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Preface

Dear Reader,

First and foremost let me discuss about GATE exam. GATE is basically an objective type
examination, conducts IITs and IISc in the month of February every year. Now days GATE
examination gained lot of importance because, not only for M.Tech admission but also for Job in
PSU. These PSUs are providing fascinating career to young engineering graduates with excellent

packages.

So now question is all about how to crack this exam? For this exam one need to prepare
according to syllabus provided in notification. In GATE exam basically examiners test your
basics and concepts in each and every subject according to their weightages. So, one need to
know clearly what to prepare for secure good rank, for this Vani Institute is providing solution
with this book.

In this book we are providing Mathematics previous years questions with solutions. One can use

this book for practice and quick revision. student will understand clearly what to focus in each

topic.
We developed to the best of our knowledge, in case any mistake and suggestions please feel free
to inform us.
DIRECTOR,
VANI INSTITUTE




SYLLABUS
COMMON MATHS FOR ALL BRANCHES

Linear Algebra:

Linear Algebra: Finite dimensional vector spaces; Linear transformations and their matrix
representations, rank; systems of linear equations, eigen values and eigen vectors,
minimal polynomial, Cayley-Hamilton Theroem, diagonalisation, Hermitian, Skew-
Hermitian and unitary matrices; Finite dimensional inner product spaces, Gram-Schmidt
orthonormalization process, self-adjoint operators.

Fourier Series : Fourier series

Probability and statistics:

Sampling theorems, Conditional probability, Mean, median, mode and standard
deviation, Random variables, Discrete and continuous distributions, Poisson, Normal and
Binomial distribution, Correlation and regression analysis

Calculus:

Mean value theorems, Theorems of integral calculus, Evaluation of definite and improper
integrals, Partial derivatives, Maxima and Minima, Multiple integrals.

Numerical Methods:

Solutions of non-linear algebraic equations, single and multi-step methods for differential

equations.

Differential equations:

First order equation (linear and non-linear), Higher order linear differential equations
with constant coefficients, methods of variation of parameters, Cauchy’s and Euler’s
equations, Initial and boundary value problems, Partial Differential Equations and
Variable separable method.

Complex variables:

Analytic functions, Cauchy’s integral theorem and integral formula, Taylors and
Laurent’s series, Residue theorem, Solution integrals.

Vector Calculus: Vector identities, directional derivatives, line, surface and volume
integrals, Stokes, Gauss and Green’s theorems.

Laplace Transforms: Linear Property, First shifting theorem , change of scale
property, second shifting theorem, multiplication by ‘t’, division by ‘t’, Laplace
transform of integral, inverse Laplace transform, Convolution theorem.
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GATE MATHEMATICS

CHAPTER- 1
LINEAR ALGEBRA

0 0 o
The eigen vector(s) of the matrix |0 0 0 [, # 0 is (are) (GATE-93)
0 0 O

@ (0,0,a) (b) (.0,0) (©) (00,1) (d) (0,e,0)

1 0
-1 0
0 0 i i
0 0 0 —i
theorem (or) otherwise is (GATE-93)

the matrix 4*, Calculated by the use of Cayley-Hamilton

If A and B are real symmetric matrices of order n then which of the following is true.

(GATE-94[CS))
(@) 44" =1 (b) A=4" (c) AB = BA (d) (4B) =B" A"

L Xy
The inverse of the matrix [—1 1 1] is (GATE-94)
0 1 0

A 5x7 matrix has all its entries equal to -1. Then the rank of a matrix is (GATE-94[EE])
(a) 7 (b)5 (o)1 (d) zero

a 1
The eigen values of the matrix [ J are (GATE-%4|EE))
a

(a) (a+1),0 (b)a, 0 (c) (a-1), 0 (d)0,0
The number of linearly independent solutions of the system of equations

I 0 2|x
1 -1 0} x,|=0 isequalto (GATE-%4|EE))
2 =2 0 x,

(a) 1 (b)2 (d)0
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GATE MATHEMATICS

08. The rank of (m x n) matrix (m<n) cannot be more than (GATE-%4|EC])

(a)m (b)n (c) mn (d) none

Solve the following system (GATE-%4|EC))

X, +x,+x,=3

X, —x,=0

X, =X, +x; =1

(a) unique solution (b) No solution

(c) Infinite number of solutions (d) Only one solution
0 0 -3

The rank of matrix [9 3 5 |i (GATE-94[CS))
31 1

—4
-1

1
The matrix L

5 -4
} is an inverse of the matrix [1 } (GATE-9%4[PI))

(a) True (b) False

If for a matrix, rank equals both the number of rows and number of columns, then the
matrix is called (GATE-9%4[PI))

(a) Non-singular (b) Singular (c) Transpose (d) Minor
L 459

The value of the following determinant 4 9 16| is (GATE-%4[PI))
9 16 25

(a) 8 (b) 12 (c)-12 (d) -8

1
For the following matrix 5 3 the number of positive roots is ~ (GATE-94[PI])

(a) one (b) two (c) four (d) cannot be found

0o 2 2
Rank of thematrix | 7 4 8 |is3 (GATE-9%4[ME))
-7 0 -4

(a) True (b) False
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GATE MATHEMATICS

16. Find out the eigen value of the matrix 4 = for any one of the eigen values,

find out the corresponding eigen vector? (GATE-9%4|ME))

21
3 2
Given matrix L=|32| and M = {0 J then LxM is (GATE-95[PI)])
45

8 1 65 18 62
(a)| 132 ()| 9 8 ()| 213 (d) |94
25 1213 522 05

Solve the system 2x+3y+z=9,4x+y=7,x-3y—-T7z=6 (GATE-95[ME]))

Among the following, the pair of the vector orthogonal to each other is (GATE-95[ME])
@ [3471[347]  ®) [10,0}[LL0] © [1L0.2}[050] (@ [LLI}[-1-1-1]

1 -1 0
20. The inverse of the matrix S={1 1 1 (GATE-95]EE))
0 0 1

% % )
_% % _%

0 0 1

0 1 0
21. Given the matrix 4=| 0 0 1 | its eigen values are (GATE-95[EE))
-6 —11 -6

22. The matrix of the following (n+1) % (n+1) matrix, where ‘a’ is a real number is
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GATE MATHEMATICS

(GATE-95[EE)])

(c)n (d) depends on the value of a

Let AX=B be a system of linear equations where A is an mxn matrix B is an nx1 column
Matrix which of the following is false? (GATE-96[CS]))

(a) The system has a solution, if p(4) = p(A4/B)
(b) If m =n and B is a non-zero vector then the system has a unique solution
(c) If m<n and B is a zero vector then the system has infinitely many solutions.

(d) The system will have a trivial solution when m=n, B is the zero vectors and rank of
Aisn.

The matrices [

cosé —sin@} [a 0

b} commute under multiplication.

sind cosé
(GATE-96[CS])
(a) If a=b (or) @ = nr,nis an integer (b) always

(¢) never (d) If acos@ # bsind

a. a b, b
Let A :{ o ‘2} and B= [ ” 12} be two matrices such that AB =1. Let C=
a, dy b, by

1
A[l ﬂ and CD = I. Express the elements of D in terms of the elements of B.

(GATE-96|CS])
1 11
The eigen valuesof |1 1 1| are (GATE-96|ME])
111
(a) 0,0,0 (b) 0,0,1 () 0,0,3 (d) 1,1,1
In the Gauss — elimination for a solving system of liner algebraic equations,
triangularization leads to (GATE- 96|ME])
(a) Diagonal matrix (b) lower triangular matrix

(c) upper triangular matrix (d) angular matrix
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GATE MATHEMATICS

Let [A]nxn be matrix of order n and I}, be the matrix obtained by inter changing the first
and second rows of In. then A Ij, is such that its first. (GATE-97[CS))

(a) Row is the same as its second row (b) row is the same as second row of a
(c) column is the same as the second column of A (d) row is a zero row.
2 1 5

Express the given matrix A= [4 8 13| as a product of triangular matrices L and
6 27 31

U where the diagonal elements of the lower triangular matrices L are unity and U is an
upper triangular matrix. (GATE-97[EE))

For the following set of simultaneous equations

1.5x-0.5y+z=2

4x +2y+3z=9

Tx+y+5z=10

(a) The system is unique (b) infinitely many solutions exist

(c) the equations are incompatible (d) finite many solutions exist
3 2

If the determinant of the matrix [0 5 —6] is 26, then the determinant of the matrix
2 ] B8

2 7 8
[0 5 —6] is (GATE- 97[CE])
1 3 2

(a) -26 (b) 26 ()0 (d) 52
If A and B are two matrices and AB exists then BA exists , (GATE-97|CE))

(a) only if A has as many rows as B has columns
(b) only if both A and B are square matrices
(c) only if A and B are skew matrices (d) Only if both A and B are symmetric

0 1 0
Inverse of matrix |0 0 1] is (GATE-97|CE))
1 0 0

0 0 1 10 0 1.0 0 0 0 1
(a) [1 0 0] (b) [0 0 1] (©) [0 1 o] @lo 1 0

0 1 0 0 1 0 0 0 1 1 0 0
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GATE MATHEMATICS

2 6
The determinant of the matrix 0 g i (GATE-97[CS))

(a) 11 (b) -48 ()0 (d) -24

1 a bc
IfA=]1 b ca] then which of the following is a factor ofA. (GATE- 98[CS])
1 ¢ ab

(a) atb (b) a-b (c) abc (d) atb+c

Consider the following set of equations x+2y=5, 4x+8y=12, 3x+6y+3z=15.

This set (GATE- 98[CS))
(a) Has unique solution (b) has no solutions

(c) has infinite number of solutions (d) has 3 solutions

1 4 8
g 0 3
4 23
3 12 .24

The rank of matrix (GATE-98[CS))

(a)3 (b) 1 (c)2 (d)4

If A is a real square matrix then AAT is (GATE- 98|CE))

(a) un symmetric (b) always symmetric

(c) skew — symmetric (d) some times symmetric

In matrix algebra AS = AT (A, S, T, are matrices of appropriate order ) implies S=T only
if (GATE- 98[CE])

(a) A is symmetric (b) A is singular

(c) A is non- singular (d) A is skew- symmetric

The real symmetric matrix C corresponding to the quadratic form Q=4 x1x,-5x,x; is

(GATE- 98[CE])
1 2
@y 3

(b) [(2) _05} © B _12} @ B _25}
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GATE MATHEMATICS

8 —4
41.  Obtain the eigen values and eigen vectors of A= {2 ) } (GATE- 98[CE])

0 1
42. The eigen values of the matrix A= L 0} are (GATE- 98|CE))

(a) 1,1 (b)-1.-1 (c) j,) (d) 1,-1
1 -2 2 =3
If the vector | 2 | is an eigen vector of A= | 2 1 —6| then one of the eigen value
-1 -1 -2 0
of Ais (GATE- 98[EE))

(a) 1 (b)2 (c) 5 (d) -1

the sum of the eigen values of the matrix A is (GATE- 98[EE])

(b) -10 (c) 24 (d) 22
0 2

] then 471 = (GATE- 98[EE])

0 1

0 -2 50 2
1/3 o] 0 -1/3 0]
-2 0 5 2 0 1

1/5 0 1/2 F1/5 0 —1/2
|0 1/3 0] @| o 1/3 0 ]
12 0 1 -1/2 0 1

A set of linear equation is represented by the matrix equations Ax =b. The necessary
condition for the existence of a solution for this system is (GATE- 98|EE))
(a) A must be invertible

(b) b must be linearly dependent on the columns of A

(c) b must be linearly independent on the rows of A (d) None

1 -2 -1 ~11 -9 1
IfA= |2 3 1] andadj (A)=| 4 -2 —3] then k= (GATE- 99)
0 5 =2 10 k 7

(a) -5 (b) 3 (c) -3 d)5

3 -1
Find the eigen values and eigen vectors of The matrix [ {3 } (GATE-99)
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GATE MATHEMATICS

49. If A is any nxn matrix and K is a scalar then | kA | =aq | A | where a is (GATE-99[CE])
(a) kn (b) n* (c) k™ (d)z

The number of terms in the expansion of general determinant of order n is
(GATE- 99[CE))
(a)n? (b) n! (c)n (dm+1)?

2 1 1
The equation |1 1 —1] = ( reperents a parabola passing the points.
2
y x° x

(GATE-99[CE))
(a) (Os 1)7 (072)7 (05'1) (b) (050)7('1>1)9(172)
(c) (1,1), (0,0),(2,2) (d) (1,2),(2,1),(0,0)
Ann X n array V is defined as follows v [i,j] = i-j for all i,j, 1< 1,j < n then the sum of the
elements of the array V is (GATE-2000[CS))

(a) 0, (b) n-1 (c) n?-3n+2 (d)n (n+1)

0 00

7

The determinant of the matrix is (GATE-2000[CS))

1 2
0 0
G o |

(a)4 (b) 0 (c) 15 (d) 20
If A, B, C are square matrices of the same order then (ABC)~! is equal be

(GATE- 2000[CS))
) CT AT (b) C71B71471 (c) A71B~1c? (d) A"i¢c i1
Consider the following two statements. (GATE-2000[CS))

(I) The maximum number of linearly independent column vectors of a matrix A is called
the Rank of A

(II) If A is nxn square matrix then it will be non-singular if rank of A=n
(a) Both the statements are false (b)Both the statements are true

(c) (I) is true but (II) is false (d) (I) is false but (II) is true
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GATE

2

: .10

The eigen valus of the matrix 0
0

(a) 27'2>15'1 (b) 2537'294 (C) 2537154

1 2 3
The rank of matrix A=3 4 5]is
4 6 8

(2) 0 (b) 1 (c)2

Consider the following statements

S1: The sum of two singular matrices may be singular.
S, : The sum of two non- singular may be non- singular.

Which of the following statements is true?

MATHEMATICS

(GATE- 2000[EC])

(d) None

(GATE- 2000[IN])

(d)3

(GATE- 01[CS])

(a) §1 & S, are both true (b) §1& S,are both false

(c) Sqistrue and S, is false (d) 81 1s false and S, is true

. The necessary condition to diagonalize a matrix is that

(GATE- 01[CS])

(a) all its eigen value should be distinct ~ (b) its eigen vectors should be independent

(c) its eigen values should be real (d) the matrix is non- singular

523 2
The determinant of the following matrix [1 2 6 ]
3 5 10

(a) -76 (b) -28 (c) 28

53
The eigen values of the matrix {2 9} are

(a) (5. 13,9.42) (b) (3.85,2.93) (¢) (9.00,5.00)
The product [P] [Q]" of the following two matrics [P] and [Q]

2 3 4 8
Where [P] = L 5} ,[Q]=[9 2}

32 24 46 56 35 22
@ 156 46 ® o 3 ©1 61 4

(GATE- 01[CE])

(d) 72

(GATE- 01[CEJ])

(d) (10.16,3.84)
(GATE- 01[CE])
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GATE MATHEMATICS

1 1
63. The rank of the matrix [O O} 1s (GATE- 02|CS))

(a) 4 (b)2 (©) 1 (d)0

2 34 49
. . , 2 43 94
Obtain the eigen values of the matrix A = 0 -2 104 (GATE- 02|CS))

0 0 -1
(a) 1,2,-2,-1 (b) -1,-2,-1,-2 () 1,2,2,1 (d) None

1 0 0 O

100 1 0
The determinant of the matrix i (GATE- 02[EE)])
100 200 1

100 200 300

(a) 100 (b) 200 (c) 1 (d) 300
. . . -1 4
Eigen values of the following matrix are [ 4 J (GATE- 02|CE))
(a) 37-5 (b) -395 (C) -35'5 (d) 395
5 3 271X a
s
7

(GATE- 03[CS])

Consider the following system of linear equations [1 2 6||Y]| =
3 5 101z

Notice that the 2™%and 3" column of the coefficient matrix are linearly dependent. For
how many value of a, does systems of equations have infinitely many solutions.
(a)0 (b) 1 (c)2 (d) infinitel many.

4213
Given matrix [A]= |63 4 7], the rank of the matrix is (GATE- 03|CE))
2101

(a)4 (b)3 (c)2 (d1
A system of equations represented by AX = 0 where X is a column vector of unknown
and A is a matrix containing coefficient has a non- trivial solution when A is.
(GATE- 03)
(a) non-singular (b) singular (c) symmetric (d) hermitian
What values of X, Y, Z satisfy the following system of linear equations (GATE- 04)
(a) X=6,Y=3,7Z=2 (b) X=12,Y=3,Z=-4
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GATE MATHEMATICS

(©) X=6, Y= 6, Z= -4 (d) X=12, Y=-3, 7= 4
1
2+a—1 1—a

(a)[la—za —1] ()[ 1- —1]

a a+1 a

(C)[ a? +a 1 ail] (d)[a —1‘1"'1 1Ea]

If matrix X—[_ ] and X 2-X+1=0 then the inverse of X is (GATE- 04)

The number of different nxn symmetric matices with each elements being either 0 or 1 is

(GATE- 04[CS])

n2 +n 2—‘t’l.

(a) 2" (b) 27 ©27 @27z

Let A, B, C, D be nxn matrices, each with non- zer5o determinant ABCD=1then B~! =
(GATE- 04[CS))

(a)D~1c7147? (b) CDA (c) ABC (d) does not exist

How many solutions does the following system of linear equations have

-X+5Y=-1 X-Y=2 X+3Y=3 (GATE- 04[CS))

(a) Infinitely many  (b) two distinct solutions  (c¢) unique (d) none
il 3]

The some of the eigen values of the matrix [1 5 1 (GATE- 04|ME))

3 1 1
(a)5 (b)7 ()9 (d) 18

8 X 0
For what value of X will the matrix given below become singular? | 4 0 2
12 6 0

(GATE- 04[ME])
Real matrices[A]3x1, [Blsxs, [Clsxss [Dlsxs, [Elsxs, [Flsxi are given. Matrices [B]

and [E] are symmetric. Following statements are made with respect to their matrices.

(I) Matric product [F]T [C]" [B] [C] [F]is ascalar.

(IT) Matric product [D]T [F] [D]is always symmetric.

With reference to above statements which of the following applies?  (GATE- 04|CE])
(a) Statement (I) is true but (II) is false (b) Statement () is false but (II) is true

(c) Both the statements are true (d) both statements are false

The eigen values of the matrix [_42 _12

(a) 1,4 (b)-1,2 (c) 0,5 (d) cannot be determined

] are (GATE- 04[CE))
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GATE MATHEMATICS

79. Considered the following system of equations in three real variableX,;, X, and X3 :
2X,-X,+3X; =1 3X,+2X,+5X3=2 —X;t4X,+ X53=3
This system of equations has (GATE- 05[CE))
(a) No solution (b) a unique solution
(c) More than one but a finite number of solutions  (d) an infinite number of solutions

Consider a non- homogeneous system of linear equations represents mathematically an
over determined system. Such a system will be (GATE- 05[CE))

(a) Consistent having a unique solution (b) Consistent having many solutions.

