A Laboratory on Dimensionality Reduction
with PCA and Decision Trees in R

Part I: The Imperative of Feature Reduction in Data
Mining
1.1 Introduction: Navigating the Curse of Dimensionality

In the contemporary landscape of data mining and machine learning, datasets are
characterized by an ever-increasing number of features, or dimensions. While intuition might
suggest that more features invariably lead to more information and thus better model
performance, empirical and theoretical evidence reveals a paradoxical phenomenon known as
the curse of dimensionality. Coined by Richard Bellman in the context of dynamic
programming, this term describes a collection of challenges that arise when analyzing data in
high-dimensional spaces, fundamentally altering the properties of the data and undermining
the effectiveness of many analytical algorithms.® Understanding this "curse" is not merely an
academic exercise; it is a prerequisite for building robust, generalizable, and computationally
feasible predictive models.

The core of_the problem lies in the exponential growth of the feature space volume with each
additional dimension. For instance, to maintain a certain density of data points, the number of
samples required grows exponentially with the number of dimensions. This leads to a series of
critical consequences that can severely degrade model performance.

e Data Sparsity: As the volume of the feature space expands, the available data points
become increasingly sparse. A dataset that appears dense in two or three dimensions
can become almost entirely empty space in hundreds or thousands of dimensions. This
sparsity makes it exceedingly difficult for algorithms to identify meaningful patterns, as
most points are far from each other, and the concept of a local "neighborhood" loses its
meaning.

e Distance Concentration: A particularly troubling consequence for distance-based
algorithms like k-Nearest Neighbors (k-NN) or clustering is the phenomenon of distance
concentration. In high-dimensional spaces, the difference between the nearest and
farthest data points to a given reference point becomes negligible. When all distances
are approximately equal, the notion of proximity, which is central to these algorithms,
becomes meaningless, leading to a significant degradation in performance.

e Computational Intractability: The computational cost of processing and analyzing data
often scales poorly with the number of dimensions. Each additional feature can




significantly increase model training times and memory requirements, a problem

sometimes referred to as a combinatorial explosion. For many algorithms, this makes
analysis on high-dimensional data prohibitively expensive or practically impossible.

e Risk of Overfitting: Perhaps the most insidious consequence is the heightened risk of
overfitting. When a model is presented with a large number of features, it has more
opportunities to learn spurious correlations, noise, and outliers present in the training
data. This results in a model that performs exceptionally well on the data it was trained on
but fails to generalize to new, unseen data, which is the ultimate goal of predictive
modeling.

Note: For further information about overfitting and underfitting refer the given link
https://www.ibm.com/think/topics/overfitting-vs-underfittin

The curse of dimensionality is therefore not just a computational bottleneck but a
fundamental statistical barrier. It represents a point where the traditional assumption that
"more data is better" breaks down; more features can introduce more noise than signal,
leading to poorer models. This necessitates a paradigm shift from simply collecting more
features to intelligently reducing them. The solution lies in a suite of techniques broadly
categorized as dimensionality r tion, which can Vi into two primary strat
Feature Selection and Feature Extraction. These strategies provide the tools to mitigate the
curse of dimensionality, enabling the construction of simpler, faster, and more accurate
models.

1.2 Feature Selection vs. Feature Extraction

To effectively combat the curse of dimensionality, it is crucial to distinguish between the two
principal approaches: feature selection and feature extraction. While both aim to reduce the
number of variables fed into a model, they do so through fundamentally different
mechanisms, leading to distinct trade-offs in interpretability, information loss, and application
suitability.

Feature Selection is the process of identifying and retaining a subset of the original features
while discarding the rest. The central premise is that the data contains features that are either

irrelevant (providing no useful information for the predictive task) or redundant (providing
information already captured by other features). By removing these non-essential features,
the model becomes simpler, easier to interpret, and less prone to overfitting. Feature
selection methods themselves do not alter the features they keep. They are broadly
categorized into three families:

e Filter Methods: These techniques operate as a preprocessing step, independent of the
chosen machine learning model._They use statistical measures to score each feature's
relevance to the target variable. Common measures include correlation coefficients,
chi-squared tests for categorical data, and mutual information. Because they do not
involve training a model, filter methods are computationally very fast, making them
suitable for initial screening on very high-dimensional datasets. However, they evaluate



https://www.ibm.com/think/topics/overfitting-vs-underfitting

features in isolation and may fail to select features that are only useful in combination
with others.

e Wrapper Methods: In contrast to filters, wrapper methods use the predictive
performance of a specific machine learning algorithm to evaluate the utility of a subset of
features. Techniques like Recursive Feature Elimination (RFE) or sequential
forward/backward selection iteratively build, train, and test models on different feature
subsets. This approach is computationally intensive because it requires training
numerous models, but it often results in a feature set that is optimally tuned for the
chosen algorithm, generally yielding better performance than filter methods.

e Embedded Methods: This category represents a compromise between the speed of
filters and the performance of wrappers. Embedded methods_perform feature selection
as an integral part of the model training process. Decision tree algorithms, for example,
inherently select the most informative features at each split point. Another prime example
is LASSO (L1 regularization), which adds a penalty to the model's coefficients, shrinking
the coefficients of less important features to exactly zero, effectively removing them from
the model.

