) Condition for both root common :
(ii) Condition for one root common :
(a,b,-a,b)) (b,c,-b,c)=(ca,-ca)
Ex. If the equations x* + 2x—- 3 = 0 and x* + 3x— m = 0 have
a common root, then non-zero value of m is.

w (a1b2 - a2b1) (blc2 - b2C1) = (C1a2 - C2a1)2

= [1x3-1x2][2x (m) -3 x (J)] = [(3) x 1 - (-m) x1]?
=(83-2)(-2m+9) = (-3 + m)?
=>-2m+9=9+m?-6m

>m?’-4m=0=>m (m-4)=0

>m=4 (- m#0)

ﬁ selected & Selection fe@TER I

If o, B and y are the roots of cubic equation
a®+bx+cx+d=0

Then, b Coeffici f x>
Sum of roots (a + B +7y) = —— = — o¢ 10?(‘3nt 0 xs
a Coefficiént of x

Sum of product of two roots (a f+ By +ya) =

Coefficient of x

Coefficient of x°

Product of roots (o B y) = 4 Consta}nt terms
a Coefficient of x

If a, B and y are the roots of cubic equation, then the
equation is:
X-(a+p+ry)+(@ap+Ppy+yo)x-apy=0

Factor Formulae

(x+a)(x+b)=x+(a+b) x+ab
(x—a) (x—b)=x*-(a+b)x+ab
(x—a) (x+b)=x2-(a—b) x—ab
(x+a)(x—b)=x2+(a—-b) x—ab

Quadratic Equation Factor & Remainder Theorem

I (x + k) is the factor of a polynomial f(x) then f (-k) = O

k
I (ax + k) is the factor of a polynomial f(x) then f (_a) =0

k
I (ax - k) is the factor of a polynomial f(x) then f (a] =0
I (x — a) (x— b) is the factor of a polynomial f(x) then f(a) =
0 and f(b) =0

I If a polynomial f(x) is divided by (x + k), the remainder is
the value of f(x) at x = -k i.e. f(-k)

I If a polynomial f(x) is divided by (k — ax), the remainder

is equal to the value of f(x) at x = k ie. f (k)
a a

Ex. If 2x% + kx + 8 is divisible by (x + 2) leaves remainder 3k
find k?

w Xx+2=0=>x=-2

R=2(-27+(2k+8=8-2k+8=16-2k

:>3k=16—2k:5k=16:>k=%

Ex. Find the remainder when we divide 3x* — 2x? +4x - 1 by
2x-1.

w For finding the required remainder

put2x-1=0=x=

N[ —

_ , 1) 1) 1
Required remainder = 3 2 -2 2 +4|—|-1

23 1,,,-8,11
16 2 16
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Ex. When f(x) = 15x® — 14x* — 4x + 10 is divided by (3x + 2),
then the remainder is:

M 1) = 15x° - 14 - 4x + 10

3x+2=0=3x=-2
R=3xx5x-14x*-4x+ 10
=-2x5x-14x*-4x+ 10
=-24x>-4x+ 10
=-3xx8x—-4x+ 10
=16x—-4x+ 10=12x+ 10
=3xx4+10=-2%x4+10=2

Concept of Maximum & Minimum Values in Algebra

Concept-01
Maximum value Minimum value
Odd power (x) + )
Even power (x?) + © 0

Maximum — + o

Ex. (i) 18 +@<

Minimum value of (18 + x?) = 18 + 0 = 18

Minimum — O

Maximum value of (18 + x?) = 18 + 0 = ©

(i) 18+ @<

Minimum value of (18 + x®) = 18 —c0 = -

Maximum — + oo

Minimum — — o

Maximum value of (18 + x®) = 18 + o0 = 0
Concept-02

In quadratic equation ax? + bx+c =0

If a > 0, quadratic expression has least value at x = ;—b .
a

4ac-b*> _-D

This least value is given by but there is no

a 4a

greatest value.