(c) Inconsistent having a unique solution  (d) Inconsistent having no solution

What are the given values of the following 2x2 matrix [_2 4 _51] (GATE- 05]CS))

(a)-1,1 (b 1,6 ()2,5 (d) 4,-1
Consider the matrices X453 , Yax3, and Pyy3. The order of [P(XT Y)™1 PT]T will be
(GATE- 05[CE))
(a) 2x2 (b) 3x3 (c) 4x3 (d) 3x4
0

The deteminant of the matrix given below is o (GATE- 05|CE))
1 -2

(a) -1 (b)0 (c) 1 (d) 2

Consider the system of equations, X, 1 =h X,;x; Where A is a scalar. Let (A;, X;) be an

eigen value and its corresponding eigen vector for real matrix A. Let I,,5, be unti matrix.
Which one of the following statement is not correct? (GATE- 05[CE))

For a homogeneous nxn system of linear equations (A- AI) X = 0, having a non
(a) Trivial solution, the rank of (A- Al) is less than n.

(b) For matrix( A;" , X" ) will be eigen pair for all i.
(c)If AT= A"'THEN |A |=1foralli. (d)IfAT = A then }; are real for all i.
In the matrix equation PX= Q which of the following is a necessary condition for one

solution for the existence of atleast one solution for the unknown vector X. Argumented
matrix [P|Q] must have the same rank as matrix P . (GATE- 05][EE))

Vector Q must have only non-zero elements.

Matrix P must be singular Matrix P must be square
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GATE

86.

MATHEMATICS

3 =2 2

For the matrix P = [0 -2 1] , one of the eigen values is -2. Which of the following is
0 0 1

an eigen Vector? (GATE- 05[EE))

3 -3 1 2
(a) (—2) (b)[ 2 ] (c) [—2] (d) |5
1 -1 3 0

1 0 -1
IfR=[2 1 —1] then the top row of R™1 is (GATE- 05[EE))
2 3 2

(@ [567] (b)[5-31] (c)[20-1] (d)[2-10]

8 —6 2

The eigen values of the matrix M given below are 15,3 and 0. M= [—6 7 —4], the
2 -4 3

value of the determinant of a matrix is (GATE- 05]PI))

(a) 20 (b) 10 ()0 (d)-10

Identify which one of the following is an eigen vector of the matrix A= [_11 _02]

(GATE- 05[IN])
@[-1 1] () [3 -1]7 @1 -1]7 @[-2 1]
A is a 3 x 4 matrix and AX= B is an inconsistent system of equations. The highest
Possible rank of A is (GATE- 05[ME))
(a) 1 (b)2 (c)3 (d)4

—0.1 1/2 a
+b = -
; / b] then a+b (GATE- 05[EE])
11

(2) = (b) = (©) = —

0

If A= [g ] andA'1=[

Which one of the following is an eigen vector of the matrix

0
2
3

(GATE- 05[IN])
@t =20 0] ®[O0 01 0" (@[ 00 =217 (1 -1 2 1]7
Let A be 3x3 matrix with rank 2. Then AX= O has (GATE- 05[IN))
(a) only the trivial solution X =O (b) one independent solution

(c ) two independent solutions (d) there independent solutions
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GATE MATHEMATICS
: . 1 -1 .
Given an orthogonal matrix (A A1 is (GATE- 05[EC))

(@)1 (b) 514 ©]1 (d) 514

Given the matrix [_44 g] the eigen vector is (GATE- 05[EC))

@3] o] @[] @[7]

Eigen values of a matrix S = B g] are 5 and 1. What are the eigen values of the
matrix §2 =SS ? (GATE- 05[EC])
(a) 1 and 25 (b) 6,5 (c)5,1 (d)2, 10
Multiplication of matrices E and F is G. Matrices E and G are

cosf —sind O 1 0 0
E=|sin0 cos® O0|andG=|0 1 Ofwhatisthe matrix F? (GATE-06[ME])
0 0 1 0 0 1

[cos@ —sinf

(a) |sin@ cos@ (b) |—cosO siné

[ cos@ cosO 0]
[ cosf sind
(c) |—sin® cos@
0 0

(d)|cos® sinf 0
0 0 1

0
0
0 0 1 L 0 0 1
01
0
1

[sinf —cos@ O]

. . . (17 1 11_ 1
For a given 2x2 matrix A, it is observed that A __1] =-1 [_1] and A [_2] =-2 [_2]
then the matrix A is (GATE- 06[IN))

(a)Az[—z1 —11 [_01 —02] [—11 —12] (b)Az[—ll —12] [é g] [—21 —11]

(C)Az[_ll _12 [_()1 —02] [—21 —11] (d)A=[(1) :g]

A system of linear simultaneous equations is given as AX =b

0 0

Where A = & b=

0
8 then the rank of matrix A is (GATE- 06[IN])
1

1
1
0

(a) 1 (c)3
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GATE MATHEMATICS

100. A system of linear simultaneous equations is given as Ax =b. Where A =

0
and b= lﬂ which of the following statement is true? (GATE- 06[IN))
1

(a) x is a null vector (b) x is unique

(c) x does not exist (d) x has infinitely many values

1 1 1
The rank of the matrix [1 -1 0] is (GATE- 06[EC])
1 1 1

(2) 0 (b) 1 (c)2 (d)3
102. The eigen values and the corresponding eigen vectors of a 2x2 matrix are given by

Eigen Value Eigen Vector

e[l

V2= [—11]

The matrix is (GATE- 06[EC])

[, ¢l ®l; 4 @i @5 4

For the matrix [LZL ﬂ . The eigen value corresponding to the eigen vector [181] is

(GATE- 06]|EC])
(a) 2 (b)4 (c)6 (d)8
Solution for the system defined by the set of equations 4y +3z=8,2x—-z=2 & 3x +
2y=5is (GATE- 06[EC])
(a)X=0,y=1,z=4/5 (b) X=0,y=1/2,z=2
) X=1,y=1/2,z=2 (d) non existent

2 =2 3
Fora given matrix A=|-2 -1 6], one of the eigen value is 3. The other two eigen
1 2 0

values are (GATE- 06|CE))
(a)2,-5 (b) 3,-5 (©)2,5 (d)3,5
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106. Let A be an nxn real matrix such that A2 =1 and Y be an n-dimensional vector. Than the
linear system of equations Ax =Y has (GATE- 07][IN))

(a) No solution (b) unique solution
(c) more than only but infinitely many dependent solutions.
(d) infinitely many dependent solutions.
Let A=[a;], I<1, j<nwithn>3 and a;; =1,]. Then the rank of A is
(GATE- 07[IN])
(@) 0 (b1 (c)n-1 (d)n

1 1 3
The minimum and maximum eigen values of matrix [1 5 1] are -2 and 6
31 1
respectively. What is the other eigen value? (GATE- 07|CE))

(@5 (b)3 (o)1 (d)-1
For what values of « and  the following simultaneous equations have an infinite
Number of solutions x +y+z=5, x+3y+3z=9,x+2y+az=
(GATE- 07[CE))
(a)2,7 () 3, 13 (8,3 (d)7,2

The inverse of 2 x 2 matrix [é 5] is (GATE- 07[CE))

1[—-7 2 1[7 2 1[7 =2 1[—7 =2
@) 5[ 5 —1] ®) 3 [5 1] © 3 [—5 1] )3 [—5 —1]
If a square matrix A is real and symmetric then the eigen values  (GATE- 07[ME])

(a) are always real (b) are always real and positive

(c) are always real and non-negative (d) occur in complex conjugate pairs

The number of linearly independent eigen vectors of [(2) %

(a) 0 (b) 1 ()2 (d) infinite

1+b b 1
The determinant b 1+b 1]equalsto (GATE- 07[PI))
1 2b 1

(@0 (b) 2b(b-1) (c) 2(1-b)(1+2b) (d) 3b(1+b)
If A is square symmetric real valued matrix of dimension 2n, then the eigen values of A
are (GATE- 07[PI})

is (GATE-07[ME))

(a) 2n distinct real values (b) 2n real values not necessarily distinct
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(c) n distinct pairs of complex conjugate numbers
(d) n pairs of complex conjugate numbers, not necessarily distinct

The number of eigen values of A is n & eigen values of real symmetric matrix are always
real. .. The number of eigen values of real symmetric matrix A of order 2n (or dimension

2n) are 2n real values which may or rrr-a] not be repeated.

qm are n-dimensional vectors with m < n. This set of vectors is linearly

qm as the columms. The rank of Q is
(GATE- 07[EE))
(a) Less than m (b)ym (c) between m and n (d)n
X=[X; x,]" is an n— tuple non-zero vector. The n x n matrix V=XX"
(GATE- 07[CE])
(a) Has rank zero (b) has rank 1 (c) is orthogonal (d) has rank n

-3 2
-1 0

(A)A+31+2471 =0 (b) A2+2A+21=0
) (A+D)(A+2)=0 (de4=0

If A= [ ]then A satisfies the relation (GATE- 07[EE])

IfA = [:i (2)] then A° equals (GATE- 07[EE])

(a) 511 A+5101 (b)309 A+ 1041  (c) 154 A+ 1551 (d) e%

Let x and y be two vectors in a 3 — dimensional space and < x, y > denote their dot
<xx> <Xx,y>]_

product. Then the determinant det [ <yx> <yy>_—

(GATE- 07[EE))

(a) is zero when x and y are linearly independent

(b) is positive when x and y are linearly independent

(c) is non-zero for all non-zero x and y

(d) Is zero only when either x (or) y is zero

The characteristic equation of a 3 X 3 matrix P is defined as a(A) = | AL-P | =23+ 20+ A%

+ 1 =0. IfI denotes identity matrix then the inverse of P willbe (GATE- 08[EE])

(a) P2+ P +2I (b) PZ+P+1 () -(P?+P+1) (d) -(P2+P+2I)

If the rank of a 5 x 6 matrix Q is 4 then which one of the following statements is correct?
(GATE- 08[EE))

(a) Q will have four linearly independent rows and four linearly independent columns

(b) Q will have five linearly independent rows and four linearly independent columns
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(c) QQT will be invertible (d) QT Q will be invertible

A is m x n full rank matrix with m >n and I is an identity matrix . Let matrix A% = (AT
A)T AT . Then which one of the following statement is false? (GATE- 08]EE))

(a) AA*A = A (b) (AAD)? =AA* (¢) A*A=1  (d) AA*A=4*

P12
P22

eigen values is zero. Which of the following statement is true? (GATE- 08|EC))
(@ Py Pyy-Pip Py =1 (b) Py1 Py - Py Py =-1
(¢) P11 Pz - Py P =0 (d) P11 Pyy-Py; Py = 0

4x+ 2y = 7
2x+ y = 6

All the four entries of 2 x 2 matrix P = [ g“
21

] are non — zero and one of the

The system of linear equations } has (GATE- 08|EC))

(a) unique solution (b) no solution

(¢) an infinite no. of solutions (d) exactly two distinct solution.

1 2 4
The matrix [3 0 6] has one eigen value to 3. The sum of the other two eigen values
1 1 P

is (GATE- 08[ME])
(@ P (b)p-1 (©p-2 (dp-3

The eigen vectors vectors of the matrix [1 are written in the form [cll] & [ll)]

2
0 2]
Whatisa+b? (GATE- 08[ME])

(2) 0 (b) - ()1 (d)2

For what values of ‘a’ if any will the following system of equations in x, y and z.
Have a solution? 2x+3y=4,x+y+z=4,x+2y—z=a (GATE- 08|ME))
(a) Any real number ()0 (o)1 (d) there is no such value

The eigen vector pair of the matrix [i _43] is (GATE- 08]PI))

P[5 ol o P15 @[]

0 1 0
The Inverse of matrix [1 0 0
0 0

0 10 0 0
(a) [1 0 O] (b) [—1 @fo
0 0 1 0

is (GATE- 08[PI))
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Let P be 2x2 real orthogonal matrix and X is areal vector [X; X,]7 with length IXI

= (x? + x3)¥/2 . Then which one of the following statement is correct?

(GATE- 08[EE))

IPx| < Il where at least one vector satisfies 1Px| < Ix|
IPxI = lxl for all vectors X
IPx| > Il where atleast one vector satisfies IPxl > lxl

No relationship can be established between Ixl and IPx|
The following system of equations x; + x, + 2x5 =1, x; +2x, +3x3 =2, x; +4x,
+ ax; =4, has aunique solution. The only possible value (s) for a is/are
(GATE- 08[CS))
(a) 0 (b) either Os (or) 1
(c) one of 0, 1 (or) -1 (d) any real number

How many of the following matrices have an eigen value 1?

H A N R et (oxtE-amcs)
(a) One (b) two (c) three (d) four

The product of marices (PQ)™1 P is (GATE- 08|CE))
(a) P71 (b) Q™! (c)P~tQ7'P (PP

The eigen values of the matrix [P] = [g _55] are (GATE- 08|CE])

(a) -7and 8 (b) -6 and 5 (c)3and 4 (d) 1 and 2
The following system of equations x +y +z =3, x +2y +3z=4,x + 4y + kz = 6 will
not have a unique solution for k equal to (GATE- 09[CE))
(2) 0 (b)5 (c) 6 (d)7

. A square matrix B is symmetric if _ (GATE- 09|CE))
(a) 10 and -2 (b) 10 and 2 (c)5and 4 (d) 5 and -4
In the solution of the following set of linear equations by Gauss-elimination using
partial pivoting 5x +y + 2z = 34.
For elimination of x and y are (GATE- 09[CE))
(a) 10 and 4 (b) 10 and 2 (c)5and 4 (d) 5 and -4

-1 3 5
The eigen values of the following matrix [—3 -1 6] are  (GATE-09[EC))
0 0 3
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(a) 3, 3+5j, 6-j (b) -6 + 55, 34}, 34 (¢) 34, 34, 5+ (d) 3, -1+3j, -1-3;j
The eigen values of a 2x2 matrix X are -2 and -3. The eigen values of matrix (X + )71
(X+5I) are (GATE- 09[IN])
(a)-3,-4 (b) -1, -2 (c)-1,-3 (d)-2, -4

. The transpose of the matrix is equal to inverse of the matrix,

3
For a matrix [M] = 5
X

ulw s

[M]~1 . The value of x is given by (GATE- 09[ME))
4 3 3 4
(@) —¢ (b) —< (©) (d)<

The trace and determinant of a 2x2 matrix are shown to be -2 and -35 respectively .
Its eigen values are (GATE- 09[EE))

(a) -30, -5 (b) -37, -1 ©)-7,5 (d) 17.5, -2

1 3 2
The value of the determinant [4 1 1] is (GATE- 09[PI))
2 1 3

(a) -28 (b) -24 (c) 32 (d) 36

The value of X3 obtained by solving the following system of linear equations is
Xi+2X,-2X3=4 2X;+Xp+X3=-2 -X; +Xp-X3=2  (GATE- 09[PI))
(a)-12 (b) -2 (©)0 (d) 36

For the set of equations

X +2Xo+ X3 +4X, =2,

3X; +6 X5 +3 X3 +12X4 = 6.

The following statement is true (GATE- 09[EE))
(a) only the trivial solution X; + 2X,+ X3 +4X,4 = 0 exist

(b) there are no solutions

(c) a unique non — trivial solutions exist (d) multiple non — trivial solutions exist

1 1 2
An eigen vector of P = [O 2 2] 18 (GATE- 10[EE))
0 0 3

(@ [-111] (b) [121]" (© [1-12]" @ [21—-1]"

The eigen values of a skew — symmetric matrix are (GATE- 10[EC])

(a) always zero (b) always purre imaginary
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(c) either zeao (or) pure imaginary (d) always real

22is
1 3

@ 2] ®) [] @] @[]

Aij =i, v i=j
= 0, otherwise

147. One of the eigen vector of the matrix A = (GATE- 10[ME])

148. A real nxn matrix A = [ai j] is defined as follows {
The sum of all n eigen values of A is (GATE-10[IN))

(c)

nn+1)

@™ ()

nn-1)
2

nn+1)(2n+1)
2

(d) n?

149. X and y are nxn — zero square matrices of size n n.
If XY = Opxn Then (GATE- 10[IN])
(@) | X|=0and |Y]|#0 (b) | X|#0and |Y|=0
() |X|=0and |Y]|=0 (d) | X|#0and |Y]|#0

150.  Consider the following matrix A = [ch ;] If the eigen values of A are 4 and 8 then

(GATE-10[CS))
() X=4,y=10 b)x=5,y=8 (c)x=-3,y=9 (d) x=-4,y=10
34+ 2i i] S

The inverse of the matrix [—i 3 _2i

(GATE- 10[CS])

1[34+2i —i
@z 3—2i]

The value of q for which the following set of linear equations 2x + 3y =0, 6x + qy =0
can have non-trivial solution is (GATE- 10[PI})

(@) 2 (b) 7 (c)9 (d) 11

I -1 0
153. If {1,0,—1}T is an eigen vector of the following matrix | -1 2 -1 |then the corresponding
0 -1 1

eigen value is (GATE-10)[PI]

® 3 [ 52

154. The two vectors [1 1 1] and [1 a a?] where a=-1/2 +j \/§/2 and j=+—1 are

(GATE- 11[EE))
(a) Orthonormal (b) orthogonal (c) parallel (d) collinear
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155. The matrix [A] = LZL 1 ] is decomposed into a product of lower triangular matrix [L]

-1
And an upper triangular [U]. The property decomposed [L] and [U] matrices
Respectively are (GATE- 11[EE))

@[} °Janal} 1 o, Janafs 2]
@[y SJanal> 1] @[y Sfaaly 7]
The system of equations x +y +z=6, x +4y + 6z=20,x + 4y + Az = p has no

solution for values of A and u given by (GATE- 11[EC))
(@A=6, u=20  (b)A1=6, u#20  (c))A#6, u=20 (d))A1#6, u#20

-2 2 =3
The matrix M= [ 2 1 6 ] has eigen values -3, -3, 5. An eigen vector

-1 -2 0
corresponding to the eigen values 5is [1 2 — 1]7. One of the eigen vector of the matrix
M3 is (GATE- 11[IN])

@[ 8 -1  ®[12-1] ©@¥z -1 (@n1-11.
The eigen values of the following matrix Hg __142 are (GATE-11[PI})

(4,9 (b) 6, -8 (c)4,8 (d)-6,8

If a matrix A = [i ;L] and matrix B = [g g] the transpose of product of these two

matrices i.e., (AB)T is equal to (GATE- 11[PI))

28 19 19 34 48 33 28 19
@) [34 47 (b) [47 28 © 18 19 (d [48 33]

Eigen values of a real symmetric matrix are always (GATE- 11|ME))
(a) positive (b) negative (c) real (d) 162. [A] is a square
[A] is a square matrix which is neither symmetric nor skew — symmetric
And differences of these matrices are defined as
[S] = [A] + [A]T and [D] = [A] - [A]” respectively. Which of the following
Statements is true? (GATE- 11|CS))
(a) Both [S] and [D] are symmetric
(b) Both [S] and [D] are skew — symmetric
(c) [S] is skew- symmetric and [D] is symmetric

(d) [S] is skew- symmetric and [D] is skew-symmetric
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Consider the following system of equations 2x; + x, + x3 =0, x, — x3 =
0 and x;+ x, = 0. This system has (GATE- 11|ME))

(a) a unique solution (b) no solution

(¢ ) Infinite number of solutions (d) five solutions

1 2 3

Consider the matrix as given below [0 4 7]. Which one of the following options
0 0 3

provides the correct values of the eigen values of the matrix? (GATE- 11[CS))

(a)1,4,3 ®3,7.3 (732 (1,23

-3

Given that A = [_25 .