Feature Extraction, on the other hand, does not select t of original features. Inst
it creates a new, smaller set of features by transforming or combining the original ones. The
goal is to project the data from a high-dimensional space to a lower-dimensional space

while preserving as much of the relevant information as possible. The canonical example of
this approach is Principal Component Analysis (PCA), which creates new, uncorrelat
features called principal components that are linear combinations of the original variables.
While highly effective at reducing dimensionality and removing multicollinearity, feature
extraction comes at a significant cost: the new features are often abstract mathematical
constructs that lack the direct physical or business meaning of the original variables, thereby
reducing model interpretability.

The following table provides a concise comparison of these two fundamental paradigms.

Table 1: Feature Selection vs. Feature Extraction: A Comparative Overview.

Attribute Feature Selection Feature Extraction
Goal Retain a subset of original | Create new features from original
features. ones.
Output A list of original features. A new dataset with transformed
features.

Interpretability | High (features retain original | Low (new features are mathematical
meaning). combinations).




Computational | Varies (Filter is fast, Wrapper | Typically moderate.
Cost is slow).

Example Decision Tree Importance, | Principal Component Analysis (PCA),
Methods Correlation Threshold. Linear Discriminant Analysis (LDA).

Part Il: Unsupervised Dimensionality Reduction with
Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is arguably the most widely used technique for
unsupervised dimensionality reduction. It is a feature extraction method that transforms a
dataset of potentially correlated variables into a new set of uncorrelated variables, known as
principal components. This transformation is achieved by reorienting the data into a new
coordinate system where the axes capture the directions of maximum variance.

2.1 The Geometric and Mathematical Foundations of PCA

At its core, PCA can be understood through a geometric lens. Imagine a cloud of data points
in a multi-dimensional space. PCA seeks to find a new set of coordinate axes by rotating the
original ones. The first new axis, or the first principal component (PC1), is oriented along
the direction of the greatest variance in the data. It is the line that best fits the data in a
least-squares sense. The second principal component (PC2) is then oriented along the
direction of the second-greatest variance, with the crucial constraint that it must be
orthogonal (perpendicular) to PC1. This process continues, with each subsequent component
capturing the maximum remaining variance while being orthogonal to all preceding
components. The result is a new, uncorrelated feature space where the information content
(as measured by variance) is concentrated in the first few components.

The mathematical procedure to achieve this geometric transformation involves several key
steps rooted in linear algebra.

e Step 1: Data Standardization
PCA is highly sensitive to the scale of the original variables. If one variable has a much
larger range than others (e.g., income in dollars vs. years of education), it will naturally
have a larger variance and will thus dominate the PCA, biasing the results. To prevent
this, the first step is to standardize the data. Each feature is centered by subtracting its
mean and scaled by dividing by its standard deviation. This process, also known as
Z-score normalization, transforms all features to have a mean of O and a standard
deviation of 1, ensuring that each variable contributes equally to the analysis.

e Step 2: The Covariance Matrix
After standardization, the next step is to compute the covariance matrix of the data.
Covariance is a measure of the joint variability of two variables—it indicates how much
they change together. A positive covariance means they tend to increase or decrease



together, while a negative covariance means one tends to increase as the other
decreases. The covariance matrix, denoted as '

C', is a square matrix where the entry in the i-th row and j-th column is the covariance
between the i-th and j-th variables. The diagonal elements of this matrix represent the
variance of each individual variable. This matrix is fundamental because it encapsulates
the entire correlational structure of the dataset, which PCA aims to simplify.

Step 3: Eigendecomposition

The mathematical engine of PCA is the eigendecomposition of the covariance matrix. For
a given square matrix 'C', an eigenvector 'v' and its corresponding eigenvalue ‘A" satisfy
the equation 'Cv=Av'. This means that when the matrix 'C' acts as a linear transformation,
the eigenvectors are the special vectors whose direction is unchanged by the
transformation; they are only scaled by the factor 'A".