If a < 0, quadratic expression has greatest value at

X = ;—b . This greatest value is given by
a

4ac-b® -D

but there is no least value.
4a 4a

Ex. f(x) =x*-4x+3

W Here, a > 0,

a=1,b=-4,c=3 )
4ac-b>  4x3x1-(-4)

4a 4x1

Minimum value = =-1

Ex. f(x) =-2x*+8x+ 1

w Here, a < 0O,

a=-2,b=8,c=1

4ac-b* _ 4x(-2)x1-8 _9

Maximum value =
4a 4x(-2)
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Concept-03
If a, b are +ve number then,
AM = GM
a+b

> Jab, (a, b > 0) = (a + b) = 2+/ab

. .. 1
Ex. If xis a real number, then minimum value of x* + - = ?

x
W Let,a=x2 b= %
AM = GM
x2+i

2 1 1
— X > [x2x— = x2+—22
2 x2 x2

=

Equality holds when x2 = % =>x=1
x

Since xisreal, x=1orx=-1

1
For these values, x* + % =(1)2+ 5 =2
x

(1?2

2+1— 12+i—2
e T e T

2 1
Qj Ifais +ve number, thena + — =2 — Minimum
& &

If a is real number, then a? + > 2 — Minimum
’

a2
Maximum value —

Concept-04
If x + y = a, then the value of x X y will be maximum at x
=Y, ‘'OR’

Ifa+b+c...... (nnumbers) = k

k n
then, maximum (abc) = (—j
n

Ex. If x+y =100, what is the maximum value of xy?

x+y=100 = x=y =50
- xy = 50 x 50 = 2500
Concept-05
If abc = k, then minimum value of a + b + ¢ is possible
only when a = b = c,'OR’
Ifabc ...... (nnumbers) = k

then minimum(a+b+c+.....) = n¥k

Ex. If a, b, c are +ve and abc = 125, then find minimum
valueofa +b + ¢

w abc=125=a=b=c=5

~a+b+c=5+5+5=15
Ex. If x, y and z are positive and x + y + z = 1 then find the
1

1 1
min value of *+*+;

w x+y+z=1 :>x=y=z=%

2000

. 1 11 L, 1.1
.. Minimum value of = —+—+— =1 "1 1
X'y z - = =
3 3 3
=3+3+3=9
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CHAPTER

Some Common Terms

e Cost Price (CP) : The price at which we buy things.
e Selling Price (SP) : The price at which we sell things.
e IfSP > CP then:

Profit = Selling Price (SP)— Cost Price (CP)

e If CP > SP then:
Loss = Cost Price (CP) — Selling Price (SP)

. |Profit% = [ 201 100%
Cost Price
Loss
o Loss % = ———— x100%
CostPrice

e Selling price when profit % is given:

0,
SP - CP 100+ P%
100

¢ Selling price when loss % is given:

100—L%]

SP = CP
( 100

Ex. A product is bought at ¥20 and sold at ¥50. Find the
profit percent.

M Profit = 50 - 20 = 30

30
.. Profit % = %X 100% = 150%

Ex. The selling price of a mobile phone is ¥59,620 and it was sold
at 8.4% profit. Find the cost price (in ) of the mobile phone.

w SP =%59,620, P = 8.4%, CP=?

CP SP
100 108.4
lxsso lxsso
%55,000f 59,620

.. Cost price of the mobile phone =355,000

Ex. If an article is sold for ¥355, there is a loss of 29%. At
what price (in ) should it be sold to gain 31% profit?

w Let, CP of the article = 100 unit

-29% +31%
SP, SP,
71 100 131
b I
2355 3655

.. The article should be sold at ¥655.

PROFIT & LOSS
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Ex. The difference in selling prices of an article when sold at
15% profit and 17% loss is ¥96. If it is sold at 10% profit,
then what is the selling price?

P HINTSJ

Let, CP of the article = 100 unit
-17% +15%

SP, - ~CB \SP,

83 100 115

a7

32 unit
ATQ,
32 unit — 396

110 unit —» % x 110 =% 330

.. Selling price =3330

Difference Between SP & CP

Ex. The difference between the cost price and the selling
price of an article is ¥1,800. If there is a profit of 20%,
then find the cost price of the article.