—_ 1 O 3 .
] and [ = 0 1],thevalue of A°is

(GATE- 11[EC,EE,IN])
() ISA+121 (b) 19 A+301 ) 17TA+151 (d)17A+211

For the matrix A= [i’ g], ONE of the normalized eigen vectors is given as

(GATE- 11[ME, PI])
1
2

@ 5 (b) (©) D] 2

1
5

2 V3
x+2y+tz=4,2x+y+2z=5 x—-y+x=1
The system of algebraic equations given above has (GATE- 11|ME, PI))

(a) A unique solutionof x=1,y=1 andz=1
(b) Only the two solutions of (x=1,y=1,z=1)and (x=2,y=1,z=0)

(¢) Infinite number of solutions (d) No feasible solution.
The eigen values of matrix [g 55;] are (GATE- 12|CE))

() 0 (b) 1 (c)2 (d)3

The equation [i :ﬂ [2] = [8] has (GATE- 11[EE])

(a) no solution (b) only one solution

(c) non-zero unique solution (d) multiple solutions

A matrix has eigen values -1 and -2. The corresponding eigenvectors are [_11] and

[_2 1] respectively. The matrix is (GATE- 13[EE))
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@[, L ol A oy L @l 4

3 5 2
The minimum eigenvalue of the following matrix is [5 12 7| (GATE-13[EC))
2 7 5

(a) 0 (b) 1 ()2 )3

Let A be an m X n matrix and B an nXm matrix. It is given that determinant (I,,, + AB)
= determinant (I, + AB), where I, is the k X k identity

Matrix. Using the above property, the determinant of the matrix given below

2 11 1
1 21 1
1 12 1
1 11 2

Is

(GATE- 13[EC])

(a) 2 (b)5 () 8 (d) 16

0 il 1
The dimension of the null space of the matrix [ 1 -1 0 ] is (GATE- 13[IN))

-1 0 -1
(a) 0 (b) 1 ()2 (d)3

One pair of eigenvectors corresponding to the two eigenvalues of the matrix [(1) O_ ﬂ

(GATE- 13[IN])

R e A O i iy R A T 1 A

The eigen values of a symmetric matrix are all (GATE- 13|ME))
(a) Complex with non-zero positive imaginary part.

(b) 9 Complex with non-zero negative imaginary part.

(c) real (d) Pure imaginary

Choose the CORRECT set of functions, which are linearly dependent (GATE- 13[ME])
(a) sinx, sin®x and cos®x (b) cos X, sin x and tan x

(c) cos 2x, sin?x and cos?x (d) cos 2x, sin x and cos x

What is the minimum number of multiplications involved in computing the matrix
product PQR ? Matrix P has 4 rows and 2 columns, matrix Q has 2 rows and 4

columns, matrix Q has 2 rows and 4 columns and matrix R has 4 rows and 1 column

(GATE- 13[CE])
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1
Which one of the following does NOT equal [1 2

x
y
z

x
y
1 z?

[1 x(x+1) x+1 1 x+1 x?+1
@@ |1 y(v+1) y+1 (b) y+1 y2+1
1 zz+1) z+1 1 z+1 2241

0 x—y x?-y? 2 x+y x2+y?
©) [0 y—z y?2—22 (d) y+z y?+2z?
1 z z? [1 z 72

For matrices of same dimension M, N and scalar ¢, which one of these properties
DOES NOT ALWAYS hold? (GATE-14-EC-Set1)
@ (MD" =M (b) (cM)" = c(M)"

)M+ N)T = MT + NT (d) MN =NM

A real (4 X 4) matrix A Satisfies the equation A? = I, where I is the (4 X 4) identity
matrix. The positive eigen value of A is_ (GATE-14-EC-Set 1)
Consider the matrix

00 1
0]

8 I which is obtained by reversing the order of the columns of the

)
00 0

identity matrix I¢. Let = Ig + a js , Where a is a non-negative real number.

The value of a for which det (P) =0 is. (GATE-14-EC-Set 1)
The determinant of matrix A is 5 and the determinant of matrix B is 40. The determinant
of matrix AB is . (GATE-14-EC-Set 2)

2 1 3\ ,a 5
The ystem of linear equations (3 0 1) <b> = (—4) has (GATE- 14-EC-Set 2)
1 2 5/ \c 14

(a) a unique solution (b) infinitely many solutions
(c) no solution (d) exactly two solutions.

The maximum value of the determinant among all 2 X 2 real symmetric matrices with
trace 14 is . (GATE-14-EC-Set 2)

184. Which one of the following statements is NOT true for a square matrix A?

(GATE-14-EC-Set 2)

(a) If A is upper triangular , the eigenvalues of A are the diagonal elements of it
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(b) If A is real symmetric, the eigenvalues of A are always real and positive
(c) If A is real, the eigenvalues of A and AT are always the same

(d) If all the principal minors of A are positive, all the eigenvalues of A are also positive
Given a system of equations

X+2y+2z=Db S5x+y+3z=b,

Which of the following is true its solutions (GATE-14-EE-Set 2)

(a) The system has a unique solution for any given b; and b,
(b) The system will have infinitely many solutions for any given b; and b,
(c) Whether or not a solution exists depends on the given b; and b,
(d) The system would have no solution for any values of b; and b,
0 i

A system matrix is given as follows A=[—6 —11 6 |. The absolute value of the

=6 —11gS
ratio of the maximum eigen value to the minimum eigen value is (GATE-14-EE-Set 1)

Which one of the following statements is true for all real symmetric matrices?
(GATE-14-EE-Set 2)

(a) All the eigen values are real (b) All the eigen values are positive

(c) All the eigen values are distinct (d) sum of all the eigen values is zero

2 2
A= [p q]' B= [p +a pr + qs . If the rank of matrix A is N, then the rank of

pr +qs r? + 52
matrix B is (GATE-14-EE-Set 3)

(a) N/2 (b) N-1 (c)N (d) 2N
A scalar valued function is defined as f(x) = xT Ax + bTx + ¢, where A is a symmetric

positive definite matrix with dimension nXn ; b and x are vectors of dimension nx 1.
The minimum value of f(x) will occur when x equals. (GATE-14-IN-Set 1)

@ @HTB  ®-@HB (- (L) @22

For the matrix A satisfying the equation given below, the eigen values are

1 2 3 1 2 3
[A][7 8 9 4 5 6 (GATE-14-IN-Set 1)
4 5 6 7 8 9

(@) (1,5, )) (b) (1, 1,0) () (1, 1,-1) (d) (1,0,0)

1 3 0
Given that the determinant of the matrix [ 2 6 4] is-12,
-1 0 2
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2 6 0
The determinant of the matrix [ 4 12 8] is (GATE-14-ME-Set 1)
-2 0 4

(a) -96 (b) -24 (c)24 (d) 96

Which one of the following describes the relationship among the there vectors,  + j +

k, 21+ 3j+ kand 51+ 6) + 4k? (GATE- 14- ME-Set 1)
(a) The vectors are mutually perpendicular (b) The vectors are linearly dependent

(c) The vectors are linearly independent (d) The vectors are unit vectors

. One of the eigen vectors of the matrix [:g 2] is (GATE-14-ME-Set 2)

@ {7} o) © {3} @{}}

194. Consider a 3 X 3 real symmetric matrix S such that two of its eigen values are

X1] [
A # 0, b #0 with respective eigen vectors [xz V2|
X3l LY3

ifa#bthen x;y; + x,y, + x3y3 equals (GATE-14-ME-Set 3)
(A A (b)b (c) ab (d)o
Which one of the following equations is a correct identity for arbitrary
3 X 3 real matrices P,Q and R? (GATE-14-ME-Set 4)
(a) P(Q +R)=PQ +RP (b) (P —Q)? = P2 —2PQ + Q?
(c)det (P +Q)=det P +detQ (d)(P+Q)*= P?>+PQ+ QP+ Q?

3 2 1
Given the matricesJ=|2 4 2]and
1 2 6
1
K= 2 |, the product KTJK is_ (GATE- 14- CE-Set 1)
-1

215 650 795
The sum of Eigen values of the matrix , [M] is where[M] = [655 150 835
485 355 550

(GATE- 14- CE-Set 1)

() 915  (b) 1355  (c) 1640 (d) 2180
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198. The determinant of matrix i (GATE- 14- CE-Set 2)

6 0 4 4
] is_ (GATE- 14- CE-Set 2)

The rank of the matrix [—2 14 8 18
14 —14 0 —10

The system of equations, given below, has (GATE-14-PI-Set 1)
X+H2y+dz =2
4x +3y+z=5
3x+2y+3z=1
(a) a unique solution (b) Two solution
(c ) no solution (d) more than two solutions
Consider the following system of equations : (GATE-14-CS-Set 1)
3x+2y=1
4x +7z=1
X+y+z=3
X-2y+72=0
The number of solutions for this system is

The value of the dot product of the eigenvectors corresponding to any pair of different

eigen values of a 4 X 4 symmetric positive definite matrix is. (GATE-14-CS-Set 1)

If the matrix A is such that

2
A= —4] [1 9 5] then determinant of A is equal to _. (GATE- 14- CS-Set 2)
7

[1
|0
The product of the non-zero eigen values of the matrix [

0
1

(GATE-14-CS-Set 2)
Which one of the following statements is TRUE about every n X n matrix with only real
eigen values? Option (a) (GATE-14-CS-Set 3)

(a) If the trace of the matrix is positive and the determinant is negative, at

Least one of its eigen values is negative.
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(b) If the trace of the matrix is positive, all its eigen values are positive.
(c) If the determinant of the matrix is positive, all its eiven values are positive.
IfV; and V, are 4-dimensionl subspaces of a 6-dimensional vector space V,

Then the smallest possible dimension of V; NV, is . (GATE-14-CS-Set 3)

Consider a system of linear equations (GATE-EC-15)
x=2y+3z=-1,x-3y+4z=1 and —2x+4y—6z =k the value of k for which the

system has infinitely many solutions.
1 4 1 2

The value of p such that the vector | 2 | is an eigen vector of the matrix | p 2 1
3 14 -4 10

(GATE-EC-15)
The value of x for which all eigen values of matrix given below are real is
10 5+ 4
x 20 2 (GATE-EC-15)
4 2 -10

B)5—j C) 1-5 D) 1+5]
1

For A4 :(
tan x

tan x .
| j detof 4".47" is (GATE-EC-15)

A) sec’ x B) cos4x O)1 D)0
-3 0 -2

The max value of A such that the matrix | 1 —1 0 | has three linearly independent
0 a 2

real eigen vectors is (GATE--15)

2 1 1423 143
N3R P35 O=5 P35

7 8
If any two columns of a det p = 1 5| are interchanged which of the following is
6 2

true for det? (GATE-ME-15)
A) Absolute value remains unchanged, but sign will change

B) Both value and sign changes
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C) Value change, but sign will not change

D) Both obsolute value and sign will not change

The least eigen value of a singular matrix is (GATE-ME-15)
A) positive B) Zero C) Negative D) Imaginary

4 2
The lowest eigen value 2 x 2 matrix {1 3) is (GATE-ME-15)

4-3i i
- 4+3

' 1( i 4-3i
B)
4+43i 25\4+3i i

4+43; —i 1 (4+3i —I
D) —
i 4-3§ 25 i 4-3§

For what value of p, the following set of equations will have no solution 2x+3y=5,
3x+py=10 (GATE-CE-15)

For a given matrix p = ( j where i = V-1, the inverse of p is

(GATE-ME-15)

3 =2 2
The smallest and largest eigen values of a matrix | 4 —4 6 | are (GATE-CE-15)
2 -3 5

A)1.5and 2.5 B) 0.5 and 2.5 C)1.0and 3.0 D) 1.0 and 2.0

Let A= A4=[b71 1<L7<7 ith n>3 and @, =i,/ , the rank of A is (GATE-CE-15)

A)0 B) 1 C)n-1 D)n

2
The Eigen values of matrix (1 j have a ratio 3:1 for p = 2, what is the other value of
p

p for which the eigen values have same ratio 3:1 (GATE-CE-15)
A)-2 B) 1 ) % D) ! %
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2 2
220. In 20 decomposition of a matrix (4 9) if the diagonal elements of 0 are both 1 then the

lower diagonal entry /,, is (GATE-CS-15)

3 4 45
Perform the following operations to the matrix | 7 9 105 (GATE-CS-15)
13 2 195

(1) Add third row to secong row

(ii) Subtract 3 column to first column, then the det of the resulting matrix is

1 X 3
The following set of three vectors | 2 |, | 6 |and| 4 | is linearly dependent then x is
1 X 2

(GATE-CH-15)
A) 0 B) 1 C)2 D)3

4 3 1
For the matrix (3 4}1’]‘ (J is eigen vector, the corresponding eigen value is

(GATE-CH-15)

2 5 2
224. The solution to the system of equation is { 4 3}{1 :{ 30}8 (GATE-ME-16)
— y j—

(A) 6,2 (B) -6, 2 (C) 6, -2 (D) 6, -2 (IM)

225.The condition for which the eigen values of the matrix A = [i llc]

are positive, is (GATE-ME-16)
(A)k>1/2 B)k>-2 C)k>0 D) k<-1/2

226. A real square matrix 4 is called skew-symmetric if (GATE-ME-16)
(A)AT=A B)A"=A" (C)A"=-A (D) A" = A+A™

2 1 0
227.The number of linearly independent eigenvectors of matrix A =10 2 0
0 0 3

3535 Ans: (2) (GATE-ME-16)
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2

228. Let M4 = | (where I denotes the identity matrix) and M = I, M” # I and M3 #= 1.

1

Then, for any natural number k, M~ equals: (GATE-EC-16)

32 4
229. The value of x for which the matrix A= | 9 7 13 | has zero as an eigen value is
-6 -4 -9+x

(D) M

(GATE-EC-16)

230. The matrix A = has det (A) = 100 and trace (A) = 14. The value of |a — b| is

(GATE-EC-16)

231. Consider a 2 x 2 square matrix

.

Where x is unknown. If the eigen values of the matrix A are (6 + jo ) and (6 —jo ), then
x is equal to (GATE-EC-16)
(A)+jo (B) -jo ©) +o D) —o
232. If the vectors e; = (1,0,2), e, = (0,1,0) and e; = (-2,0,1) form an orthogonal basis of the three
dimensional real space R*, then the vector u = (4,3,-3) R’ can be expressed as
(GATE-EC-16)

(A) u=_§61_3ez_%e3 (B) u=_§61_3ez +%C3

©) u=—§e1+362+%e3 (D)u=—§el+3e2—%e3

233. A, 3 x3 matrix P is such that, P> = P. Then the eigen values of P are (GATE-EE-16)

a) 1,1,-1 b) 1, 0.5 +j0.866, 0.5 - j0.866
) 1,-0.5+j0.866, -0.5 -j0.866 d)0,1,-1
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31 . X 2,12
234 LetP = L sl Consider the set S of all vectors such that a” +b” =1where
y
a X )
(bJ - P{ J Then S is (GATE-EE-16)
y

a) A circle of radius J10 b) a circle of radius L

Jio

1 1
¢) an ellipse with major axis along [J d) an ellipse with minor axis along (J

235. Consider 3x3 matrix with every element being equal to 1. Its only non-zero
eigenvalue 1is 3 (GATE-EE-16)

236. Let the Eigen values of a 2 X 2 matrix A be 1, -2 with eigenvectors x; and x, respectively.

Then the Eigen values and eigenvectors of the matrix AZ_3A+41 would respectively, be
(GATE-EE-16)
a) 02, 14;x,, X, b) 2, 14; X115 X1—X,
c) 2,0;x, X, d) 2, 0; x;+X,, X;—X,
237. Let A be a 4x3 real matrix which rank2. Wich one of the following statement is TRUE?
a) Rank ofAT is less than 2
b) Rank of ATA is equal to 2
¢) Rank of ATAis greater than 2
d) Rank of ATA can be any number between 1 and 3
(GATE-EE-16)

238. If the entries in each column of a square matrix M add up to 1, then an eigenvalue of M is
(A) 4 (B)3 ©)2 (D) 1
(GATE-CE-16)

239. Consider the following linear system.

x+2y—3z=a

2x+3y+3z=b

S5x+9y—6z=c

This system is consistent if a, b and c satisfy the equation (GATE-CE-16)

(AY7a—b—-—c=0 B)3a+b—c=0(C)3a—bt+tc=0(D)7a—b+c=0
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240. Suppose that the eigen values of matrix A are 1, 2, 4. The determinant of (A™)" is

(GATE-CS-16)
241. Two eigen values of a 3x3 real matrix P are (2 + v—1) and 3.The determinant of P is
(GATE-CS-16)

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 34



GATE MATHEMATICS

SOLUTIONS

01. Ans : (b&d)
Sol.

a
Given matrix is A = 0
0

(i) Eigen values:-

Given matrix is an upper triangular matrix.

Therefore diagonal elements of A are eigen values of A.
i.e.A=0,0,0.

(ii) Eigen vectors for i =0

Consider (A — A1) X =0

0—2 0 a X1 0
=1 0 0—-21 0 ] [xz ]= [0] -—-(1)
0 0 0— Al Lx3 0

PutA=0in (1)

0 0 a][* 0
elo 0 of[x|-lo| e
0 0 01lx3 0

from (2), we have
ox3; =0
x3=0 (ocz0),
r=1,n=2,r=2
put x; =k
X1 =k,

Xy k,

X, =| X, [=]k,
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.".From the given options (b) and (d) are correct.