In the context of PCA, the eigenvectors of the covariance matrix represent the directions
of the new axes—the principal components. The eigenvalues represent the magnitude of
the variance along these new axes. The eigenvector associated with the largest
eigenvalue is the first principal component (PC1), the direction of maximum variance. The
eigenvector with the second-largest eigenvalue is the second principal component (PC2),
and so on. A key property of the eigenvectors of a symmetric matrix (like a covariance
matrix) is that they are orthogonal, which mathematically guarantees that the resulting
principal components are uncorrelated.

2.2 Interpreting PCA Results: From Theory to Insight

Once PCA has been performed, the output must be interpreted to be useful. This involves
deciding how many components to retain and understanding what these new components
represent in terms of the original data.

Explained Variance: The most critical piece of information derived from PCA is the
amount of variance explained by each principal component. The eigenvalue of a
component is directly proportional to the variance it captures. By dividing each
eigenvalue by the sum of all eigenvalues, we obtain the proportion of total variance
explained by that component. The cumulative explained variance is then calculated by
summing these proportions. This allows an analyst to decide how many components are
necessary to retain a desired percentage of the total information in the original dataset,
such as 90% or 95%.

The Scree Plot: A scree plot is a simple yet powerful visualization tool for deciding how
many components to keep. It is a line plot of the eigenvalues (or the percentage of
variance explained) for each principal component, ordered from largest to smallest.
Typically, the plot shows a steep curve for the first few components, followed by a
flattening of the slope. The point where the slope flattens is often referred to as the
"elbow". A common heuristic, known as the "elbow rule," is to retain all components
before this elbow, as they capture the most significant variance. Another common
criterion, the Kaiser criterion, suggests retaining only components with eigenvalues



greater than 1 (when PCA is performed on a correlation matrix).

e Loading Scores (Rotation Matrix): While principal components are abstract, we can
gain some insight into their meaning by examining the loading scores. These scores are
the coefficients of the linear combination of the original variables that form each
principal component; they are the elements of the eigenvectors. The loading scores are
stored in what is often called the rotation matrix. By inspecting the magnitude and sign of
the loadings for a given component, one can determine which original variables have the
strongest influence on it. For example, if PC1 has high positive loadings for 'height’,
‘weight', and ‘arm_span’, it might be interpreted as a general "body size" component.

2.3 Advanced Considerations for PCA

Despite its power and prevalence, PCA is not a panacea and comes with important limitations
and considerations, especially when dealing with modern, large-scale datasets.

e Limitations:

o

Linearity Assumption: PCA is a linear transformation. It can only capture linear
relationships between variables. If the underlying structure of the data is non-linear,
PCA may fail to identify the most important features.

Sensitivity to Outliers: Since PCA seeks to maximize variance, it is highly sensitive
to outliers. A single extreme data point can heavily skew the direction of the principal
components, leading to a distorted representation of the data's structure.
Interpretability: The most significant drawback of PCA in many applied settings is
the loss of interpretability. The principal components are mathematical combinations
of all original features, making them difficult to relate back to the original problem
domain. A model that predicts customer churn based on "PC1" and "PC2" is far less
actionable than one based on "monthly_charges" and "customer_service_calls".

e Scaling PCA for Large Datasets: Standard PCA requires computing the covariance matrix
from the entire dataset, which must fit into memory. This is often infeasible for modern
"big data" problems. To address this, several variants of PCA have been developed:

o

Incremental PCA (IPCA): This approach processes the data in smaller, sequential
mini-batches. It builds a low-rank approximation of the data by updating the
components with each new batch, allowing PCA to be performed on datasets that
are too large to fit in memory. The idm package in R provides an implementation of
this method.

Randomized PCA: For very high-dimensional data, randomized PCA offers a faster,
albeit approximate, method. It uses random sampling techniques to quickly find a
lower-dimensional space that captures most of the data's structure, allowing for a
much faster computation of the leading principal components.

Distributed PCA: In a distributed computing environment (e.g., Apache Spark), PCA
can be parallelized. The computation of the covariance matrix and its
eigendecomposition can be distributed across multiple machines, enabling the
analysis of truly massive datasets.



PCA is best understood not as a feature selection tool, but as a sophisticated data
compression and decorrelation algorithm. Its primary objective is to re-encode the data into a
more efficient, lower-dimensional representation by eliminating linear redundancies
(multicollinearity).”’ The transformation ensures that the new components are orthogonal and
therefore uncorrelated. However, this focus on variance has a critical implication: the direction
of maximum variance is not always the direction of maximum predictive signal for a specific
target variable. An original feature with very low variance could, in fact, be the single most
important predictor in a supervised learning task. This inherent disconnect between the
unsupervised goal of variance maximization and the supervised goal of predictive accuracy is
the key weakness of using PCA as a primary feature selection tool for predictive modeling,
and it motivates the need for supervised methods like those offered by decision trees.