Y HINTS 4
20% = é‘)+ —

~+ (6-5) = 1 unit - 1,800

6—SP
5 5CP

5 unit — 39,000
.. Cost price of the article = 9,000

CPofX=SPofY

If cost price of ‘X articles is equal to the selling price of
y’ articles, then Selling Price = x, Cost Price = y.

X-y
y

Profit or Loss % = x100%

Ex. The cost price of 15 articles is equal to the selling price
of 10 articles. Find the profit or loss percentage.

M - 15,y - 10

xX-y . 15-10
y = 100 % = 10

x 100% = 50%

.. Profit % =

ATQ,

CP x 15=SP x 10
CP 2
SP 3A>+1

1
.. Profit % = B} x100% = 50%

Aditya Ranjan (Excise Inspector)




Ex. The cost price of 44 items is equal to the selling price of
‘x’ items. If the profit is 10%, then what is the value of

{x)?
1 11—->SP
= — )J+—>—

LMIE 10% = 150* 1o cp

ATQ,

44CP = xSP

SP 44 11 44
= CP - x E_T :>

Ex. If 70% of the cost price of an article is equal to 40% of its
selling price, then what is the profit percentage?

> HinTs AISDY

70CP = 40SP
cp_4
~ SP 7
— 300
.. Profit % = 3 100% = = % = 75%

Ex. The cost price of 36 articles is the same as the selling
price of N articles. If the profit is 20%, then find the

value of N.
1 6— SP
= — — > —

T 20% = 5 D)+ —>2 o

ATQ,

36 x CP=N x SP

SP 36 6 36
o N_5 v =39

Profit/Loss = CP/SP of Some Articles

Ex. By selling two articles for ¥800, a person gains the cost
price of 5 articles. Find the profit percent.

> HinTs IS
SP 7

2SP-2CP=5CP= 2SP=7CP = —=
Cp 2

.. Profit % = g x 100% = 250%
Ex. By selling 42m cloth, Vijay gains the selling price of 7m
cloth. Find the profit percentage.

> inTs AINDY

42SP - 42CP = 7SP

= 35SP = 42CP
SP_ 64,
= CP 5
1
.. Profit % = 5~ 100% = 20%
Ex. In a medical transaction, 17 times the cost price is equal
to 8 times the sum of the cost price and the selling price.
What is the gain or loss percentage?

S Hins AN

17CP = 8(CP + SP)

= 17CP - 8CP = 8SP
CP_8

SP 9

= 9CP = 8SP =

1
. Profit % = - x 100% =

o,
3 12.5%
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Profit/Loss on Selling Price

Ex. If a person calculates his profit % on selling price and
according to him, his profit is 20%. Find his actual profit %.
P 4—CP

1— .
of — —
T 20% = 5, 5p > 550

1
i 100% = 25%

of the selling price, then find the actual loss

. Actual profit % =

1
Ex. If loss is <

8

percentage.
1—Loss 9—-CP
R HINTS i

1 1
. Actual loss % = 9 x 100% = 115%
Ex. Aditi sold her scooter for 340,620, gaining é of the

selling price. Find the gain percentage.

> HinTs SR )
5—-SP 5—SP
.. Gain % = @ x100% = 25%

BUTTERFLY CONCEPT

CP=SP, + L =SP,-P

Ex. The profit made by selling an article for 313,400 is equal
to the loss incurred on selling the same article at ¥11,600.
What will be the profit (in ) if it is sold for ¥14,7507?

" HINTS AFN1e)

311,600

\/

11600 +13400
CP= — =%12,500 =SP =%14,750 (Given)

2
.. Required profit = 14,750 — 12,500 =32,250

Ex. A shopkeeper sold an article for ¥455 at a loss. If he
sells it for 490, then he would gain an amount which is
equal to four times the loss. At what price (in ) should
he sell the article to gain 25%?