1 0 O
-1 0
0 i
0 0 O
eigen values of Aare A =1, -1, 1, -i
the characteristic equation of A is
(A=1) (A+1) (A=1) (A+1)=0
= (A2=1) (A2+1) =0
= A1*-1=0
By, cayley - Hamilton theorem we have
A*-1=0
At =1

03. Ans: (d)

Sol. By the properties of transpose of matrices option (d) is correct.

ie., By the reversal law of the transpose of the product matrices, we have

(AB)" = BT AT
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1]
1| be the given matrix
1

1 1 1 1

Here all rows / all columns are same. Applying

0

= number of non-zero rows.

il

] =a-a1|=0

06. Sol. Given A = [
a
= |e-Al 1 =9 = 2-@+1)A+0=0
a 1-21
A=0,a+ 1 are the eigen values of A.

Ans : (a)

1 0 2 7[* 0
07. Sol. Given |1 -1 =2 [le = [0]
2 =2 011X 0

Rz _)RZ _R1 5 R3_)R3 '2R1

1 0 27 [* 0
0 -1 =[]
0 -2 —411x3 0

R3 —> R3 - 2R2
1 0 =-2]1[* 0
0 -1 -2 [xz] = [0] r=p(A) =2, n = number of variables = 3
0 O 0 11x3 0

Number of independent solutions=n—-r=3-2=1

Ans: (a)
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08. Sol. We know that, p (A,,x») <min {m, n} But itis given that m <n
P(Amxn) <m
Hence p (A;,xn) cannot be more than 'm'.
Ans: a

09. Sol. Given matrix can be written in a form

1 1 1™ 3
1 0 1||*2|=[0] Consider the Augmented matrix [A | B]
1 -1 111%3 1

1 1

13
[A|B]={1 0 1lo| R, >R, —R,, Rs—Rs-R,
1 -1 11
1 1 1 3
0 0 1]/-3| Rs—>R;-2R,
0 -2 1 -2

p(A)=2, p(A|B)=3

Here p(A) # p(A|B)
.. Solution does not exist

Ans: (b)

10. Sol. Given
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12. Sol. Given that both rows and columns are equal.
By the definition of rank option (a) is correct
Ans: (a)
1 4 9
13.S0l. |[A]| =14 9 16| =1(225-256) -4 (100 — 144) + 9(64 — 81) = -8
9 16 25
Ans : (d)

14. Sol. GivenA=B _31]

Characteristic equation is 1A —A 11 =0
1-14 -1 2
=> - + =
= [0 g =2 -4anes5=0

A—2 + 1, There are two positive roots

These two are positive roots

Ans : (b)

15.Sol. GivenA=[0 2 2
-7 0 —4
R3—)R3-R1 R3—)R3'2R1
7 4 8] 7 4 8]

748]

0 2 % 0 2 2
-7 0 —4 0 0 0

Lop(A)=2
Ans : (b)

16. Sol. Given A =

Eigen values :
0
= |A-1I|=0 = | 2 3-2 1 [=0
0 2 4—2
= (1-2) [B=42) “@-1) -2]=0
= (1-4) [(12-712 +A2-2]=0

= (1-2) [22 =712 +10] =0
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= (1-4) [1=-2) (A-5)]=
A=1,2,5 are the eigen values of A.
Eigen vector:

Consider [A —AI] X=0

1-4 0 0 X1 0
= 2 3—-1 1 ][x2]=[0]—(1)
0 2 4 — A1 1X3 0

Case (i) Put A=1 in(l)

0 0 O
2 2 1
0 2 3
xZ +2x2 +X3 =0
2%, + 3x3=0
Let x;=K

-3K
Then x, =—— and x;=

[ ] 3K /2 / ] is an eigen vector corresponding to A =1

2 1] 5 5 [6 5
17. Sol. LM=[3 2 [0 1]= 9 8
4 5 12 13

Ans : (b)

18. Sol. Given system is in a form AX =B

3okl -]

Rz — R2 - 4‘R1 ) R3 g R3 - 2R1
-3 7 X 6
13 28 [}7] = |-17
9 15 z -3

-9R,
-3 =7 X 6
3 ) Bl 4]
0 =57 z 114
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-57z2=114,13y +28z=-17 andx—-3y—-7z2=6

_ -17-28(2) _ -17-28(-2) _
13 13

3

and x =3y +72+6=3247(:2) +6=1.

Sx=1,y=3,z=-2

19. Sol. A) 3x3 +4x4+7x7=9+16+49 =74 #0
B)Ixl1+0x1+0x0=1%0
C)1x0+0x5+2x0=0
Ans : (C)

1 -1 0
20. Sol. Given S = [1 1 1] = |S|=10+1)=2#0
0 0 1

1 -1

1 —1]

0 2

1/2 1/2 —1/2

—1/2 1/2 —1/2
0 0 1

21. Sol. The characteristic equation of A is | A - | =0

0-14 1 0
U 0 V.
—6 Gl —6 — A

(=) [61+ 22 +11]-[0+6]=0
[3+ 642 +111+6 = 0]

L The eigen values of Aare A = —1,—2,—-3
22.Sol. Ans: (a)

23. Ans: (b)
Sol. Giventhat A,xn Xnxi = Bmx1

=  Apxn Xnx1 = Bnpxi (m=n)
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In this case, the given system may (or) may not have unique solution. If A is singular

then unique solution does not exist and if A is non- singular then unique solution exisi.
.. Option (b) is wrong statement
24. Ans: (a)

cos@ —sin@

Sol. Given A = [sinG cosd

« B[ )

cos@ —sin@] a 0]
sin@ cos6 1L0 b
_ [a cosf@ —b sin@]

asin@ b cosO

= ABz[

S e R e et

Ifa=b (or) 8 =nJl, for an integer n then AB = BA.
i.e. A and B commute when a=b (or) 8 =nJI, nis an integer.

25. Sol. Given A = [a“ alZ] b1; blz]

dzy Ay b,; by,
Also given CD =1 (1)
From (I) , we have CD =1
Pl (0

-1
p- (4 [} 1))
-1
S

1 0
=1 |

' D:[ o [b11 blz] _ [ by4 by» ]
. =1 1llbyy by —by1+ byy —bipt+ by
26. Sol. The characteristic equation of a given matrix A is | A-AI | =0
1-2 1 1
= [ 1 1-4 1 ] =0
1 1 1-1
=01-2) [A-D?-1]-1[1-2—-1]+1[1—-1+4+2]=0
=1-2 [A=-D?-1]+21=0
=12 @1-3) =0 .. The eigen values of A are 1=0, 0, 3.

p=|

D [ ] B (-.A"'=B)
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Ans: (C)
27.Sol. In the Gauss - elimination method, the coefficient matrix of a given system reduces
to Upper-triangular matrix.
.'. option (c) is correct.
28. Sol. Post multiplication of A with the elementary matrix A (Theorem).

For example consider some matrix

1 2

A=[3 4

] and also unit matrix [ = [ 0 1]
0o 17 ..
From the data I, = [1 O] (ie. Ry © Ry)

NOWA112=[1 2 [0 1]_2 1]

3 411 ol a4 3

Here the first column of A is same as 2™ column of A I,

'

Option (c) is correct.

U U Ug3]12 1 5
29. Sol. Then |4 ] [121 ] [ u21 U23] [4 8 13]
6 27 31 137 13, uszzlle 27 31

[ Ugg Upo U3

lp1usq la1Usp + Uy, Uzl + Uy
l31uy1  l3qugp + l3pUsy  I3qUg3 + [35Up3 + Uss

Equating the corresponding elements on both sides

11=2 U, =1 U3 =5
gty =4=> Iy = 4/u11 = % =2
gz + Uz =8 => l1upp =-(2)(1) =6
liuiz U3 =13 => uy3 =13 - L ui3=13-(2)(5) =3
31Uy, =6 => I3 :uin = g =3

1 @27-3)1) 24
l31Usp + l3pUpp =27 => 135 = (27 - I31uq; )u_lz = =

l31uy3 + l3pUp3 + Uzz = 31
=> Uzz =31 - 131u13 - l3up3 =31-(3)(5) - (H(3)=4

100 Upp Ugp Ups 2 1 5
121 ] [ O] and U=| 0 uy, uzs] = [0 6 3]

31 1 0 0 us3 0 0 4
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3/2 — 1/2 1 X I
30. Sol. 4 2 3 Yyl =
7 1 51 %

Consider augmented matrix [A|B]

3/2 —-1/2 1|27
[A|B] = | 4 2 3|9
7 1 5l10.

3 3
RZ —)ERz'le R3 —>ER3-R1

3/2 -1/2 1 2
0 5/4 1/8|-1/2
0 5/7 1/14l1/7

1 1
R3 —)ZR3'5R2

0 5/4 1/8|-1/2
0 0 0 13/28

p(A) =2, p(AlB) =3
But p(4) # p(A|B)

.. No solution and the equations are inconsistent.

3/2 -1/2 1| 2 ]

31. Sol. By the properties of determinant of the matrices, if two rows are interchanged in a
determinant then the value of the determinant does not change but sign will change

32. Sol: Option (b) is correct since remaining options are not correct.
Ans : (b)

01 0
33. Sol: GivenA= 10 0 1
1 0 O

= |A| =1+#and adj Q) = |1

|l

adj(A) 0 0 1
LAt =81 0 o

010
- (a)
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34. Sol. Ans: (b)

= It is an upper triangular matrix
0 -1
= The determinant of an upper triangular matrix is equal to product
of its principal diagonal elements.

LA = 6) () (@) (-1)=-48

1 a bc
35. Sol. A= |1 b ca
1 ¢ ab

R1—>R1 _RZ

1 a—b bc—ca
A= |1 b ca |If we simply this ‘det’ (a-b) is a factor
1 c ab

36. Sol. Given AX =B

1 2 0] x 57
= [4 8 0 [yl = [12
z 15

3 6 3

Consider [A|B] =4 8 0]12
3 6 3I115

Rz —)Rz -4‘R1 ; R3 — R3 '3R1
1 2 0]5

0 0 0|-8
0 0 310

< R4

g 05]

1205]

04 3810
0 0 01-8

p (A) =2, p(A|B) =P(A)=P(A/B)

.. The system has no solution

Ans : (b)

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 45



GATE MATHEMATICS

Given A =
24
R;—>R;—>4R,:R, >R, 53R,

1 4 8 7
0 O 3 0
0 -14 -29 -27
0 O 0 -19

1
0
0
0

~p(A)=4
38.S0l Ans : (b)
Given that A is real square matrix
Consider(AAT) =(AT) A" (- (AB)' =B'A")
=AAT((AT) =A)
.. Aissymmetric matrix

39. Ans: (¢)
By left cancellation law of matrix multiplication, we have

AS = AT = S=Tonlyif Aisnon —singular
40. Ans : (d)

The given coefficient is in 2- variables X; —X;.

a,; =Thecoefficient of x,x, (or)x; =-5

a,=a, = %[The Coefficient of xlxz]

:%(4):2
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a,, =Thecoefficientof x,.x, (or)x% =-5

- a ap 0 2
.. TheMatrix A = =

a, ay 2 -5

41. Sol:

) 8 -4
Given A =

(1) Eigen Values:-

Let A be an eigen valued determinant of Ayy,.

Then the characteristic equation of A, , is| A-Al|=0

8-\ -4

= =0
22—

= A2 -10L+24=0

=A=4,6.

which are the eigen values of A.

(2) Eigen Vectors:-

Xy

LetX={

}be an eigen vector ofA,x, corresponding to an eigen values A. Then X is
X

given by (A-A)X=0

. |18-A -4 X 0
ie, =
2 2-A|x, 0

Case-(i) Put A=41in (1)
|4 A4l 0
Le. =

2 2| x, 0
= 4x,-4x,=0
= x,-%X,=0
=X, =X,
Letx, =k Then x, =k

1

Hencex, =k| 1| where k is any non zero number
1
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Case -(ii) putting A=6 in (1) we have

<b S

=2x,-4x,=0
=X,-2%x,=0
= X, =2X,

Let x, =k, Then x, =2k,

M

Where k; is any non zero number
44. Sol. Sum of the eigen values of A = Trace of A =10

5 0 2
45. Sol. Given A=|0 3 0] = |Al=3 and adj(A) =] 0
2 0 1

A
-6 0 15

_ 1 0 -2

2w ATl A 1 g (1) 06 -lo 1, o
) - 3 3

2 0 5

46. Sol. If the system is inconsistent then p(4) = p(A B) = number of linearly

independent columns of A.
. The column B must be linearly dependent on the columns of A.
47. Sol. Let P be the probability of getting head
~PE) =ptq’ptqipt----
=P[1+q*+ q¢* +
GivenYx =6,y vy =21, Y x% = 14,
Y xy = 46 and there values of x and y to fit the straight line
Lety=a+bx
Then the normal equations are
Yy=na+bYx
Yxy=aYx+b Yx?
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Where n = number of points
~21=3a+6b
46 +6b+ 14b=>23= 3a+7b

—21=—-3a+(-)6b
2=b
~a= 3

49. Sol.

By the properties of determinant of matrices, we have|kA  |=k"|A, |

nxn

-.a.=k" wherekisascalar

50. Sol. Probability for first two tosses to yield heads is (1/ 2)2 , SO remaining tosses must
be tails. Therefore the probability for remaining tosses to be tail is (1 i 2)8 Hence

required probability = (1/2)2 . (1/2)8 = (1/2)10

X+Y=2\ _ P[(X+Y=2)(X-Y = 0)]
51. Sol. P(X—Y=O) B P(X-Y=0

_ P(X=1Y=1)
P(X-Y=0)

1

52. Ans : (a)
Sol: Given that v[i,j]=i-j

_n—l n-2 n-3 n-4

nxn
Here the given matrix is skew symmetric matrix

. Sumof all theelementsof V =0

53. Ans : (a)
2

1 7 2

p— 8 p— — p—
Sol: 4=, =2/0 2 0/=2(2-0)=4

0 6 1
9
54. Ans : (b)

Sol: By the property of reversal law of inverse of product of three matrices A,B,C wer have

(ABC)" =C'BTA™(.(AB) " =BT'A™)
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Where A,B,C are square matrices of same order.
55. Ans: (b)
Sol: By the definition of rant of a matrix A, the first statement is correct (i.e. true).
If A is nxn matrix and | A, |>=Othenp (A, )=n

Therefore second statement is also correct i.e. true).
Hence option (b) is correct.
56.Ans : (b)
If A is an eigen value(s) of matrix A4x4 then the eigen value(s) are given by |A-AI|=0

2-% -1 0 0

0

=(2-1)(3-2)[-(2+2)](4-21)=0
=(2-1)(3-1)(2+1)(4-1)=0

. The Eigen valuesare given by
r=2,-2,34

57.Ans : (¢)

1
Sol: Given A = j

R, >R, »3R;;R, >R, -4R,

1 2% 3
ujo -2 -4
0 2 —4
R, >R,-R,
~p(A)=2
58. Ans : (a)

Sol : S;1is true

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 50



GATE MATHEMATICS

1 0 0 1
Ex: A= B=

0 0 0 0
where| A= 0,/ B]=0

11
=A+B= =|A+B]=0
0 0

S, is true

Ex:

1 2] 11
A: B:

0 3] |23
where| A |=0,| B|==0

2 3
=A+B= 5 6}:>|A+B|¢O

59. Ans : (b)

Sol : By at theorem, A square matrix A of order n is diagonalizable if and only if it has n

linearly independent eigen vectors.
60. Ans : (b)

5
Sol: GivenA =| 1
3

5

61. Ans : (d)

Sol: GivenAz{5 3}
2 9

Consider |[A-AI|=0 where A is an eigen value of A

j ‘

5-A
2 9-A

=22 -140+39=0

=k =7++/10,7-~/10

=A=10.16,3.84
62.Ans : (a)
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Sol :

Given[P]zﬁ ﬂand[Q]=B ﬂ
ST N ol

63.Ans : (¢)
Sol : The given matrix is in an echelon form

2. p(A)=no of non-zero rows in the echelon form = 1

64. Ans : (a)

Sol: Eigen values of an upper triangular matrix are just its diagonal elements. The eigen values
of A are 1,2,-2,-1
65. Ans : (C)

1 0 0
. 100 1 0

Sol : Given A=
100 200 1

100 200 300

66. Ans : (¢)

Sol : Given Az{_l 4}
4 -1

=|A-A=0
-1-% 0
‘4 —1—x‘:
=1 +21-15=0
=>A=3,-5.

67. Ans : (b)
12 8|7

Sol: (A|B)={4 3 -12|5
2 1 -4

R, >R, -4R;;R, - R, - 2R,
12 -8 7
0 -5 20 -23
0 -3 12a-14
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R, 3R, -5R,
1 2 =§ 7
0 -5 20| -23
0 0 O0[|1-5
For infinitely many solutions, last row must be zero row.

rel-5a=0=al/5
Hence for only one value of a =1/5, the system will have infinitely many solutions.

68. Ans : (¢)

Sol : GivenA =

R, > 4R, - 6R;;R; 5 2R, -R,
42 1 3
0 0 10 10
00 -1 -1
R; > (10)R; +R,
42 1 3

0 0 10 10
00 0 O

p(A) =2
69. Ans : (b)
Sol: Given system is Homogeneous system
AX =0. This Homogeneous system will have trivial and non-trivial solution.

If the coefficient matrix A is non-singular in AX = 0 then AX = 0 will have trivial

solution.

If the coefficient matrix A is singular matrix in AX = 0 then AX =0 will have non-trivial

solution.
Hence option (b) is correct.
70. Ans : (¢)
1 2 3|6
[A[B]=|1 3 48
' 2 2 3|12

Sol

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 53



GATE MATHEMATICS

R, >R, >R, ,R; >R, -2R,

1 2 3|6
0 1 1j2
0 -2 =30

p(A)=3,p(A|B)=3,
n = no.of unkowns =3
:>p(A):p(A|B):n
.. Uniquesolution exist.
From Eq. (1) ,wehave
X+2y+3z=6,y+z=2and -z=4
=z=-4,y=6andx=6

71. Ans : (b)

Sol : Given X?>-X+1=0

:>X"<X2—X+I)=0

=X-1+X"'=0
=X'=1-X
- XTI

1 0 a 1 l1-a -1
0 1| -a?+a-1 1-a| |a’-a+l a

72. Ans : (¢)

Sol: LetA =

Be the symmetric matrix.
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n’+n

The total no. of different elements in A xn 1S and each element can be filled in 2

ways using either 0 or 1.