Part lll: Supervised Feature Selection with Decision
Trees

In contrast to the unsupervised nature of PCA, decision trees offer a powerful, supervised
approach to feature selection. Because their construction is guided by a target variable, they
inherently identify and prioritize features that are most predictive of the outcome. This makes
them a natural fit for feature selection in classification and regression tasks.

3.1 Decision Trees as Embedded Feature Selectors

The feature selection capability of a decision tree is not a separate step but is embedded
directly into its learning algorithm. The model is built through a process of recursive
partitioning, where the data is repeatedly split into more homogeneous groups.

e The Principle of Recursive Partitioning: A decision tree starts with the entire dataset at
the root node. The algorithm then searches through all available features and all possible
split points for each feature to find the single split that best separates the data with
respect to the target variable. This process creates two child nodes, and the procedure is
repeated on each of these nodes. This continues until a stopping criterion is met, such as
reaching a maximum tree depth or a minimum number of samples in a node.

e Splitting Criteria: Measuring Purity with the Gini Index: To determine the "best" split,
the algorithm needs a metric to quantify the quality of a node. For classification tasks, a
common metric is the Gini Impurity (or Gini Index). Gini impurity measures the
probability of incorrectly classifying a randomly chosen element in a node if it were
randomly labeled according to the distribution of classes in that node. The formula for
Gini Impurity for a set of items 'D' is:

Gini(D)=1-i=1ZCpi2



where 'C' is the number of classes and 'pi' is the probability of an element belonging to
class 'i". A Gini score of O indicates perfect purity (all elements in the node belong to a
single class), while a score of 0.5 (for a binary classification problem) indicates maximum
impurity (elements are split 50/50 between the two classes). The algorithm selects the
feature and split point that result in the largest "Gini gain," which is the reduction in
impurity from the parent node to the weighted average impurity of the child nodes.
Deriving Feature Importance (Mean Decrease in Impurity): The very process of
building the tree provides a natural ranking of feature importance. Features that are
chosen for splits early in the tree (i.e., close to the root) are generally more important
because they partition a larger portion of the data and typically result in the largest
purity gains. When using an ensemble of trees, such as a Random Forest, this concept is
aggregated to produce a more robust measure. The importance of a feature is calculated
as the total reduction in Gini impurity it brings about, summed over all the splits where it
was used, and averaged across all trees in the forest. This metric is often called "Gini
Importance” or "Mean Decrease in Impurity" (MDI).

3.2 Beyond Gini: A More Robust Approach with Permutation
Importance

While Gini importance is computationally efficient and readily available as a byproduct of
training a tree-based model, it suffers from several known biases that can make its rankings
unreliable for feature selection.

The Biases of Impurity-Based Importance:

o Bias towards High-Cardinality Features: Gini importance has a tendency to
artificially inflate the importance of continuous variables or categorical variables with
many levels. These features offer more potential split points, giving them more
opportunities to achieve a high impurity reduction by chance, even if they are not
truly predictive.

o Insensitivity to Generalization: Gini importance is calculated on the training data
used to build the model. If the model overfits, it will learn noise and spurious patterns
in the training set. Gini importance will reflect this by assigning high scores to
features that were useful for memorizing the training data, even if those features
have no predictive power on unseen data.

Permutation Feature Importance (PFI):

To overcome these limitations, a more robust and model-agnostic technique called

Permutation Feature Importance was introduced. PFI directly measures a feature's

contribution to a model's predictive performance on unseen data, making it a more

reliable indicator of its true value.

Methodology: The PFl algorithm is conceptually simple and powerful:

1. Establish a Baseline: Train a machine learning model (e.g., a Random Forest) and
calculate its performance (e.g., accuracy, AUC, R-squared) on a held-out validation
or test set. This score serves as the baseline performance.

2. Permute a Feature: For a single feature in the test set, randomly shuffle its values.



This action effectively breaks the relationship between that feature and the target
variable, while leaving all other features intact.

3. Measure the Performance Drop: Use the trained model to make predictions on this
modified (permuted) dataset and recalculate the performance score.

4. Calculate Importance: The importance of that feature is defined as the difference
between the baseline score and the score on the permuted data. A large drop in
performance indicates that the model heavily relies on that feature for its
predictions, meaning it is important. A small or no drop suggests the feature is
unimportant.