S HinTs N1

1 : 4
L P
3455 3490
%35
“+ (4 + 1) = 5 unit — 35
lunit —» X7
CP = 455 + (1 x 7) = 3462
OR
CP = 490 — (4 x 7) = 3462
5
.. Required SP = 462 x — =%577.5

4
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Ex. The profit obtained by selling an article for I86 is twice
the loss obtained by selling the same article for ¥53. Find
the cost price.

(2 + 1) = 3 unit » I33
1 unit » 11
. Cost price = 53 + (1 x 11) =364
Ex. A man sells a mobile phone for¥680 and loses something.
If he had sold it for ¥1,070, his gain would have been
double the former loss. Find the cost price (in %) of the
mobile phone.

S HinTs N1

1
L
3680 1,070

\/

3390
(2 + 1) = 3 unit —» %390
1 unit - 3130
CP = SP + Loss = 680 + 130 =%810
.. Cost price of the mobile phone =3810

Number of Articles

Ex. A person bought some articles at the rate of 11 for ¥10
and sold them at the rate of 10 for ¥11. Find the profit/
loss %.

av] 1]

w Price Article Price Article
Buying - 10.,, : 11,, _ 100 110
Selling > 11, : 10, 121 110

21 0 0
100 X100% =21%

.. Profit % =

Buying Selling

Price —» 10 11
Article —» 11 10
100 121

+21

.. Profit % = 21%

Ex. A trader bought some oranges at 7 for ¥11. He sold all
at 2 for ¥3. He incurred a loss of ¥30 in this transaction.
Find the number of oranges that he sold.

w Price Orange Price Orange
Buying > 11, 7. 2f ) 14
Selling > 3, 2., 21 14

%1 loss — 14 oranges
%30 loss — 14 x 30 = 420 oranges

. Number of oranges that he sold = 420

Profit & Loss
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Ex. A shopkeeper bought 60 pencils at a rate of 4 for I5 and
another 60 pencils at a rate of 2 for 3. He mixed all the
pencils and sold them at a rate of 3 for ¥4. Find his gain
or loss percentage.

P HINTSJ

Price : Pencil Price : Pencil
Case-I—>5 : 4 Buying > 11, : 8,
Case-Il—>3, : 2, ~ Selling—4, : 3,
Total —»11 : 8 Sf .24
-1
32 24

1 1
. Loss % = 33 * 100% = 3@ %

_ Alternatively

CP SP
E><6O-t—§><60 i><120
4 2 3

75+90 160

165 160

-5

) 1
- % = x100% =3—%
.. Loss % 165 o 33 (o
In such type of questions, we make the number of

items equal in number while buying and selling.

Average Concept (When CP is Same)

Ex. A man bought three articles for ¥6,000 each. He sold
the articles respectively at 15% profit, 12% profit and
15% loss. Find the total percentage profit/loss earned
by him.

R HINTS

Article > 1% o 3"

Profit > 15% 12% -15%
15+12-15

. Profit % = # = 4%

Ex. A fruit merchant bought some bananas. One-fifth of
them got rotten and was thrown away. He sold two
-fifth of the remaining of the bananas with him at 15%
profit and the remaining bananas at 10% profit. Find his
overall loss or profit percent.

 HINTS

Let, total number of bananas be S0 unit.

50 Iuni‘c

2

5

Xé 40 unit
xZ
Rotten Remaining
10 16 24
Profit/Loss % = —100% +15% +10%
Total = -1000% +240% +240% =-520%

9o, - 10.4%

. o/ =
.. Loss % 50
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Ex. A vegetable vendor bought 100kg of potatoes at the rate
of ¥19 per kg and spent Y100 as cartage. He sold 60kg
of potatoes with a 50% profit and half of the remaining
stock with a 40% profit. He sold half of the still remaining
potatoes with a 25% profit. What profit percentage
should he aim for when selling the ultimate remaining
potatoes to achieve an overall profit of 42%?

R HINTSJ

60 : 20 : 10 : 10 =100
lSO% l40% lzs% lx% l42%
Profit=30 8 2.5 10x% =42
= 10x% =42-40.5=10x%=1.5= 18—;; =15=x=15

.. Required profit % = 15%

A shopkeeper purchased 1600 mangoes at the rate of
120 per dozen. Out of these, he sold 900 mangoes at
the rate of ¥15 per mango and the remaining mangoes
at the rate of 14 per mango. Find his gain percentage.