.. The totalno.of different n x n different
n%+n

Symmetric matricesis2 2

73. Ans : (b)
Sol :
ABCD =1
= (ABCD) " =T"'
=D(D'C'B'A™)A=DIA

= C(C'B™")=CDA
B =CDA
74.Ans : (¢)
1-5(1] [1-5]1

Sol: (A[B)=[1-1{2|0]| 041
13|3] [08]2

15/1
U041
00(0

p(A) =2= p(A | B) = 2 & number of unkowns=n =2
Herep(A) = p(A | B) =n=2
..Uniquesolution exists

75. Ans : (b)

Sol : Sum of the eigen values = sum of diagnonal elements

= [+5+1=7

76.

Sol : For singular matrix A, we have |A| =0

&8 x 0
=4 0 2[=0=8(0-12)-x(0-24)=0
12 6 0
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=-96+24x=0=>x=4
77. Ans : (a)
Sol :

Given the [A]3x1 ’ [B]3x3 ? [C]3x5 [A]3x1 ? [E]SXS ’ and [F]le
arereal matrices. Andalso given that [B] & [E] aresymmetric.

In the first statement the product

[F]T [C]T [B]}X3 [CLX5 [F]le isa first order matrix,

1x5 5%3
.. First statementis correct

In the sec ond statement, the product [D]L S [F] - [D] .18 not defined.
.. Second statement is wrong Hence option (a) iscorrect

78.Ans : (¢)

Sol : GivenA =[ 4 _2}
-2 1

4-)
=>|A-AM]=0=>
-2 1

=1 -5L-0=0=1=0,5
which are the eigen values of A.

79. Ans : (b)
1 -4 -1|-3
Sol: (A|B)=|2 -1 3|1
3 2 2
R, >R, -2R;;R; >R, -3R,

1 -4 -1|-3
0 7 5|7
0 14 8|11

p(A)=3=p(A|B)=3=no.of unknowns.
..Uniquesolution exists.

80. Ans :

Sol : An over determined system may or may not solution.

-.Nooptioniscorrect

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 56



GATE MATHEMATICS

81. Ans : (b)
Sol : Similar to Example 78
82. Ans : (a)

P XY P

Vol

2x3 3x4 4x3 3x2
| I I I |

v

2x2

83. Ans : (a)
Sol :

|Al=

0 1

-1 1

0 0

1 -2

0O 1 0
=(-1)]-1 1 1f=(-1)(-1)(0-1)=-1
1 -2 0
84. Ans ;(b)
Sol: Eigen values of A, A2,A3 , A™ are different
But Eigen vectors of A,Az,A3, A™ are same
AX = A X
A’X =NX

ATX=21"X

LA™ is an eigen value ofA™ and X is an eigen vectors of A™.

i.e; X™ is not an eigen vector of A™. Hence the statement in option (b) is wrong.

85. Ans : (a)

Sol : If p (P) =p (P | Q) then PX = Qis consistent system and has atleast onesolution.
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86. Ans : (d)
(P-A)X =0,
Sol: Fork=-2
3-(-2) -2 2 x;) [0
= 0  2-(2) 1 X, |=|0
0 0 1-(2)\x;) |0

= 5%, = 2X, +2x; =0andx; =0
=5x,-2x,=0

Letx, =k,,wherek, isarbitarycons tan t

2k, /5 2
X| k |=X,=|5]|fork, =5
0 0

87. Ans : (b)
Sol:
10 -1
IRI=[2 1 -1|=1(2+3)+0-1(6-2)=1
2 3 2
5 31
Adj(R)=[-6 4 1
4 31

. 5 3 1
R 2R o

IR
4 -3 1

ToprowofR"lis[S -3 1]

88. Ans : (b)
Sol: |[M| = The perfect of the eigen
Values =15 x3 x0 =0
89.
Sol : Eigen values are 1,-2

For A =1, eigen vectors are given by
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90. Ans : (b)

Sol: Given that A is 3x4 matrix and AX = B is inconsistent
AX=B—
N2 {
Ay, (A/B), .
If the system is inconsistent then p(A)<3andp(A)<p(A|B)
.. The highest possible rank of Ais2.

91. Ans: (a)

Sol :

) 2 -0.1 . 1R a
Given A= andA™ =
0o 3 0 b

:>A_,_1/2 al [3 011
1o bl |0 2|6

20

92. Ans : (a)
Sol: Consider |A-AI|=0
5-X

=(5-2)(5-2)((2-2)(1-2)-3)=0
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= (5-1)(5-2)[2-31 427 -3]=0
= (5-1)(5-2)(»* -31-1)=0

= Realeigen valuesare5,5.
Consider (A -1)X =Oford =5

=-3x;+x,=0&-3x, =0
=x,=0andx; =0

Letx, =k,andx, =k,
“X=[k k, 0 0]
“X=[l -2 0o o]
fork, =landk, =-2

93. Ans :(b)

1 p(As,;)=2<n=3=no.of variables
ol:

S

.. number of independent solutions=3-2 =1
94. Ans : (¢)
Sol: Given that A is an orthogonal matrix.
By the definition of orthogonal matrix,
We have
AAT=1=A"TA
= (AAT)=(1)" =1

95.Ans : (¢) & (d)

Sol: GivenA:{_4 2}
4 3

Eigen valuesare L= 4,-5

For A =5, eigen vectors are given by
[A+51]X=0

=x+2y=0

Vectors given in options (¢ ) & (d) satisfy this equation
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96. Ans : (a)
Sol: Eigen values of a matrix ‘S’ are 1 and 5, we know that, the eigen values of matrix S? are

17 and 5%ie., 1 & 25.
97. Ans : (C)

1 0
Sol: GiventhatEF=G=|0 1
0 0

— Fistheinverseof E™! (Since AA7' = 1)

cos® sin® O
“E'=F=|-sin0 cos® 0
0 0 1

98. Ans : (c)
anens|! J-cf! e -]

1 1
Sol : :{ J & { 2} areeigen vectors of A corresponding to

aneigen values A = —land A = -2 respectively. Now we haveto

find 2x2 matrix A.
A square matrix Anx, 18 said to be diagonalizable if their exist a non-singular matrix P

such that P! AP=D. Where D is a diagonal matrix whose diagonal elements are eigen values of

A and columns of P are eigen vectors of A.

“P'AP=D < A =PDP’!

1 1{-1 02 1
L A=
Y Pt ]
Hence option (c) is correct

99. Ans : (d)

Sol : GivenA =

WWW.VANIINSTITUTE.COM
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100. Ans : (b)
Sol : From the previous example.
p(A) = 4,p(A|b)= 4andn=4
=number of variables

.. X is unique

101. Ans : (¢)

R, >R, -R;;R; > R; -R,

I 1 1
L, 2 1
0 0 O

p(A) =2
102. Ans : (a)
Sol : Given A; = 8, A,= 4 and

el

A= PDP’!

80
where P =[V,V, JandD = {O 4}
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103. Ans : (¢)

. 101 |, . 42
Given that X = isan eigen vector of A =
101 2 4

Corresponding to some an eigen value A. Then by definition of an eigen vecot of A, we
have, AX =2AX.

421101 606 101
X = = =6 =X
241101 606 101

101
X= [1 0 J isaneigen vector of A corresponding to an eigen valuel = 6.

104. Ans :(d)
Sol : Given AX =B

3.2 05
Consider[A|B]={0 4 3|8
2 0 -12

R, - 3R, - 2R,
3 2 0fs
0 4 3|8
0 -4 -3-4

R; >R, +R,
3 2 05
0 4 38
0 0 04

Herep(A) = 2,p(A | B): 3
Butp(A)==p(A\B)

.. Nosolutioni.e.inconsistent
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105.Ans : (b)

2 23
Sol:GivenA =| -2 -1 6 |and also that one of the eigen value is 3.
1 2 0

We know that the sum of the eigen values is equal to the sum of the diagonal elements of A.
tr(A) = 2-140 =1
From the option (b) the eigen values are 3,-5 sum of the given eigen values in option (b) isl.

Which is same as trace of A.
Option is (b) is correct
106.Ans : (b)

Sol : GivenA. X =Y _ andA’=1

nxn“ nxn nx1
= AA=1
= Aisinvertableie., A 'exists.

= Aisnon - sin gular

-.Uniquesolutin exists.

107. Ans : (b)

1 2
2 4
36
|
|
_1’1

Zn =Sn ———— @n

..p(A) =1(..all therows are proportional )
108. Ans :(b)
Sol: Two eigen values are given -2&6 Sum of eigen values of A= tr(A)
A+(-2)+6=1+5+1=3
109.Ans: (a)
Sol : Given AX =B

5
=19
B
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1 1 15
(A/B):l 3 39
1 2 «aff

R, >R, -R,,R, >R, -R,

If 20— 4 =0and 23 — 14 = O then the system will haveinf inite number of solutions.
..Foro = 2andp = 7 thesystem hasinf inite number of solutions

110. Ans :(a)

Solalo_ L |4 7P
) ab-bc|-c a

111. Ans : (a)
Sol: By the property, the eigen values of a real symmetric matrix are always real.
112. Ans: (b)
Sol : Eigen Values of A are 2,2

Consider (A-1I)= {2 ; * 5 ! J

For 1 =2,(A-2I)= {8 ;}

.. Thenumber of linearly independent eigen vectors of matrix A
= (number of variables)—p (A —1I)

113. Ans : (b)
Sol:
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J. f(t)S(t - a) = f(a) wherea > 0

;f66b—EJ$n0)m=6ﬁn£=3
° 6 6

114.Sol. (b

Sol: the number of eigen values of Ay, is n & eigen values of real symmetric matrix are always
real.

-.thenumber of eigen values of real symmetric matrix A of order 2n (or dimension 2n) are
2n real values which may or may not be repeated.
115. Ans: (a)
Sol: Q=[q, g, g5

We knows that p(Q) = no. of independent vectors (rows/column)
1.e., p(Q) <m
But given that qi, q2, q3 gm are dependent vectors.

- p(Q) < m(dependent vectors)
116. Ans : (b)

n

p(anl):l and p(XT ):1

p(V):l
117. Ans : (¢)

Sol: Characteristics equation of A'is |[A-AI|=0

3-% 2 |
-1 0-A

= (1> -1(-3)1)+2=0
=1 +30+2=0

A?+3A+21=(or)(A+I)(A+21)=0
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118. Ans: (a)

Sol : Characteristics equation of A = is
-1 0 -1 0-A

-3 2] [-3-n 2}
=0

=A>+3A+21=0

=A’+2A% +2A =0

AT =-3A-21

A’ =-3A7-2A=-3(-3A-21)-2A

= A’ =9A +61-2A

LAY =TA +61

A*=T7A% +6A=T7(-3A-21)+6A

= A*=-21A-141+6A

LAY =—15A 141

A’ =-15A7 —-14A =-15(-3A-21)-14A

= A’ =45A +301-14A
S A% =45A +301

Similarly A° =511A +5101
119. Ans : (b)

Sol: Given that <x,y> denote their dot product of vector x and y

.. By the definition of dot product of vector x and y,
We have

<X, Y>=X,Y<X,y>=X &Xy=yX

{<x,x> <x,y>}
det
<Y, X> <Yy,y>

But dot product is scaler.

(1) becomes positive when x and y are linearly independent

120.Ans : (d)
Sol: [AMI-P|=0

=+ +20+1=0

=P +P*+2P+1=0
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p! (P3 +P 4 1) -P0
SPl'=—P?-2P-21

121. Ans : (a)
Sol: Given p(Qs,)=4

But, we know that p(Q) =number of linearly independent row/columns

Qs Will have four linearly independent rows & columns.

122. Ans : (d)
Sol: Given A’ =(ATA) ATandp(A)=n
LHS of option(d)=AA*A
- A[(ATA)’1 AT}A
- A[(ATA)’1 (ATA)}

= Al
= A == R.HSof (d)

123. Ans : (c)

P, P
Sol: GivenP = [ o }where P, = iand one of thesign valueis zero
21 22

= Pissin gular matrix
~.|P|=0(or)P,P,, -P,P, =0
124. Ans : (b)
Sol :

Given
4x+2y=7
2x+y=6 }
=>2x+y=7/2
2X+y=6 }
= Solution does not exist
.. TheSystem has nosolution.

125. Ans : (c)

Sol : One of the eigen value of A is 3 and other two eigen value are A,1,.
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=3+ +A, =1+0+P
SA+A, =p+l-3=p-2

126. Ans : (b)
1 2 )
Sol: A= [0 2} and eigen valuesarel and 2

Eigen vectors

SN
Consider
0 2-1|x,
Case-(i): 2= (1)
B M NN
= = =
0 I|x,| |0 0 0] x, 0

2x,=0=>x,=0
Letx, =k,

k
X = {01 } wherek, isanarbitrary cons tan t

Case-(ii): A=2 in(1)

-1 2)x 0

= -X, +2x,
0 0){x, 0

=0=x, =2x,

Letx, =k,
SoxXy =2k,

ks
X= { . } wherek, isanarbitraryconstant
2

1
{O} corresponding toi=1fork, =1

X,=|° (or)X 1 ding to
= or = correspondin
274 2711/2 p g

A =2fork, =1(or)1/2

a=0andb=%

.'.a+b=%
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127. Ans (b)

11 1]4
Sol . Consider[A/B]=2 3 04
1 2 -la
R, >R, -2R;;R; > R; R,
11 1|4
0j0 1 -2/ -4
0 1 —2/a-4

R; >R;-R,
1 1 1|4
0jo 1 -2/-4
01 -2/a

If a =0 then the system will have system

128. Sol. (a) Similar to example 41
129. Sol. (a)

The given matrix A can be obtained from the unit matrix with elementary operation R; <)

R2. The inverse matrix corresponding to the elementary matrix A is A itself.

130. Sol. Let us consider an orthogonal matrix P of order 2x2

- [ 3/5 4/5
—4/5 3/5

Gi __[*1
wven £ [

cosf sinf
—sin@ cos@

(or) |

3 4
Consider Px = [ /5 /5] [Z]
5

—4/5 3/
I 2 2
= 1R = Jf - e [ - T <

~ ||Px|| = |lx|| for every vector.
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131. Sol. Given AX =B
To have unique solution the determinant of a coefficient matrix must be

Non-singular.

1 1 2
ie. |1 2 3| #0=>a—-5#0 = a+5.
1 4 «

2.5 Lee a=[s o], B=[0 o] c=[1 T} p=[3

The eigen values of A are 1, 0 The eigen values of B are 0, 0
The eigen values of Care 1 +1, 1 -1

And the eigen values of D are -1, -1

~ only one of the matrix A has an eigen value 1.
133. Sol. Consider (PQ)"1P = (Q™1P~HP
=Q7'(P7'P) =Q7'I =Q*
. _[4 5
134.Sol.  Given [P] = [2 _5]

Consider |P — AI| =0

Where A4 is an eigen value of P.
4—-2 5 |_

= [*37 o0
= A2+ 1-30=0

=> A=5-6

135. Sol. Given AX =B

1 1 17 x 3
=> |1 2 3 lyl=[4]
1 4 kllz 6
1 1 1|3
[A|IB]=1 2 34]
1 4 klé6

1 1 1 |3
~{0 1 2 1]
0 3 k—-113

11 1 |3
~ 10 1 2 |1
0 0 k—-710

If k — 7 # 0 then system will have unique solution.
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'

. For k =7 the system will not have unique solution.

136. Sol. By the definition of symmetric matrix if BT = B for a square matrix B then B is

called symmetric matrix.
137. Sol. (a)

Sol.  According to partial pivoting Gauss- elimination method, the pivot for elimination of x is
the numerically largest coefficient of x in the given 3 equations. And the pivot for
elimination of y is the numerically largest coefficient of y in the remaining equations of

the given system. .".The pivots for elimination of x and y are 10 and4.
138. Sol. Trace of A = sum of the eigen values =1
Therefore options (d) is correct.
139. Sol. Eigen values of X are -2, -3
Eigen values of I are 1, 1
Eigen values of X +Tlare-2+1, -3+1 ie.,-1,-2
Given (X +D7'(X+5) = X+ DX +1+4D)
=X+D'X+D+4Xx+D?
=I+4X+D7!
= The eigen values of I +4(X +1)™! are —3,—1
140. Sol. Given MT = MT = MMT =]

=l 1

Equating the corresponding elements on both sides, we have x = -4/ 5-

vl w Ut |
vl | w

141. Sol. Given trace =-2 : Det =35
=> M+ A, = —-2and 144, = =35
‘. 2‘1 = _7 and AZ = 5

1 3 2
142. Sol. Al = (4 1 1‘ = 1(3-1)-3(12-2)+2(4-2)= -24
2 1 3

143. Sol. Consider (A|B)=2 1 1 |-2

12—24]
-1 1 —-112

RZ_)RZ_ZRl; R3_)R3+R1
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2
5 —10]

0 21-4
= X1+ 2x,+ 2x3 =4
= 3x,+ 5x3 = —10
= 2x; = —4
Jo o x3 = =2
144. Sol. Given x; + 2x, + x3 — 4x, =2 3x1+ 6x, + 3x3+ 12x, =6
There are two equations with 4 unknowns
One equation in 3 unknowns

=..

146. Sol. (©)

the system will have infinite number of solutions.

By a property that the eigen values of a skew symmetric matrix are
Always either zero (or) purely imaginary.

147. Sol. Similar to example 41

1000
148.S0l. 1020 —-——10
003——-0

= eigen values of A are 1, 2, 3,

, _nn+1)

Sum of all eigen values=1+2+3+ ...+ n >

149. Sol.  If product of two non zero square matrices is zero matrix,
then both the matrices are singular.

150. Sol. Eiegn values of A are 4 and 8

[926 }3]] sum of the eigen values = Tr(A)

2+y=4+38
Joy=10 Product of eigen values = det(A)
2y —3x=(4)(8) =32

3x=20-32
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3x=20-32=-12
Jox=-4

Ans: (b)
|A|=(9+4)-1=12

;Alzam(A)_i{3—m —i}

Al 12

i 3+ 21

Ans: (¢)

Given 2x+3y=0
6x+qy=0
=AX=0

2 3|x B 0
6 qlly o
For non-trival solution,

2 3

6 q
=2q-18=0=>q=0

Le.

Ans: (a)
AX =AX
1 -1

1+0+0
-1+0+1|=| 1
0+0-1 -1

. Eigen valueis A =1

Ans: (b)
X=[111], Y= [1 a a’

XY'=[1 1 1]

=l+a+a’=0

3

Where a = —l-f—]— and
2 72
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1B
2 1
XX' 0, YY" %0

. X, Y are orthogonal vectors but not orthonormal.