5. Repeat: This process is repeated for every feature in the dataset to generate a full
ranking of feature importance.

This methodology establishes a clear hierarchy of reliability among feature importance
metrics. Gini importance reflects how useful a feature was for fitting the training data, making
it susceptible to biases from overfitting and feature cardinality. Permutation importance, by
contrast, is calculated on a held-out set and directly measures a feature's contribution to the
model's ability to generalize. Shuffling a feature that the model only used to overfit the
training data will result in a negligible performance drop on the test set. Therefore, PFI
provides a more trustworthy assessment of a feature's true predictive power, aligning better
with the ultimate goal of building models that perform well on new, unseen data.

Part IV: Laboratory Session: A Practical Guide inR

This section provides a hands-on guide to implementing the concepts discussed. We will first
construct a synthetic dataset with known properties, which will serve as a controlled
environment to test and compare our feature reduction techniques. All code is provided in R.

4.1 Crafting a High-Detail Synthetic Dataset for Analysis

The objective is to create a dataset that mimics the challenges of real-world data analysis,
including informative signals, redundancy, and noise. By knowing the "ground truth" of which
features are important, we can objectively evaluate the performance of PCA and tree-based
methods.

e Step-by-Step R Code:
R

# Step 1: Setup

# Load necessary libraries

# install.packages(c("MASS", "dplyr", "randomForest", "ggplot2", “tidyr"))
library(MASS)



library(dplyr)
library(randomForest)
library(ggplot2)
library(tidyr)

# Set a seed for reproducibility
set.seed(42)

# Define dataset parameters

n_samples <- 10000

n_informative <- 5

n_redundant <- 15

n_irrelevant <- 180

n_features <- n_informative + n_redundant + n_irrelevant

# Step 2: Generate Informative Features

# Create a base matrix of informative features from a normal distribution
informative_features <- matrix(rnorm(n_samples * n_informative), ncol = n_informative)
colnames(informative_features) <- pasteO("info_", 1:n_informative)

# Create the target variable based on a complex, non-linear combination of informative features
# This ensures these features are truly important for prediction
logit_prob <- 0.5 * informative_features|,1] +
-1.2 * informative_featuresl,2] +
0.8 * (informative_features[,3]*2) + # Non-linear term
-0.6 * informative_features|,4] * informative_features[,5] + # Interaction term
0.3 * sin(informative_featuresl,5]) # Non-linear term
prob <- 1/ (1 + exp(-logit_prob))
target <- rbinom(n_samples, 1, prob)

# Step 3: Introduce Multicollinearity (Redundant Features)

# Define a covariance matrix to create features highly correlated with the informative ones
# We create 3 redundant features for each informative feature

cor_matrix <- matrix(0.8, nrow = 4, ncol = 4)

diag(cor_matrix) <- 1

redundant_features_list <- list()
for (i in 1:n_informative) {
# Create a block of 4 variables: 1 informative + 3 redundant
base_data <- cbind(informative_features|, i], matrix(0, nrow = n_samples, ncol = 3))
# Use mvrnorm to generate correlated data
correlated_block <- mvrnorm(n = n_samples, mu = rep(0, 4), Sigma = cor_matrix)
# Keep only the 3 new redundant features
redundant_features_list[[i]] <- correlated_block[, 2:4]



redundant_features <- do.call(cbind, redundant_features_list)
colnames(redundant_features) <- pasteO("redun_", 1:n_redundant)

# Step 4: Inject Irrelevant "Noise" Features

# Generate a large number of features that have no relationship with the target
irrelevant_features <- matrix(rnorm(n_samples * n_irrelevant), ncol = n_irrelevant)
colnames(irrelevant_features) <- pasteO("noise ", 1:n_irrelevant)

# Step 5: Assemble the Final Dataset
# Combine all feature types into a single data frame
final_df <- data.frame(

target,

informative_features,

redundant_features,

irrelevant_features

)

# Shuffle the columns (except the target) to obscure the feature types

final_df <- final_df[, c(1, sample(2:ncol(final_df)))]

# View the structure of our synthetic dataset
cat("Dataset Dimensions:", dim(final_df), "\n")
cat("Target Distribution:\n")
print(table(final_df$target))

head(final_df, 1:10])

This script produces a dataframe final_df with 10,000 observations and 201 columns (1 target
+ 200 features). The features are a mix of 5 truly informative variables, 15 redundant variables
(highly correlated with the informative ones), and 180 pure noise variables. This provides an
excellent testbed for our methods.