 HINTS

Total CP = 1600 x

Ex.

120

=%16,000

Total SP = (900 x 15) + (14 x 700) = ¥23,300
Gain = 23,300 - 16,000 = 7,300

7300

16000

- Gain % = x100% = 45.625%

" Alternatively

CP of 1 mango = % =X10

Net profit = 900 x (15 - 10) + 700 x (14 - 10)
= 4500 + 2800 =%7,300

7300

.. Gain % = MXK)O% =45.625%

When SP is Same

e If two articles were sold at same price each. First was
sold at x% profit and second was sold at y% loss, then
overall profit or loss % is given by:

100(x+y)+2xyo/
—_—— /0

Profit/Loss % =
200+ x+y

e If two articles were sold at same price each. First was
sold at x% profit and second was sold at x% loss, then
overall loss % is given by:

%

Loss % = lx

Ex. Two horses were sold at 31,599 each. First was sold
at 25% profit and second at 20% loss. Find the overall

profit or loss %.
100(x+y)+2xy
# %

o) =
w Profit/Loss % 200+ x+y

100(25 - 20)+2x25 x (-20), _ 500-1000,,,
0 = (o]

200+25-20 205
-500 -1
= ﬁ % = 7420 % =-2.43%

.. Overall loss % = 2.43%

Aditya Ranjan (Excise Inspector)
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~ Alternatively

+1
25% = 7,20%=

S
CP SP CP SP
I->4, S. _ 16 20
I->5, : 4, 25 20
41 40
~—_ 7

-1
1
- Loss % = 20 100% = 2.43%

" ,y@ To make the SP same in both cases, take the LCM of 5
@ and4.

Ex. Two horses were sold for ¥1,920 each. First was sold at 20%
loss and second at 20% profit. Find overall profit or loss %.

NI Loss % = 20%, Profit % = 20%

2 2
o =
100 o 100

Ex. A man buys two watches, ‘A’ and ‘B’ at a total cost of
800. He sells both watches at the same price and earn
a profit of 18% on watch ‘A’ and incurs a loss of 22% on
watch ‘B’. What are the cost prices of the two watches
(upto two places after decimal)?

R HINTS §

Overall profit/loss % =

.. Loss % = % = 4%

100(x +y)+2xy o
b RN RS0 AT
200+ x+y
100(18 -22) +2x18x(-22) _
200+18-22

(o]

298
49

-400-"792
= ————Z oy =

196

% =—-6.08%

Now,
A B
18% —22%

-6.08%

/N

15.92% 24.08%
ATQ,
40% —T800
1% — %20
- CP,=15.92 x 20 =%318.4
CP, =24.08 x 20 =%481.6

_ Alternatively

18% = e 22% = -1

50 50

CP SP CcP SP
A—> 50, 59,5 1950 : 2301
B> 50,5 395 2950 : 2301

Total CP = (1950 + 2950) = 4900 unit
> 4900 unit — I800
1950 unit — ¥318.37
2950 unit - 3481.63
~ CP, = 3318.37, CP, = 3481.63
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CP of I*t Article = SP of 2" Article

Ex. A shopkeeper sold two items. The selling price of the first
item is equal to the cost price of the second item. He sold
the first item at a profit of 20% and the second item at a
loss of 10%. What is his overall profit/loss percent?

W Let, two items be ‘A’ and ‘B’.

Let, SP, = 100 unit
. CP, = 100 unit

100 1000
CP, = 100 x —— =" ynit
A 120 12 ™
90
=100x — = i
SPB 100 90 unit
190—(1000+100j
- Profit % = 100;2 x 100%
(7+100j
12
80
7
= % x 100% = Sﬁ%
12

[ Alternatively

20% = 2 10% = =
0 — 5 > 0o — 10
Let, two items be ‘A’ and ‘B’.