M.

Ans: (b)
A=LU

w3 6 4]

Ans: (b)
Given AX =B

1 4 Ap

1 1 6

3 51|14

3 A-1lp-6

1 1 6
0 3 5 14
0 0 A—6/n—20
For no solution, A =6 and p # 20

0

1
C0n51der A|B {1 4 6|20
1
0
0

Ans: (b)

AX=AX

A’X =1X

| |

| |

A"X =A"X

A and A™ have same eigen vectors

12 —I]T is one of the eigen vector of M”.

Ans: (b)
Consider |A —M| =
10-2 -14
18 —12-A
=17 —(=2)A+(-120+72)=0

‘:0
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=W’ +21—48=0
=Ai=6,-8

Ans: (d)
(AB)' =B"A"
4 572 17 [28 19
2{6 9}{4 3}=L8 33}
160. Sol. (c)

By a property, the eigen values of a real symmetric matrix are always real

161. Ans: (d)
By a property, if A is any square matrix then
(i) A+ A" is always symmetric and
(i) A—A" is always skew-symmetric
. option (d) is correct.

Ans: (¢)
2x,+x,+x,;=0

0 1
00 0

p(A)=2<n=3

.. Infinite3 no.of solutions exist

From (1), we have x,+x, =0
And x, -x;=0
Let x, =k, then x, =k and x, =k
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k 1
. The solutionis X=|k [=k]|1
k 1

163. Sol. (a)
The diagonal elements of an upper triangular matrix A are eigen values of A .". 1,4,3 are

the eigen values of given matrix A

Ans: (b)
_3}

Characteristic Equation is 1> +5A+6=0
SA’+5A+61=0, A*=-5A-6I
=A'=-5A”-6A =—5(-5A-6I)-6A
AP =19A +301

Ans: (b)
Normalised eigen vector of

|/
VA

1
RURISIN

1 4 I 2
2 ol -3
1 1 0 -3

I 2 1
0 -3 0 -3
0 0 0 O

0

=2<3

*. Infinite number of solutions exists.

= p(A/B)=p(A

Ans: (b)

s

Sum of the eigen values =x+y =17
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Product of the eigen values = xxy =47
From options, 3.48+13.53=17
(3.48)(13.53) =47

Ans: (d)

, 2 2 x 0
Given =
1 -1 x, 0
=2x,-2x,=0
=Xx,-x,=0

Solving above two equations, we get X, =X, .
.. The given system has infinite number of solutions.

Ans: (d)

1
Given .. X, :{ J corresponding to A, =—1

1
And X, :{ 2} corresponding to A, =2

Now (i) AX=AX

Mk

=a-b=-1
&2c—-d=1
(i) AX=AX

a bl 1
=

c di| -2
=a-2b=-2
&c—-2d=4

1
-3
170. Sol. (a)

Since the determinant of matrix

Ais'0".  .'0'will be the minimum eigen value of matrix A
171.  Ans: (b)

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 78




GATE MATHEMATICS

C,—->C+C,+C +C,

5
5
s
5

R, >R,-R,R, >R,-R,R, >R, R,

172.Sol.  (b)

Dimension of the null space= (number of variables - rank)
=3-2)=1,

173. Sol : Marks to All

174. Sol. (©)

By the property of eigen values we have the following statement :

The eigen values of a real symmetric matrix are real.

Ans: (¢)

cos2x = cos’ X —sin’ x ( 0820 = cos” O —sin” 6)

=>c0s 2x =(1)cos” x +(—1)sin’ x

Here one of the function is written as a linear combination of other two functions.
. c0s2x, sin” &cos’ x are linearly dependent.

176. Sol. 16

The number of multiplication in PQR computing the matrix product (PQ)R is 48 & the
matrix product P(QR) is 16.

.. The minimum number of multiplicatimis 15.
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177. Ans: (a)

1 x x’
A=l y ¥y

2
1 z z

C,>C,+C,, C,>C,+C,

1 x+1 x*+x 1 x*+x x+1
|A|=1 y+1 y2+y:(—1)1 y+y y+l
1 z+1 Z*+z 1 Z2+z z+1

1 x x* [ x*+x x+1
1y y2¢1 y2+y y+1

1 z 72° 1 22+z z+1

178. Ans (d)

Sol ; Since matrix multiplication is not cumulative MN == NM
179. Ans :1

Sol : Let ‘A’ be an eigen value of ‘A’ then A” is an eigen value of A%, But A>. But A>=1
and 1 is only eigen value of ‘I’
A =l =#1
.. The + veeigen value=1
180. Ans: 1
Sol : P=1Ista Js
1 0 0

0 0 0 1
R, =R ifa=1toget|P|=0

.. Required value =1
Ans: 200
Det (A.B) = Det (A). Det(B)
=5%x40=200

Ans: (b)
The augmented matrix (AB)
21 35

=301 -4
1 25 14
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1 2 5 14
(AB)I|0 —6 —14 —46
0 O 0 0
~.p(A)=p(AB)=2<3 (no. Of variables)

.. The given system has infinitely many solutions.

Ans: 49

Let A= * Y
y l4—x

DetA:x(l4—x)—y2

For maximum value of Det A, y=0
y

|A| = x(l4—x) = (14x—x2) = f(x)(say)

=f'(x)=14-2x

=>f'(x)=0=>x=7

f"(x)=-2<0

o Atx =7, we get f(x) as maximum and is equal to 49.
184. Sol. (b)

For an upper triangular, lower triangular or diagonal matrix, the eigen values are the

diagonal elements of the matrix. Hence option (A) is true option (B) is not true. For

example: [_01 _03] is a real symmetric ' (.0 -3) but eigen values are -ve options (C)

and (D) are standard theorems.

185. Ans: (b)

Let the given system of equations be AX =B
The augmented matrix
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(AB):1 2 2 le
51 3 b,

R, —5R,

(12 2 b
0 9 -7 b,-5b,

.. Rank of A =2 = Rank of (AB) is less than the number of variables ‘3’
.. The system has infinite number of solutions.
Ans: 3
—A 1 -1
A-Al|=|-6 —11-1 6 |=0
-6 —-11  5-A
=1 +60 +110+6=0
=>A=-1,+2,+3

.. The required ratio = % =3

Ans: (a)
By properties of eigen values, only (A) is true.

Ans: (¢)

2 2

+ +

B:[p @ qZSJ:“T
pr+qs 1 +s

=|B| =|AAT|
=[B|= |A||AT\
={B|=|A||A]
=[B|=|A

Ans: (¢)

Letn=2 and A=[p qj
q r

N
B=
b2
Then f(x) =X'AX+B'X+C
= (px2 +2qgxy + ry2)+ (blx +b2y)+ C

S—f:O gives 2px +2qy+b, =0
X
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%:0 gives 2qx +2ry+b, =0
(1) & (2) can be written as

p T\Y b,
ie., 2AX=-B

Ax=-2
2

190. Sol. (©)
The given matrix equation can be written as AB = C
The matrix 'C' can be obtained from 'B' by interchanging R2 and R3

.. The above elementary operation on 'B' is equivalent to multiplying

'B' by the elementary matrix which can be obtained from R1 by interchanging R2 and
R3.

1 0 0
LA=[0 0 1

0 1 0

1-1 0
Now the eigen values of 'A' are obtained by solving [ 0 —A

0o 1
>1-DA2-1)=0

= 1=11,-1

191. Sol. A=

2 6 0]
Then| 4 12 8
-2 0 4]

24| = 23 |A] = 8(—12) = —96
192. Sol. Let a=(i+ ]+ k)

b=(21+ 3+ k)
¢=(51+ 6) + 4k)
ab=Q2+3+1)=6%0
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lal = V3
~ options (A), (C) and (D) are false To check linear dependency, let us consider the given
vectors as rows of A is 3 matrix (A). If rank of A is 3 then the vectors are linearly
independent otherwise dependent
1 1 1
A=12 3 1
5 6 4
Rz - 2R1, R3 - 5R1
1 1 1 1
~10 1 —1| R3+ R, ~ |0 -1
0 1 -1 0 0 O
~ Rank of ‘A’=2
Hence the given vectors are linearly dependent.
-5 2]

-9 6
|A— AIl=0
5-1 2 |4
-9 6-— /1| =0
A—21-12=0
A-4A1+3)=0

193. Sol. Let A= [

:>|_

A =4, -3 are eigen values

At A =4 — The eigen vectors are given by (A —41) X =0
e Gy 3) 6)=0)
ZAtA= -3 5 (A-3DX=0

5 9 ()=()

=~ (2) satistied by (D)
194. Sol. Since the eigen vectors of a real symmetric matrix are pair-wise
Orthogonal. (i.e., dot product =0) i.e., x;y; + X,y + x3y3 = 0.
195. Sol. From option (A)
P(Q + R)=(PQ + PR) # (PQ + RP)
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From option (B)
P-Q?=CP-QCFP-Q
(P?—PQ—QP+ Q%) # (P*-2PQ+ Q%)
From option ( C)

Det (P + Q) # (det P + det Q)

Takep=(g 8)Q=(8 g)
= DetP =0=Det(

Det(P+Q)=6
From option (D)
P+Q?*=CP+QP+0Q)
(P2 + PQ + QP + Q?) is only correct

Matrix multiplication need not be commutative in options (A) and (B).

3 2 1111 1
196. Sol. KT]K:(12—1)[2 4 2”2]=(68-1)[2 = (23)
1 2 6ll-1 —1

197. Sol. The sum of Eigen values of M = Trace of ‘M’
= 215+ 150 +550=915

198. Sol. The required determinant =
3
R3 — 3R1
(3) 1 3 0
“al=CE1D 12 -6 -8
3 1 2
=(-1) [1(-12+8) -3 (4+24)] = (-1) (-4 — 84) = 88.

6 0 4 4
199. Sol. [—2 14 8 18 ]
14 —14 0 —-10

R, © R,

~16 0 4 4

-2 14 8 18]
14 —14 0 —-10

R, >R, + 3R,; R; » Ry + 7R,
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0 42 28 58
0 -84 0 —116

R; = R; + 2R,
[—2 14 8 18]

[—2 14 8 18]

0 42 28 58
0 0 0O

~ Required rank =2

200. Sol.
1242
(AB)=[4 3 1 5
3231
R4_4‘R1, R3_3R1
1 2 4 2
~10 -5 =15 -3
0 -4 -9 -5
5R3_4R2
1 2 4 2
~ 10 =5 —JEEs
0 —4 Q5 =il

The given system can be written as AX =B

MATHEMATICS

. Rank of A = Rank of (A/B) = 3 = number of variables

Hence unique solution exists.

201.Sol.  (A/B)=

0
7/
1
7

R4 - 4R1, R3 - 3R1, R4 - R1

1 1 1 3

0 -4 3 -11
0 -1 -3 -8
0 -3 6 -3

R, & R;
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1 1 1 3

0 -1 -3 -8

0 -4 3 -—-11

0 -3 6 -3
R3 _4‘R2, R4 _3R2

1 1 1 3
0 -1 -3 -8
0 0 15 21
0 0 15 21

Ry — Ry

1 1 1 3
0 -1 -3 -8
0 0 15 21
0 0 0 O

s~ p(A) = p(A/B) = 3 = no. of variables
Hence there exists only one solution.
202. Sol. The eigen vectors corresponding to a symmetric positive definite are orthogonal.
-~ Dot product between any two eigen vectors corresponding to distinct eigen values is

Z€10.

203. Sol. A is a 3 X 3 matrix, for this matrix remaining two rows are identical with first
row
:>rank(A)=p (A):O
204. Sol. Let the given matrix be ‘A’
Characteristic equation is [A-Al| = 0

TS 0
0 et

0
0
1

WWW.VANIINSTITUTE.COM
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1-2
1-2 1 [[@=-1D%?-1]=0
1 1-2
ABA-2)1-3)=0
1=0,00,2,3 =~ The required value=2 X3 =6
205. Sol. Determinant of a matrix = Product of its eigen values.
~ Determinant is negative = there exists atleast one eigen value, which is negative.
206. Sol. dim (V; + V,)=dim (V;) +dim (V3)-dim (V; n V)
Minimum value of dim (V; N V,)
= dim (V;) +dim (J,)-max of dim (V; + V,) =4+4-6=2
207. Sol. Augmented matrix for given system is

1 2 3

[4/B]=| 1 -3 4 1
2 4 6 k

R, >R, —R,
R, —> R, +2R,

I —2 3 ¢l
g b 1 ¢
00 O 0nf <2

If a system has infinitely many solutions, we have k-2=0—= k=2

1
208 Sol. Let X = 2 | is an eigen vector = AX = AX
3

1
2
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12 A
=>| p+T|=|24 |=>A=12
36 31

Now 24 =p+7= p+7=24=p=17

209. Sol. All eigen values are real = A is Hermitian matrix = (Z )T =4

10 x 4 (10 5+ 4
=|5-j 20 2 |=[x 20 2 |=>x=5-j
4 2 -10) (4 2 -10

1 tan x r 1 —tan x
210. Sol. A= , A =
tan x 1 tan x 1

|A| =1+tan’ x =sec’ x

. 1 ( 1 —tanxj
A" =—
sec” x\ tanx 1

_ 1 —tan x 1 1 —tan x
Now, A" . A" =

tan x 1 Jsec’ x|\ tanx 1

1 [I—-tan’x —2tan’x

sec’x 2tanx 1—tan’x
1 2
‘AT.A‘I‘: - [(1+tan2x)J:seczx
sec” x

211. Sol. The characteristic Equation is |A -XI | =0

=X +6x"+11x+6+2a=0
Let f(x)= x’ +6x> +11x+6+2a =0
=(x+D(x+2)(x+3)+2a=0

*f(x) cannot have 3 real roots, if k is a root then f'(x) = (x—k)’, by comparing 6=-3k;
3k* =11

No such ‘k’ exists

Case I : If f(x)=0 has 2 repeated real roots say «,a, 8
Case ii: f(x)=0 has 3 real distinct roots «, 3, f
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Now f'(x)=0=x, =

At x; f(x) has a relative maxima

At X, f(x) has a relative minima
The graph of f(x) will be
Case i: Fig
Case ii: The graph for distinct roots
Casel:

max /l\

/X, X, !

X1 X2

min

X, repeated proof X repeated proof

Case II: The graph for distinct roots

/ | X2

.

S0:>aéL

5)
33

c.Inall cases f(x,)<0= 2(a—?

212. Sol. Option A, from the properties of determinant

213. Sol:option b, from the properties of eigen values

4 2 oo 4-1 2
214. Sol. LetA= | 3 , ch. Equation is |A—ﬂ,l|:0:> {3
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= A -72+10=0=>1=2.5
Least Eigen value is 2
215. Sol. |p|=24

” 4-3i - = 1(4-3 i
a = N = —
O Y 24| =i 443

2 3)\x 5
216. Sol. AX=B= =
3 p)\4 10

2 3 5
R, —>2R,-3R (0 _— 5]

System has no solution if o(A4/B) # p(A)
:>2p—9=o:>p=92=4.5

3-1
217. Sol. Ch. Equation is | 4
2
= A -427+521-2=0
= (A-1)(1*-31+2)=0
=S (A-DA-1)(A-2)=0= A=11,2
Smallest eigen value is 1, largest eigen value is 2.

218. Sol. Given A={a;},1<i,j<n,n>3

I 2 3
Consider 3x3matrix A=2 4 6
3 6 9

R, >R -2R
R, >R, -3R,
1 23
0 0 0|=r(A)=1
0 0O
Option (B) is correct
219. Sol. Given eigen values are in the ratio 3:1. For p =2,

Ch. Equation is 1 —41+3=0=1=1,3
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2 1
N _14 _
From the options if we take p = 3 then A = { L1 y]

=1 —(2+%)ﬂ+(?—1):0

= 12 —?m%:o:w—20/1+25=o:>/1=5,% having the ratio 3:1

220. sol: A=LU :(2 2):[1“ Oj(l ulzj:(l“ bty j
4 9 121 122 0 1 121 lzlulz + 122

=0, =2%Lu,=2=>u, =1
Ly =9:Lu,+1,=9=1,=5
3 4 45

221.Sol. LetA=| 7 9 105
13 2 195

42 4 3

By performing the given operations, matrix is converted as B=| 280 11 300
-182 2 195
[8=0
222. Sol. For linearly dependent vectors |A| =0
1l » 3

=2 6 4=0=2x-6=0=>x=3
I x 2

s axeaxs(? 21)eaf)
G

224.Ans: (D)
Sol: x = 6, y =-2 is the solution of equation
2x+5y =2 and 4x + 3y =-30
225.Ans: (A)
2 1
]

Sol: A = [1 y
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If A1, A, are eigen values of Az

then |A| = }lez

226. Ans: (O)
Sol: By using definition
A real square matrix A is said to be skew-symmetric matrix if

AT = —A (or)ai]- = —aji A 1]

SokA=1]0 2 0
0 0 3

=>A=223
For A =2. The eigen vector is (A-2I) x =0

210]

2—-1 il 0 0 1 0 010
(A—21)=[ 0 YA — 0 ]=[0 0 0]~[0 0 1]
0 3—-41

0 € 0.l 0 0 O
(A—Al) = 2,n=3
P=n-r=3-2=1
The no. of Linearly independent eigen vectors corresponding to an eigen value A= 2 is
one &
corresponding to an eigen value A = 3 is one
.. The number of linearly independent eigen vectors of A is 2.
228.Ans: (C)

M =M*=1=M =M
12 1

-1

M8 =1=m!! =m7!