4.2 Implementing and Visualizing PCA in R

Now, we apply PCA to our synthetic dataset to see if it can effectively capture the underlying
structure.

e Code Walkthrough:

# Pre-processing: Separate predictors and standardize them
predictors <- final_df[, -1]
target_variable <- final_df$target

# Standardize the predictor variables
predictors_scaled <- scale(predictors)

# Applying PCA using the prcomp() function
# The 'center = TRUE' and 'scale. = TRUE' arguments are equivalent to using scale() first
pca_result <- prcomp(predictors, center = TRUE, scale. = TRUE)

# Analysis and Interpretation

# Examine the summary of the PCA result

pca_summary <- summary(pca_result)

print(pca_summary$importancel[, 1:10]) # Displaying the first 10 components

# Create a scree plot
explained_variance <- (pca_result$sdev”2) / sum(pca_result$sdev”2)
plot(explained_variance, xlab = "Principal Component",
ylab = "Proportion of Variance Explained", type = 'b',
main = "Scree Plot")
abline(h = 1/n_features, col="red", lty=2) # Kaiser criterion line (approx.)

# Examine the loading scores for the first few PCs

# This helps interpret what the components represent
loadings <- pca_result$rotation

# View loadings for PC1

pcl_loadings <- sort(abs(loadings[,1]), decreasing = TRUE)
cat("\nTop 10 Loadings for PC1:\n")

print(head(pc1_loadings, 10))

# Data Transformation

# Transform the original data into the new principal component space

transformed_data <- as.data.frame(predict(pca_result, newdata = predictors_scaled))
# We can now use the first N components as features for a model

head(transformed_datal, 1:5])

The output of this analysis will include a summary table and a scree plot. The summary table



provides the core quantitative metrics needed to decide on the number of components to
retain.

Table 2: PCA Output Summary: Eigenvalues and Cumulative Variance Explained (lllustrative
Values).

PC1 PC2 PC3 PC4 PC5 PCk
Standa 4.47 3.87 1.10 1.08 1.05
rd
deviati
on

Propor 0.100 0.075 0.006 0.006 0.005
tion of
Varianc
e

Cumul 0.100 0.175 0.181 0.187 0.192
ative
Propor
tion

From the scree plot and the cumulative variance table, we can observe that the variance is
concentrated in the first few components, which correspond to the correlated groups of
informative and redundant features. The remaining ~180 components will have very low
variance, corresponding to the noise features. Examining the loadings will confirm that the
first few PCs are heavily influenced by the info_ and redun_ features we created.

4.3 Implementing Tree-Based Feature Selection in R

Next, we use a Random Forest model to perform feature selection on the same dataset,
comparing the standard Gini importance with the more robust Permutation importance.

e Code Walkthrough:

# Split data into training and testing sets

train_indices <- sample(1:n_samples, size = 0.8 * n_samples)
train_df <- final_df[train_indices, ]

test_df <- final_df[-train_indices, ]

# Train a Random Forest model
# Note: We use the formula interface here for compatibility with the 'vip' package



rf_model <- randomForest(target ~ ., data = train_df, ntree = 100, importance = TRUE)

# --- Gini Importance ---

gini_importance <- as.data.frame(importance(rf_model, type = 2)) # Type 2 is MeanDecreaseGini
gini_importance$Feature <- rownames(gini_importance)

gini_importance <- gini_importance[order(-gini_importance$MeanDecreaseGini), ]

cat("\nTop 10 Features by Gini Importance:\n")
print(head(gini_importance, 10))

# --- Permutation Importance ---
# We use the 'vip' package for a straightforward and robust implementation

# **ERROR FIX AND EXPLANATION:**

# The original error occurred for three reasons:

# 1. 'method = "permutation"” was incorrect. The correct argument is ""permute"’.

# 2. "target = "y_test"" was incorrect. The function needs the COLUMN NAME of the target as a string,
which is ""target"".

# 3. "train = X _test’ was incorrect. The function needs the full dataframe containing both predictors
AND the target column to calculate the performance metric. We provide “test_df".

perm_importance_obj <- vip(rf_model,
method = "permute”, # FIX 1: Corrected method name
target = "target", # FIX 2: Provide target column name as string
metric = "accuracy", # Metric to evaluate performance drop
train = test_df, # FIX 3: Use the full test dataframe
nsim = 5) # Number of permutations for stability

cat("\nTop 10 Features by Permutation Importance:\n")
print(head(perm_importance_obj$data, 10))

# --- Comparative Visualization ---
# Plot Gini Importance
ggplot(head(gini_importance, 20), aes(x = reorder(Feature, MeanDecreaseGini), y =
MeanDecreaseGini)) +
geom_bar(stat = "identity", fill = "skyblue") +
coord_flip() +
labs(title = "Top 20 Features by Gini Importance", x = "Features", y = "Mean Decrease in Gini") +
theme_minimal()

# Plot Permutation Importance
plot(perm_importance_obj, top_n = 20)

The visualization of these results will be starkly different. The Gini importance plot will likely
show a mix of info_, redun_, and even some noise_ features in its top rankings, demonstrating
its biases. The Permutation importance plot, however, should clearly and correctly identify the
5 info_ features as the most important, with the redun_ features having lower (but still



positive) importance, and the noise_ features clustered around zero importance. This
practical demonstration validates the theoretical superiority of PFI for reliable feature
selection.