Given, SP, = CP,

CP SP CP SP
A->(5 6),, 25 30
B—>(10 9), 30 27

55 57
~—"7T
+2

- Profit % = % x 100% = 31—71%

Dishonest Shopkeeper

Disholnesty

During Buying During Selling

A dishonest shopkeeper sells his goods at CP but uses

false weight, then his profit:

True weight — False weight
False weight

Profit% = x100%

Ex. A dishonest shopkeeper promises to sell his goods at CP
but he uses 30% less weight. Find his profit %.

m Let, true weight = 100 unit, false weight = 70 unit
70 100
+30

300

30
- Profit % = 5~ x 100% =

6
_42%¢
70 % 77

_ Alternatively

7 >Cp 7 : 10
10— SP +3

300 6
7 P42 %

3
30% = E@——>

.. Profit % = %XIOO% =

selected & Selection fe@TER
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Ex. A dishonest shopkeeper promises to sell his goods at
44% loss but he uses 910g weight instead of 1 kg. Find
his actual loss percent (approx.).

s

CP SP
100 56
910 1000
91 56

-35
35 o
- Loss % = EXIOO/O = 38.4%

. A shopkeeper marks up his goods at 35% above the CP
and gives 23% discount to the customer. At the time of
buying, he uses 1120g weight instead of 1kg and at the
time of selling the goods, he gives 880g weight instead of
1kg. Find his profit %.

 HINTS

CP : SP

100 135

100 77

1000 : 1120

880 : 1000
1000 1323

+323
323

. 0 = x100% = o
.. Profit % 1000 o =32.3%

CHAR MINAR CONCEPT

In these type of questions, two situations are given. In
the first case, an article is sold at some profit/loss %
and in the second case, it is given that if the article was
bought at a certain percent less or more than the actual
CP and sold at a certain amount more or less than the
actual SP, then buyer would have made a certain profit/
loss %. CP of the article is to be found.

. A man bought an article and sold it at a gain of 10%.
If he had bought the article at 20% less and sold it for
1,000 more, he would have made a profit of 40%. Find
the cost price of the article (in ).

Y HINTS

Let, CP of the article be 100 unit.

—
—_
o

+10%

100 ——>

o

-20% +2 unit

20 +40% 11

N

.+ 2 unit — 1,000
100 unit — 50,000
.. Cost price of the article = ¥50,000




Ex. A person sold a house at 15% profit. If he had purchased it
for 25% less and sold it for 60 less, then there would have
been a profit of 32%. Find the cost price of the house.

 HINTS

Let, CP of the house be 100 unit.

100

+15% 5

o

1

—_

5

—-25% — 16 unit

N
9]
O
O

+32% s

*» 16 unit —» %60
100 unit —» X375
". Cost price of the house =3375

Based on Alligation

Ex. A person buys 5 tables and 9 chairs for ¥15,400. He sells
tables at 10% profit and chairs at 20% profit. If his total
profit on selling all the tables and chairs is ¥2,080, then
find the cost price of 3 chairs.

 HINTS

Overall profit % =

2080 “
15400

1040

100 = 222
% =77

()

%

Table
10%,.,,= 770

N

1040

Chair
20%.77; =1540

/77/\ 77
500 1270
Price/quantity — 50 27

.+ 77 unit - 15,400
1 unit —» 3200
27 unit - 35,400
Cost price of 9 chairs =%5,400
.. Cost price of 3 chairs =31,800

_ Alternatively

5 Tables
Profit % — 10%

9 Chairs
10% + 10%

Profit = 15,400 x 10%
=%1,540

Remaining = 2,080 — 1,540 = 3540
profit

~ 10% — %540
100% — %5,400
Cost price of 9 chairs = 5,400
.. Cost price of 3 chairs = ¥1,800

Aditya Ranjan (Excise Inspector)
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Ex. By selling 3 dozen oranges for ¥405, a trader loses 25%.
How many oranges should he sell for 288 if he needs to
earn a profit of 20% in the transaction?

w Let the required number of oranges be ‘x’.