=M
MO=-MmZo1omP =M

= M4K+ 3, K is a natural number.
229. Ans:x=1
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Sol: For eigen value of A is to be zero, det (A) =0
3{(-63+7x)+52} 2{(-81 +9x)+78} +4 { =36 +42} =0
Lox=1

230.Ans: 3
Sol: trace (A) =14
atb+7=14
atb=7
det (A) =100
a 3 7
50 2 4{=100
0 0 b
10ab=100 = ab=10
a=5b=2(r)a=2,b=5

—la-b|=3

231.Ans: (D); Sol: det(A) = ¢° —ox

=6’+0’ =0’ —0x
= =0 =-0X
=>X=-0
232.Ans: (D)
Sol: u=x,¢, +X,€, +X,€,
(4939_3) =X (19092) + Xy (091:0) + X3 (_27091)
x—-2x,=4 — (3), x,=3,2%x, +x, =-3

On solving these equations, we get

233.Ans: (d)
Sol: Given P’ =P
Let A be an eigen value of P

Then A’ =A=2=0,1,-1
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234.Ans: (d)

sace=|; 2]
S

3x+ty=a

x+3y=b

a’+b’ =9x’ +y’ +6xy + x° + 9y’ + 6Xy

= 10x> +10y> +12xy=1 (a*+b’=1)
a=10,b=10,h=6

h* —ab<0

It represents ellipse

The lengths of semi-axes are (AB -H? ) r'—(A+B)r’ +1=0

64r* —20r* +1=0
1 I
1’ =—(or)r’ = —
4 ( ) 16
Both r” values are positive, so it represents ellipse.
1 1

rZE(Or)rZZ

Length of Major axis =2r =1

Length of Minor axis =2r =

L

2
. . . 1
Equation of the major axis is (a ——ZJX +hy=0
L

(10—4)X+ 6y=0

=x+y=0

Equation of the minor axis is (a —izjx+hy=0
r2

(10-16)x+6y=0

=y-x=0
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Major axis exists along y =—x and minor axis exists along y = x

1
The vector L} lies on the line y = x
.. Option (d) is correct.

235.Ans : 3

1
1
1

Char equation is [A —Al|=0=>-1"+3)% =0
=A1=3,0,0
236.Ans:(a)
Sol: A —

A2 5 1.4

“3A > -3,6
A > 4.4

1,-2

A2 3A+4 - 2, 14
. eigen values 2,14

Eigen vectors do not change.
237.Ans: (b)

Sol: p(Aus)=2 p(AL.)=2
p(AxB) < min{p(A), p(B)}
AAT of order 4x4 whose rank <2
ATA is of order 3x3 whose rank <2

238.Ans: All options are correct
239.ANS. (B)
Soln:
1 2 -3 a
(AB) = (2 3 3 b)
5 9 -6 c
(R, — 2Ry): (R3 — 5Ry)

VANI INSTITTUTE

Page 96

WWW.VANIINSTITUTE.COM




GATE MATHEMATICS

-3

-1 9 b—2a

0 0 0 (c—b-3a)
(c-b-3a)=0
3a+b-c=0

240.Ans: 0.125

Sol:A=1,2,4 ;]|Al=1x2x4=38 :»lA_1|=I
LA =AY =

(OR)

Eigen values of A are 1, 2, 4
1

- | 11 aety— 1 (D) (1) =
Eigen values of A~ are 1,2,4 ;A |—1(2)(

4

|(A™)T] = |A7] =

241.Ans: 15 ;;;
Soln: If A =2++/—1 = 2 + i is an Eigen value then 2- i is also Eigen value
Spl=QR+D)2-i)3=04+1)3=15
(Or)
Complex roots of a polynomial equation always occur in pairs.

If (2+1) is an eigen vale then (2-1) is also an eigen value of P.
Determinant of P = (2-+1) (2-1) 3=15
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CHAPTER- 2

Fourier Series
01.Letg: [0, ©) — [0,) be a function defined by g(x) = x —[x], where [x] represents

The integer part of x. ( That is, it is the largest integer which is less than or equal to x).
The value of the constant term in the Fourier series expansion of g(x) is
(GATE - 14 - EE -Set 1)

02. A function with a period 2JI is shown below. The Fourier series for this function is given by
(GATE -2000 [ CE))

(@) f(x) = %+ Z,‘;"_lnz—ﬂ sin (nz—n) cos nx

(b) f(x) = X1 nz—n (Sin nz—”) cos nx
() f(x) = 1/2 +Z;‘f_1nz—n Sin %ﬂ sinnx
d f(x) = 25—1;—71 Sin nz—” sinnx

03. Let f(x) be a real, periodic function satisfying f(—x) = — f(x). The general form of its Fourier
series representation would be (GATE -EE-16)

x)=a,+ )~ a,cos(kx)

X)= lebksin(kx)
=a,+ ) a,cos(kx)

d) £(x)=D." ay.sin(2k+1)x
04.The Fourier series of the function, (GATE —CE-16)
fx)=0,m<x<0
=m—x,0<x<m
in the interval [—m, 7] is
m  2[cosx cos3x
=gt ]

The convergence of the above Fourier series at x = 0 gives

i (- g2
(b) — ==
n 12

sinx 4 sin 2x + sin 3x
1 2 3

n=1

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 98



GATE MATHEMATICS

)n+1

= 1 _nz - (-1 o
(C);(Zn—nz_? (d); n—1 4

SOLUTIONS
FOURIER SERIES
01. Sol. g(x) =x — [x] is a periodic function with period ‘1°.
1 2L
~ag = o Jy g(x)dx
(if 2L is the period of g(x)
ZfolX dx (~wx—[x]=xin(0,1)) =
. -1
(0 if—m<X< -
02. Sol. f{ 1 if <X <2
0 if><X<m

_ 2 (" _
—;fozldx—l

nm
29

2 fn/zcosnx dx = = sin
m -0 nmn

b, =0
03.Ans; (b)

Sol: Given f(x) is a odd periodic function so, cosine terms will be zero in trigonometric
fourier series.

“fx) = by sin (kx) _

4 g\12 3 52 7

M “+3[1+3L2+L+...]

:Z T 52
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CHAPTER - 3
PROBABILITY AND STATISTICS QUESTIONS

01. The probability that a number selected at randombetween100 and 999 (both inclusive)
will not contain the digit 7 is (GATE -95)

16 9); 2 18
(a) > (b) (10} () > (d) >

The probability that it will rain today is 0.5. The probability that it will rain tomorrow is
0.6.The probability that it will rain either today or tomorrow is 0.7. What is the
probability that it will rain today and tomorrow? (GATE -97)
() 0.3 (b) 0.25 (c)0.35 (d)0.4

A die is rolled three times. The probability that exactly one odd number turns up among
the three outcomes is (GATE -98)

1 3 10 1
a)— b) = c)— d) —
(a) < (b) < (c) 2 (d) 3
The probability that two friends share the same birth-month is (GATE -98)

1 1 1 1
(a) i3 (b) 0 (C)m (d) N
Suppose that the expectation of a random variable X is 5. Which of the following
statement is true? (GATE -99)
(a) There is a sample point at which X has the value = 5
(b) There is a sample point at which X has the value > 5

(c) There is a sample point at which X has the value > 5 (d) None of the above
Consider two events E; and E, such that P (E;) :% ,P(Ey) = % and (E|1 E) :é .
Which of the following statement is true? (GATE -99)

(@)P(EiY Ey) = % (b) Ejand E; are independent

(c) E; and E; are not independent (dP (% )= %
2

Four arbitrary points (X1, y1), (X2, ¥2), (X3, ¥3), (X4, y4) are given in the xy-plane using the
method of least squares, if regressing y upon x gives the fitted line y = ax + b; and
regressingx upon y gives the fitted line x = cy + d, then (GATE -99)

(a) The two fitted lines must coincide (b) The two lines need not coincide

(c) It is possible that ac =0 (d) a must be 1
c

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 100




GATE MATHEMATICS

08.  E; and E; are events in a probability space satisfying the following constraints P (E;)=P
(E2); P(E1 Y Ey) = 1; E & E; are independent then P(E,) = (GATE-2000)

(a) 0 (b)% (c)% (d1

In a manufacturing plant, the probability of making a defective bolt is 0.1, the mean and
Standard deviation of defective bolts in a total of 900 bolts is respectively. (GATE-2000)
(A)90 &9 (b) 9 & 90 ()81 &9 (d)9 & 81

Seven car accidents occurred in a week, what is the probability that they all occurred on
the same day? (GATE-2001)

1 1 7
(b) 7—6 (©) 2—7 (d 2—7

Four fair coins are tossed simultaneously. The probability that at least one heads and at
least one tails turn up is? (GATE-2002)

1 7 15
(b) < (C)g (d)E

A regression model is used to express a variable Y as a function of another variable X.
This implies that (GATE-2002)
(a) There is a causal relationship between Y & X

(b) A value of X may be used to estimate a value of Y

(c) Values of X exactly determine values of Y

(d) There is no causal relationship between Y & X

Let P(E) denote probability of an event E. given P(A) = 1, P(B) = ' the values of P(A/B)
& P(B/A) respectively are (GATE-2003)

11 1L | 1 1
(a)ZaE (b)zaz (C)Eal (d) laz
A box contains 10 screws, 3 of which are defective two screws are drawn at random with
replacement the probability that none of the 2 screws is defective will be (GATE-2003)
(a) 100% (b) 50% (c) 49% (d) none of these
In a population of N families, 50% of the families have three children, 30% of families

have two children and the remaining families have one child. What is the probability that
a Randomly picked child belongs to a family with two children? (GATE-2004[IT])

3 6 3 3
(@) Z (b) Z (C)E (d g

If a fair coin is tossed 4 times, what is the probability that two heads and two tails will
result? (GATE-2004[CS])
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3 1 5 3
(a) g (b) E (c) g (d Z

An exam paper has 150 multiple choice questions of 1 mark each, with each question
having four choices. Each incorrect answer fetches -0.25 marks. Suppose 1000 students
choose all their answers randomly with uniform probability. The sum total of the
expected marks obtained by all the students is (GATE-2004[CS))
(@0 (b) 2550 (c) 7525 (d) 9375
In a class of 200 students, 125 have taken programming language course, 85 students have
taken data structures course, 65 students have taken computer organization, 30 students
havetaken both data structures and computer organization, 15 students have taken all the
threecourses. How many students have not taken any of the three courses?
(GATE-2004[IT))
(a) 15 (b) 20 (c) 25 (d) 35
A hydraulic structure has four gates which operate independently. The probability of
failure of each gate is 0.2. given that gate 1 has failed, the probability that both gates 2
and 3 will fail is (GATE-2004[IT])
(a) 0.240 (b) 0.200 (c) 0.040 (d) 0.008
From a pack of regular playing cards, two cards are drawn at random. What is the
probability that both cards will be kings, if the card is NOT replaced? (GATE-2004[IT])
1 1 1 1
(a) 2% (b)5—2 (C)@ (d)E
The following data about the flow of liquid was observed in a continuous chemical
process plant
Flow rate(litres/sec) | 7.5t07.7 | 7.7t07.9 | 79t08.1 | 8.1t083 | 8.3t08.5 | 8.5t08.7

Frequency 1 5 35 17 12 10

Mean flow rate of liquid is (GATE-2004)
(a) 8.00 liters/sec (b) 8.06 liters/sec (c) 8.16 liters/sec (d) 8.26 liters/sec

A bag contains 10 blue marbles, 20 black marbles and 30 red marbles. A marble is drawn

from the bag, its color recorded and it is put back in the bag. This process is repeated 3times.
The probability that no 2 of the marbles drawn have the same color is (GATE-2005[IT])

1 1 1
(b)g (C)Z (d 3

If P and Q are two random events, then the following is true (GATE-2005[EE))
(a) Independence of P and Q implies that probability (P~ Q) =0
(b) Probability (P n Q)= probability (P) + probability (Q)

(c) If P and Q are mutually exclusive then they must be independent
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(d) Probability (P~ Q) < probability (P)
A fair coin is tossed three times in succession. If the first toss produces a head, then the
probability of getting exactly two heads in three tosses is (GATE-2005[EE])

1 1 3 3
(a)g (b) 5 () g (d Z

Two dice are thrown simultaneously. The probability that the sum of numbers on both
exceeds 8 is (GATE-2005[PI))

4 7 9 10
(a) 36 (b) 36 () 36 (d) 36
A lot had 10% defective items. Ten items are chosen randomly from this lot. The
probability that exactly two of the chosen items are defectiveis ~ (GATE-2005[ME])
(a) 0.0036 (b) 0.1937 (c) 0.2234 (d) 0.3874

A single die is thrown two times. What is the probability that the sum is neither 8 nor 9?
(GATE-2005[ME))

1 5 1 3
(a) 5 (b) % (c) Z (d Z

The probability that there are 53 Sundays in a randomly chosen leap year is
(GATE-2005[IN])

1 1 1 2
(a) 7 (b) ﬁ (C)g (d 7

A fair dice is rolled twice. The probability that an odd number will follow an even
number is (GATE-2005[EC]))

1 1 1 1
(3)5 (b) g () g (d Z

Lot has 10% defective items. Ten items are chosen randomly from this lot. The

probability that exactly 2 of the chosen items are defective is (GATE-2005)

(a) 0.0036 (b) 0.1937 (c) 0.2234 (d) 0.3874

The life of a bulb (in hours) is random variable with an exponential distribution f (t) =a.e™,0

<t< 0. the probability that its value lies between 100 & 200 hours is(GATE-2005[PI])

(a) &71000-¢ 2000 (b) &71%0_¢200 (c) e71000: 472000 (d) ¢ 2000_¢100a

Using given data points tabulated below, a straight line passing through the origin is

fitted using least squares method. The slope of the line is (GATE-2005)

X 1 2 3

Y 1.5 22 2.7
(b) 1 (c) 1.1
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33. Assume that the duration in minutes of a telephone conversation follows the

/5

exponentialdistribution f(x) = % e, x > 0. The probability that the conversation will

exceed fiveminutes is (GATE-2007[IN))

()~ () 1-1 (c) iz (d) 1_%
e e e e

If the standard deviation of the spot speed of vehicles in a high way is 8.8 kmph and the mean
speed of the vehicles is 33 kmph, the co-efficient of variation in speed is (GATE-2007[CE])
(a) 0.1517 (b) 0.1867 (c) 0.2666 (d) 0.3646
Let X &Y be two independent random variables. Which one of the relations between
expectation (E), Variance (Var) & Co variance (Cov) given below is FALSE?
(GATE-2007[ME))

(a) E(XY) = E(X) E(Y) (b) Cov(X,Y)=0
(¢) Var(X+Y) = Var(X) + Var(Y) (d) E(X*Y?) = (E(X))* (E(Y))*
Two cards are drawn at random in succession with replacement from a deck of 52 well
shuffled cards. Probability of getting both ‘Aces’ is (GATE-2007[PI))

1 2 1 2
(a) 169 (b) 169 () 'E} (d) 3

The random variable X taken on the values 1, 2 or 3 with probabilities 2+5P 1+3P

L.5+2P respectively. The values of P and E(X) are respectively (GATE-2007[PI])

(a) 0.05, 1.87 (b) 1.90, 5.87 (c) 0.05,1.10 (d) 0.25,1.40
If X is a continuous random variable whose probability density function is given by f(x)
N {k(Sx —2x*),0<x<2

then P(X>1) is (GATE-2007[PI])
0, otherwise

4 14 17
® < ©— @ ¢

If E denotes expectation, the variance of a random variable X is given by
(GATE-2007[EC)])
@ EX)E(X)  OECHEX) (0 EX) (d) E(X)
An examination consists of two papers, paper 1 & paper 2. The probability of failing in
Paperl is 0.3 and that in paper 2 is 0.2. Given that a student has failed in paper 2. The
Probabilityof failing in paper 1 is 0.6. The probability of a student failing in both the
papers is (GATE-2007[EC])
(@) 0.5 (b) 0.18 (c)0.12 (d) 0.06
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X is uniformly distributed random variable that takes values between zero and one.The

value of E( X ) will be (GATE-2008[EE])

(a0 (b) 1/8 (c) Ya (d) 172

A random variable is uniformly distributed over the interval 2 to 10. Its variance will be
(GATE=2008[IN])

(@) 12 (b) 6 (© 220 (d) 36

3 9
Consider a Gaussian distributed random variable with zero mean & standard deviation o
the value of its cumulative distribution function at the origin will be  (GATE-2008[IN])

(a0 (b) 0.5 (o)1 (d)10c

Px (X) = M +Ne®X) is the probability density function for the real random

variableX, over the entire X-axis, M and N are both positive real numbers. The equation

relating M and N is (GATE-2008[IN])

(a) M+%N=1 (b) 2M+§N=l (©MN =1 (d) M+N =3

A coin is tossed 4 times. What is the probability of getting heads exactly 3 times?
(GATE-2008[ME))

1 3 1 3
(a) Z (b) g (c) E (d Z

For a random variable X (-0 < X < o) following normal distribution, the mean is

p =100. If the probability is P = a for X >110. Then the probability of X lying between

90 & 110, 1.e.,P(90 < X <110) & equal to (GATE-2008[PI])

(a)1-2a (b) 1-a (c)1-a/2 (d) 2a

In a game, two players X and Y toss a coin alternately. Whosever gets a ‘head’ first wins

the game and the game is terminated. Assuming that player X starts the game. The

probability of player X winning the game is (GATE-2008[PI])
(a)1/3 (b) 12 (c)2/3 (d)3/4

Three values of x and y are to be fitted in a straight line in the form y = a + bx by the

method of least squares. Given Zx= 6, Zy=21, sz =14, ny= 46. The valuesof

a& b are respectively (GATE-2008)

(a)2,3 (b) 1,2 (©)2,1 (d)3,2

The standard normal probability function can be approximated asF (X N) =
1

1+exp(-1.7255X | X |

o~ Where X, = Standard Normal Deviate. If Mean &Standard
)
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Deviation of annual precipitation are 102 cm and 27 cm respectively, the probability that
the annual precipitation will be between90cm and 102cm is

(GATE-2009[CE))
(a) 66.7% (b) 50.0% (c) 33.3% (d) 16.7%
A fair coin is tossed 10 times. What is the probability that only the first two tosses
willyield heads? (GATE-2009[EC))

1 2 1 2 1 10 1 10
(a)(zj (b)IOCZ(EJ (c)(Ej (d) lOcz(Ej
Consider two independent random variables X and Y with identical distributions. The
variables X and Y take values 0,1 and 2 with probability 1/2 , 1/4 and 1/4
respectively.What is the conditional probability P(X+Y =2/ X-Y = 0)?
(GATE-2009[EC))
(@) 0 (b) 1/16 (c) 1/6 (d1
A discrete random variable X takes value from 1 to 5 with probabilities as shown in the
table. A student calculates the mean of X as 3.5 and her teacher calculates statements is
true? (GATE-2009[EC))
K 1 2 5
PX=K) 0.1 0.2 . . 0.1
(a) Both the student and the teacher are right

(b) Both the student and the teacher are wrong
(c) The student is wrong but the teacher is right
(d) The student is right but the teacher is wrong
A screening test is carried out to detect a certain disease. It is found that 12% of
thepositive reports and 15% of the negative reports are incorrect. Assuming that the
probability ofa person getting positive report is 0.01, the probability that a person tested
gets an incorrect report is (GATE-2009[IN])
(a) 0.0027 (b) 0.0173 (c) 0.1497 (d) 0.2100
If three coins are tossed simultaneously. The probability of getting at least one head is
(GATE-2009[ME))
(a) 1/8 (b) 3/8 (c)1/2 (d) 7/8
The standard deviation of a uniformly distributed random variable between 0 and 1 is
(GATE-2009]|ME])
5