Part V: Synthesis and Strategic Application

Having explored the theory and practical implementation of both PCA and tree-based feature
selection, this final section synthesizes the findings and provides strategic guidance on
choosing the appropriate technique for a given data mining problem.

5.1 A Head-to-Head Comparison on Our Synthetic Data

The results from the laboratory session on our engineered dataset provide a clear and direct
comparison of the two approaches.

e Analysis of Results:

o

PCA: The PCA successfully identified the underlying structure of the data. The first
~20 principal components captured the vast majority of the variance, corresponding
to the 5 informative and 15 redundant features. The remaining ~180 components,
representing the noise features, had eigenvalues near zero. By examining the loading
scores, we could confirm that the top PCs were indeed linear combinations of the
informative and redundant features. PCA effectively compressed the signal into a
much smaller dimensional space.

Gini Importance: The Random Forest's Gini importance likely performed reasonably
well but exhibited its known flaws. While the 5 informative features were probably
ranked highly, some of the 15 redundant features might have been ranked even
higher due to random chance in the tree-building process. More critically, some of
the 180 pure noise features may have appeared in the top rankings with non-trivial
importance scores, a clear sign of the measure's unreliability and tendency to reflect
overfitting.

Permutation Importance: Permutation importance, calculated on the held-out test
set, should have delivered the most accurate and "truthful" result. It would have
correctly identified the 5 informative features as having the highest importance
scores. The 15 redundant features would show lower importance, as shuffling one of
them has less impact when the model can still get the same information from its
correlated counterparts. Crucially, the 180 noise features would have importance
scores clustered around zero, correctly identifying them as useless for prediction.

e The Interpretability Trade-off:
This experiment starkly illustrates the central trade-off in dimensionality reduction.18 PCA
provided a highly efficient, compressed representation of the data in just a few
dimensions. However, these dimensions ("PC1", "PC2", etc.) are abstract and have no
direct real-world meaning.18 In contrast, the tree-based methods provided a ranked list
of our original features (info_1, noise_57, etc.), which, in a real-world problem, would
correspond to understandable business or scientific metrics. If the goal is to build a



"black box" model with the highest possible predictive accuracy, the transformed
features from PCA might be sufficient. But if the goal is to understand why a model
makes its predictions and to identify the key drivers of an outcome, the output from
permutation importance is vastly superior.

The following table summarizes the key characteristics of each approach, serving as a
decision-making guide.

Table 3: PCA vs. Tree-Based Importance - A Summary of Characteristics.

(Principal Components)

Attribute Principal Component Analysis | Tree-Based Feature Selection
(PCA)

Underlying Feature Extraction Feature Selection

Method

Supervision Unsupervised Supervised

Output New, transformed features | A ranked subset of original

features

Interpretability

Very Low

High

Primary Use Case

Data compression,
decorrelation, visualization

Identifying  key  predictive
drivers, building interpretable
models

Key Weakness

Assumes linearity, results are
abstract, variance may not equal
predictive importance

Can be unstable, Gini
importance is biased towards
high-cardinality features

5.2 Strategic Recommendations: Choosing the Right Tool

The choice between PCA and tree-based feature selection is not about which method is
universally "better," but which is more appropriate for the specific goals of the analysis.

e When to use PCA:

PCA is the preferred tool when the primary goal is to transform the feature space itself. It

excels in the following scenarios:

o Preprocessing for Sensitive Algorithms: For models like linear or logistic
regression that are sensitive to multicollinearity, PCA is an excellent preprocessing
step. It transforms a set of correlated features into a set of completely uncorrelated
components, satisfying the model's assumptions.



o Data Compression and Noise Reduction: When dealing with data where the signal
is spread across many correlated variables (e.g., sensor data, image pixel data), PCA
can effectively compress this signal into a few components while relegating noise to
the higher-order components, which can then be discarded.

o Data Visualization: PCA is invaluable for visualizing high-dimensional data. By
projecting the data onto the first two or three principal components, one can create
2D or 3D scatterplots that often reveal the underlying structure, clusters, or outliers in
the data.