Pl - P2
Q,x(100£P, /L)% Q,x(100£P,/L,)%
405 288

= 12x3x(100-25)%  xx(100+20)%

- 405 288
12x3x75% xx120%

= x=16

.. Required number of oranges = 16
Ex. By selling 18 table fans for ¥11,664, a man incurs a loss
of 10%. How many table fans should he sell for ¥17,424
to earn 10% profit?

w Let the required number of table fans be ‘x’.

. Pl = P2
Q,x(100£P, /L)% Q,x(100P,/L,)%

11664 _ 17424
18><(100—10)% x><(100+10)%

11664 17424
= 18x90% xx110%

= x=22
.. Required number of table fans = 22

Ex. By selling 90 ball pens for ¥160, a person incurs a loss
of 20%. Find the number of ball pens, which should be
sold for Y96 to gain a profit of 20%.

w Let the required number of ball pens be ‘x’.
. P = P,
Q,x(100£P, /L)% Q,x(100£P,/L,)%

160 96
= 90x80%  xx120%
= x= 36

. Required number of ball pens = 36
Ex. On selling 70 articles for ¥160, a person incurred a loss
of 20%. How many articles should he sell for Y96 to earn

a profit of 20%?

w Let the required number of articles be ‘x’.
.. Pl = P2
" Q,x(100%+P, /L)% Q,x(100%P,/L,)%

_ 160 _ 96
70x80% xx120%

= x=28

.. Required number of articles = 28
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If P% = CP, then CP=10 (25+sP - 5)

Profit & Loss

Ex. A reduction of 7.5% in the cost price of a commodity

Ex. A wrist watch is sold for 1,200 at a profit percent equal
to its cost price. Find the cost price of the wrist watch.

MG cP - 10 (V25+1200 -5) = 10(35 - 5) = 2300

". Cost price of the wrist watch = ¥300

_ Alternatively

When profit % is equal to CP then we take two
numbers whose product is equal to SP and difference
is 10. The CP is equal to the product of the smallest
number and 10.

3,

'\,;:)
@
SP=1200=40 x

diff.

10
%300

30
CP=30x10-=

Smallest no.

". Cost price of the wrist watch = 3300

Miscellaneous

Ex. If a shopkeeper sells sugar at ¥44.8 per kg, he is able to

make a 12% profit. Due to water seepage,

is damaged. What should now be the selling price per kg

of the rest of the sugar to make a 5% profit?
w Let the initial quantity of sugar be 5 kg.

éof the sugar is damaged.
4
. Remaining quantity of sugar = 5 x 5 4 kg

100
CP of 5 kg sugar = [44 8x 112) x5

SP of remaining 4 kg sugar to make a 5% profit
100

)
112

. Required SP of 1 kg sugar

105

44.8
( 100

1OO
112

105

} 1 52.5
100 4

(44 8

[ Alternatively

100 5 105
112 4 100

105

Selling price per kg = 44.8 x 5

=%352.5

selected & Selection fe@TER

é of the sugar

Ex.

enables a shopkeeper to purchase 15 kg more than what
he previously purchased for a sum of ¥7,400. In order to
make a profit of 32.5% on the pre-reduction cost price
of the commodity, at what price (in ) per kg should the
commodity be sold?

R HINTSJ

7.5% L= >
40
old New
Price > 40 37
Quantity —» 37 40
+3 unit
=+ 3 unit —» 15 kg
1 unit -» 5 kg
37 unit » 185 kg
7400
CPOld = E = ?40/kg
132.5

. Required SP = 40 x =353/kg

100
A man sells a table at 12% loss and a book at 19% profit.
He earns a profit of ¥160. If he sells the table at 12%
profit and the book at 16% loss, then he bears a loss of
%40. Find the difference between the price of a table and
a book.

 HINTS

Let, CP of the table be ‘100x’ and CP of the book
be ‘100y’.
ATQ,

-12x+ 19y =160
+12x—- 16y = - 40
3y =120

=y =40

. CP,,,, = 100y = 100 x 40 =%4,000
-12x+ 760 = 160

= 600 = 12x

= x=50

" CP,,. = 100x= 100 x 50 = ¥5,000

". Required difference = 5,000 — 4,000 = 31,000
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