When to use Tree-Based Selection (especially with Permutation Importance):

Tree-based methods are the tool of choice when the primary goal is to understand which

original variables are the most influential predictors of an outcome. They are best suited

for:

o Building Interpretable Models: When the "why" is as important as the "what,"
feature selection is essential. Identifying the top 5-10 drivers of customer churn
allows a business to take targeted action in a way that an abstract PCA-based model
does not.

o Simplifying Models for Production: Reducing the number of features can lead to
faster prediction times and simpler model deployment and maintenance. Feature
selection achieves this while maintaining the original, understandable feature set.

o Gaining Domain Insights: The output of feature selection can be a valuable
analytical result in itself, helping researchers and analysts to generate new
hypotheses about the system they are studying.

On Combining Methods:
A common pitfall is to apply PCA before a decision tree or Random Forest model under
the assumption that it will improve performance. While this may sometimes be the case, it
should be approached with extreme caution, as it almost always negates the primary
advantage of using a tree-based model: interpretability.18 The resulting tree will make
splits based on abstract principal components (e.g., "if PC1 > 0.5"), rendering its decision
logic opaque. If interpretability is a requirement, feature selection should be performed
directly on the original features.

Lab Exercises

These exercises are designed to test the full spectrum of skills covered in the lecture, from
theoretical recall to practical coding and critical analysis.

1 Conceptual Review Questions

1.

2.

Explain the concept of "data sparsity" in the context of the curse of dimensionality. Why
does it make pattern detection more difficult?

What is the mathematical relationship between the eigenvalues of a covariance matrix
and the "explained variance" of its corresponding principal components? Describe the
primary bias of Gini-based feature importance. How does Permutation Feature
Importance address this bias?



3. You apply PCA to a dataset and find that the first two principal components explain 98%

of the variance. However, a logistic regression model built on these two components
performs worse than a model built on two of the original features. Provide a plausible
explanation for this outcome.

2 Practical R Coding

1.

Modify the Synthetic Dataset: Modify the R script from Part IV to include a categorical
feature with 10 levels that is highly informative of the target. To do this, create a factor
variable info_cat and assign its values based on ranges of the logit_prob variable
calculated in Step 2. Rerun the Gini and Permutation importance analyses. Does the high
cardinality of this new feature affect the Gini rankings as predicted in the lecture?

Apply to a Real-World Dataset: Load the PimalndiansDiabetes dataset from the
mlbench package. Perform a complete feature selection analysis. First, apply PCA and
determine an appropriate number of components to retain, justifying your choice with a
scree plot. Second, build a Random Forest classifier and use permutation importance to
identify the top 4 most predictive original features. Compare and contrast your findings
from the two methods.

Implement Incremental PCA: Imagine the synthetic dataset from Part IV is too large to
load into memory. Using the idm package in R, write a code snippet that demonstrates
how you would set up an analysis using the i_pca() function. Assume the data is split into
two chunks, data_chunk1 (the first 5000 rows of predictors) and data_chunk2 (the last
5000 rows). How would you execute the incremental analysis?

3 Interpretation and Analysis Tasks

1.

Interpret a Scree Plot: You are given a scree plot from a PCA analysis on a dataset with
20 features. The first five eigenvalues are 8.2, 4.1, 1.5, 1.1, and 0.4, with the rest trailing off
below 0.2. The plot shows a clear "elbow" after the second component, and another
smaller one after the fourth. Justify how many principal components you would retain
based on (a) the "elbow" rule and (b) the "Kaiser" (eigenvalue > 1) rule. Discuss why
these two rules might give different recommendations in this scenario.

Analyze Competing Importance Rankings: A colleague has performed feature
selection for a customer churn model and provides you with two feature importance
plots (one from Gini, one from Permutation). The rankings are significantly different. The
feature total day minutes (a continuous variable) is ranked #1 by Gini but #15 by
Permutation. Conversely, international_plan (a binary feature) is ranked #10 by Gini but
#2 by Permutation. Write a brief report explaining which ranking you trust more and why.
What potential issues with the Gini importance do these results highlight? What would be
your next step in finalizing the feature set?

Strategic Recommendation: A healthcare research team wants to build a model to
predict the likelihood of disease progression. They have a dataset with over 2,000
features derived from genetic markers, many of which are highly correlated. The ultimate
goal is to identify a small set of specific genetic markers that could be used for a future
diagnostic test. The model's interpretability is paramount for publication and clinical



acceptance. Which feature reduction strategy (PCA or Tree-based with Permutation
Importance) would you recommend, and why? Justify your choice based on the project's
primary constraints and goals.
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