1 1 7
(a) Nl (b) E (c) T2 (d 72
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Assume for simplicity that N people, all born in April (a month of 30 days) are collected
in aroom, consider the event of at least two people in the room being born on the same
date of the month even if in different years. Ex. 1980 & 1985. What is the smallest N so
that the Probability of this exceeds 0.5 is? (GATE-2009[EE])
(a) 20 (b) 7 (c) 15 (d) 16
A box contains 4 white balls and 3 red balls. In succession, two balls are randomly
selected and removed from the box. Given that first removed ball is white. The
probability that the second removed ball is (GATE-2010[EE])
(a)1/3 (b) 3/7 (c)1/2 (d) 4/7
A fair coin is tossed independently four times. The probability of the event “The number
of times heads show up is more than the number of times tails show up”
(GATE-2010[EC))

What is the probability that a divisor 1099 is a multiple of 1096  (GATE-2010[CS])
Consider a company that assembles computers. The probability of a faulty assembly of
any computer is p. The company there for subjects each computer to a testing process.
This testing process gives the correct result for any computer with a probability of
g-What is the probability of a computer being declared faulty ? (GATE-2010[CS])
(@pqt(1-p)(l-q9 ((b)A-qp (c) (1-p)q (d)pq

A box contains 2 washers, 3 nuts & 4 bolts. Items are drawn from the box at random one
at a time without replacement. The probability of drawing 2 washers first followed by 3
nuts and subsequently the 4 bolts is (GATE-2010[ME))
(a) 2/315 (b) 1/630 (c) 1/1260 (d) 1/2520

Two coins are simultaneously tossed. The probability of two heads simultaneously
appearing (GATE-2010[CE))
(a) 1/8 (b) 1/6 (c) 1/4 (d) 172

If a random variable X satisfies the Poisson’s distribution with a mean value of 2. Then
the probability that X > 2 is (GATE-2010[PI))

(a) 2¢™ (b) 1-2¢7 (c) 3¢” (d) 1-3¢™

Two white and two black balls kept in two bins, are arranged in four ways as shown

below in each arrangement, bin has to chosen randomly and only one ball needs to be

picked randomly from the chosen bin. Which one of the following arrangement has the
highest probability for getting a white ball picked? (GATE-2010[P1})

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 107



GATE

MATHEMATICS

Oe Iﬂl ‘0 o\ ‘o o\
(a) (b)
o O ‘oo 0\ " ‘ O \ ‘ooo\

A fair dice is tossed two times. The probability that the second toss results in a value that
is higher than the first toss (GATE-2011[EC))

2 5 1
(b) g (©) E (d) 5

The box 1 contains chips numbered 3,6,9,12 and 15. The box 2 contains chips numbered
6,11, 16, 21 and 26. Two chips, one from each box are drawn at random. The numbers
written on these chips are multiplied. The probability for the product to be an even
number is (GATE-2011[IN])

6 2 3 19
@25 5 ©% @

It is estimated that the average number of events during a year is 3. What is the
probability ofoccurance of not more than two more events over a two year duration?
Assume that the no. of events follow a poisson distribution (GATE-2011[PI))

(a) 0.052 (b) 0.062 (c) 0.072 (d) 0.082

An unbiased coin is tossed five times. The outcome of each toss is either a head or a
tail.Probability of getting at least one head is (GATE-2011|ME])

13 16 31

b)— c)— d) —

(b) T (c) T (d) T
There are two containers with one containing 4 red and 3 green balls and the other
containing3blue balls and 4 green balls. one ball is drawn at random from each container.

The probabilities that one of the ball is red and the other is blue will be (GATE-
2011[CE))

1 9 12 3
(a) 7 (b) E (c) E (d 7

If two fair coins are flipped and at least one of the outcomes is known to be a head. What
is the probability that both outcomes are heads? (GATE-2011[CS])

1 1 1 2
(a) g (b) Z (c) 5 (d g
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If the difference between the expectation of the square of a random variable [E ( X?*)]

and the square of the expectation of the random variable [ E(X)]2 is denoted by R, then
(GATE-2011[CS))

(aR=0 (b)R<0 (c)R>0 (dR>0

Consider a finite sequence of random values X = { x;, Xz, X3, Xn . Let u be the

mean and o be the standard deviation of X. let another finite sequence Y of the equal

length be derived from this y, = ax; + b, where a and b are positive constants. Let z,be

the mean o be the standard deviation of this sequence. Which one of the following

statements isincorrect? (GATE-2011[CS))
(a) Index position of mode of X in X is the same as the index position of mode of Y in Y
(b) Index position of median of X in X is the same as the index position of median of Yin Y.

(©) u, =au, +b (d) o,=aoc, +b

Two independent random variables X and Y are uniformly distributed in the interval [-1
1]. The probability that max [X, Y] is less than %2 is (GATE-2012[EC, EE, IN))
(a) Ya (b) 9/16 (c) Ya (d)2/4

A fair coin is tossed till a head appears for the first time. The probability thatthe number
of required tosses is odd, is (GATE-2012[EC, EE, IN])
(a)1/3 (b) 2 (c)2/3 (d) %

A box contains 4 red balls and 6 black balls. There balls are selected randomly from the box
one after another, without replacement. The probability that the selected setcontains set
contains one red ball and two black balls is (GATE-2012[ME, PI))
(a) 120 (b) 1/12 (c) 3/10 (d)

An automobile plant contracted to buy shock absorbers from two suppliers X and Y.X
supplies 60% and Y supplies40% of the shock absorbers. All shock absorbers are
subjected to a quality test. The ones that pass the quality test are considered reliable of X’

s shock absorbers, 96% are reliable. Of Y’ s shock absorbers, 72% are reliable the
probability that a randomly choosen shock absorber, which is found to reliable, is
made by Y is (GATE-2012[ME, PI}])
(a) 0.288 (b) 0.334 (c) 0.667 (d) 0.720

The annual precipitation data of a city is normally distributed with mean and standard
deviation as 1000mm and 200mm, respectively. The probabilitythat the annual
precipitation will be more than 1200 mm is (GATE-2012|CE))
(a) <50% (b) 50% (c) 75% (d) 100%

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 109




GATE

78.

MATHEMATICS

In an experiment, positive and negative values are equally likely to occur.The probability of
obtaining at most one negative value in five trials is (GATE-2012[CE))
@ 5 (b) 5 ©)5; @3

A continuous random variable X has a probability density functionF(X)= e¢™, 0<
x<co. ThenP {X>1}is (GATE-2013[EE, IN])
(a) 0.368 (b) 0.5 (c) 0.632 (d) 1.0

. . . . 1
Let U and V be two independent zero mean Gaussian random variables of variances "

and % respectively. The probability P(3V > 2U) IS (GATE-2013[EC))
(a) 4/9 (b) 2 (c)2/3 (d)5/9

Consider two identically distributed zero — mean random variables U and V.Let the
cumulative distribution functions of U and 2V be F(x) and G(x) respectively. Then, for
all values of X (GATE-2013[EC))
(a Fx)-G(x) <0 (b) F(x)-G(x) =0

(c) Fx)-G(x).x=0 (d) (F(x) - G(x)).x=0

Let X be a normal random variable with mean 1 and variance 4.The probability P {X <
0} is (GATE-2013[ME])
(@) 0.5 (b) greater than zero and less than 0.5

(c) greater than 0.5 and less than 1.0 (d) 1.0

The probability that a student knows the correct answer to a multiple choice question is

%.If the student does not know the answer, then the student guesses the answer. The

probability of guessing the answer being correct is %. Given that the student has

answeredthe question correctly, the conditional probability that the student knows the

correct answer is (GATE-2013[ME))

(a)= (b) 3 (o) OF

Find the value of A such that the function f(x) is a valid probability density

function - (GATE-2013[CE))

F(x) =A(x-1)(2-x) for1 <x<2  otherwise

(a) (b) (c) (d)

Suppose P is the number of cars per minute passing through a certain road junction

between 5 PM and 6 PM, and p has a Poisson distribution with mean 3. What is the

probability of observing fewer than 3 cars during any given minute in this interval?
(GATE-2013[CS))

(a) 8/(2¢%) (b) 9/((2¢°) (c) 17/(2¢) (d) 26/(2¢%)
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In a housing society, half of the families have a single child per family, while the
remaining half have two children per family. The probability that a child picked at
random, has a sibling is (GATE-2014 [EC-Set 1])
Let X;, X, and Xs;be independent and identically distributed random variables with
the uniform distribution on [0, 1]. The probability p{X; is the largest} is
(GATE-2014 [EC-Setl])
Let X be a real — valued random variable with E[X] and E[ X?] denoting the mean
values of X and X2, respectively. The relation which always holds true is
(GATE-2014 [EC-Setl])
(a) (E[XD? > E[X?] (b) E[X?] = (E[X])?
(c) E[X?] = (E[XD? (d) E[X?] > (E[X]?
Let X be a random variable which is uniformly chosen from the set of positive odd
numbers less than 100. The expectation, E[X], is (GATE-2014 [EC-Set 2 ])
An unbiased coin is tossed an infinite number of times. The probability that the fourth
head appears at the tenth toss is (GATE-2014 [EC-Set 3])
(a) 0.067 (b) 0.073 (c) 0.082 (d) 0.091
A fair coin is tossed repeatedly till both head and tail appear at least once.The average
number of tosses required is . (GATE-2014 [EC-Set 3])
Let X;, X, and Xsbe independent and identically distributed random variables
with the uniform distribution on [0, 1]. The probability P {X; + X, < X3} is
(GATE-2014 [EC-Set 3])

Let X be a zero mean unit variance Gaussian random variable. E [|X]|]is equal to
(GATE-2014 [EC-Set 4])

If calls arrive at a telephone exchange such that the time of arrival of any call is

independent of the time of arrival of earlier or future calls, the probability distribution
function of the total number of calls in a fixed time interval will be
(GATE-2014 [EC-Set 4])
(a) Poisson (b) Gaussian (c) Exponential (d) Gamma
Parcels from sender S to receiver R pass sequentially through two post — offices. Each

post — office has a probability% of losing an incoming parcel, independently of all other

parcels. Given that a parcel is lost, the probability that it was lost by the second post —
office is . (GATE-2014 [EC-Set 4])
(a) 1/4 (b) 1/5 (c)1/3 (d) 1/6
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96. A fair coin is tossed n times. The probability that the difference between the number of
heads and tails is (n — 3) is (GATE-2014 [EE-Set 1])
(@) 27" (b) 0 (¢) "Cp327" (d) 27m*3
97. Consider a die with the property that the probability of a face with ‘n’ dots showing up
is proportional to ‘n’.The probability of the face with three dots showing up is
(GATE-2014 [EE-Set 2])
Let X be a random variable with probability density function
0.2 forlx| <1
fx) = 01 forl <|x|<4
0 otherwise
The probability P(0.5 <x <5) is (GATE-2014 [EE-Set 2])

Lifetime of an electric bulb is a random variable with density f(x) = kx?2, where x is

measured in years. If the minimum and maximum lifetimes of bulb are 1 and 2 years
respectively, then the value of k is . (GATE-2014 [EE-Set 3])

Given that x is a random variable in the range [0, o] with a probability density function

X
e 2

' the constant K is (GATE-2014 IN -Set 1)

The figure shown the schematic of a production process with machines A, B and C. An
input job needs to be pre-processed either by A or by B before it is fed to C, from which
the final finished product comes out. The probabilities of failure of the machines are
given as:P, = 0.15, Pz = 0.05 &P, = 0.1
A
Inputjob | C Finished

" Product

Assuming independence of failures of the machines, the probability that a given job is
successfully processed (up to the third decimal place)is (GATE-2014 IN -Set 1)

In the following table, x is a discrete random variable and p(x) is the probability
density. The standard deviation of x is
X 1

P(X) |03

(GATE-2014ME -Set1)
(b) 0.36 (d) 0.6
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A box contains 25 parts of which 10 are defective. Two parts are being drawn
simultaneously in a random manner from the box. The probability of both the parts being
good is (GATE-2014 ME -Set 2)

OFs () 15 (0 @
Consider an unbiased cubic die with opposite faces coloured red, blue or green such that
each colour appears only two times on the die. If the die is thrown thrice, the probability
of obtaining red colour on top face of the die at least twice is (GATE-2014 ME -Set 2)
A group consists of equal number of men and women. Of this group 20% of the men
and 50% of the women are unemployed. If a person is selected at random from this
group, the probability of the selected person being employed is(GATE-2014 ME-Set 3)

A machine produces 0, 1 or 2 defective pieces in a day with associated probability of

12 . : .
—,—-and %, respectively. Then mean value and the variance of the number of defective

6’3
pieces produced by (GATE-2014 ME -Set 3)
(a) 1 and 1/3 (b) 1/3 and 1 (c) 1 and 4/3 (d) 1/3 and 4/3
A nationalized bank has found that the daily balance available in itssavings accounts
follows a normal distribution with a mean of Rs. 500 and a standard deviation of Rs. 50.
The percentage of savings account holders, who maintain an average daily balance more
than Rs.500 is (GATE-2014 ME-Set 4)
The number of accidents occurring in a plant in a month follows Poisson distribution with
mean as 5.2 The probability of occurrence of less than2 accidents in the plant during a
randomly selected month is (GATE-2014 ME-Set 4)
(a) 0.029 (b) 0.034 () 0.039 (d) 0.044

The probability density function of evaporation E on any day during a year in a

1
watershed is given by f(E) = {E 0 < E < 5mm/day

otherwise the probability that E lies in
0

between 2 and 4 mm/day inthe watershed is (in decimal)  (GATE-2014 CE -Setl)

A traffic office imposes on an average 5 number of penalties daily on traffic violators.

Assume that the number of penalties on different days is independent and follows a

Poisson distribution. The probability that there will be less than 4 penalties in a day
is . (GATE-2014 CE-Set 1)

A fair (unbiased) coin was tossed four times in succession and resulted in the following
outcomes; (i) Head, (ii) Head, (iii) Head, (iv) Head. The probability of obtaining a
“Tail” when the coin is tossed again is (GATE-2014 CE -Set 1)
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(a) 0 (b) % (c) 4/5 (d) 1/5

112.

If {x} is a continuous, real valued random variable defined over the interval(—oo, +o0)

1/x—a\>2
and its occurrence is defined by the density function given as:F(x) = \/271_[—%65(7)

where ‘a’ and ‘b’ are the statistical attributes of the random variable {x}. the value of

a 1/x—-a\?
the integral [ \/;T_*beE(T) dx is (GATE-2014 CE -Set 2)
—00

(a) 1 (2)0.5 () m @7

An observer counts 240veh/h at a specific highway location. Assume that the vehicle
arrival at the location is poisson distributed, the probability of having one vehicle arriving
over a 30- second time interval is . (GATE-2014 CE -Set 2)

A simple random sample of 100 observations was taken form a large population the

sample mean and the standard deviation were determined to be 80 and 12, respectively.
The standard error of mean is . (GATE-14- PI -Setl)

Marks obtained by 100 students in an examination are given in the table
SI.NO Marked Obtained Number of Students

1 23 20

2 30 20

3 85 40

4 40 20
What would be the mean, median, and mode of the marks obtained by the students?

(GATE-14- PI -Set 1)
(a) Mean 33; Median 35; Mode 40. (b) Mean 35; Median 32.5; Mode 40
(c) Mean 33; Median 35; Mode 35 (d) Mean 35; Median 32.5; Mode 35
In a given day in the rainy season, it may rain 70% of the time. If it rains, chance that a
village fair will make a loss on that day is 80%. However, if it does not rain, chance that
the fair will make a loss on that day is only10%. If the fair has not made a loss on a given
day in the rainy season, what is the probability that it has not rained on that day?
(GATE-14- PI-Set 1)

(a) 3/10 (b) 9/11 (c) 14/17 (d) 27/41
Suppose you break a stick of unit length at a point chosen uniformly at random. Then the
expected length of the shorter stick is . (GATE-14- CS -Set 1)
Four fair six-sided dice are rolled. The probability that the sum of the results being 22 is
X/1296. The value of X is . (GATE-14- CS-Setl)
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The security system at an IT office is composed of 10 computers of which exactly four
are working. To check whether the system is functional, the officials inspect four of the
computers picked at random (without replacement). The system is deemed functional if
at least three of the four computers inspected are working. Let the probability that the
system is deemed functional be denoted by p. Then 100p=__ . (GATE-14- CS-Set2)

Each of the nine words in the sentence “The Quick brown fox jumps over the lazy dog” is
written on a separate piece of paper. These nine pieces of paper are kept in a box. One of
the pieces is drawn at random from the box. The expected length of the word drawn is
.(The answer should be rounded to one decimal place.) (GATE-14-CS -Set 2)
The probability that a given positive integer lying between 1 and 100 (both inclusive) is
NOT divisible by 2, 3 or 5 is . (GATE-14- CS -Set 2)
Let S be a sample space and two mutually exclusive events A and B be such that AUB =
S. If P(.) denotes the probability of the event, the maximum value of P(A) P(B)
is . (GATE-14-CS-Set 3)
Suppose A and B are two independent events which probabilities P(4) # 0: P(B) = 0. Let

A, B are their complements which of the following statements is false (GATE-EC-15)
(2) P(4N B)=P(4).P(B) (b) P(4) = P(4)

(c) P(AU B) = P(A4)+ P(B) (d) P(AnB)=P(A).P(B)
The input X to the binary symmetric channel (BSC) shown in figure is ‘1’ with the
probability 0.8. The cross over probability is % . If the received bit Y = 0, the

conditional probability that ‘1’ was transmitted is (GATE-EC-15)

A source omits bit ‘0’ with probability % and bit ‘1° with probability%. The emitted bits

are communicated to the receiver. The receiver decides for either 0 or 1 based on the
received value R. It is given that conditional density function of Ris (GATE-EC-15)

1 ;—3<x<1 — ;—1<x<5

fR/O(r): 4 7’ and fR/l(r): 6

0 ; otherwise 0 ; otherwise

The minimum decision error probability is

A)0 B) %2 Q) % D) %
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126. Ram and Ramesh appeared in an interview for two vacancies in same dept. The

probability that Ram’s selection is % and Ramesh is%. What is the probability that only

one of them is selected? (GATE-EC-15)
47 1 13 35

AT B) ), ©) Vs D) 77ag

Let X=1{0,1} and Y = {0, 1} be two independent binary random variables. If P (X=0) =

p and P(Y=0) = q; then P(X+Y)>1 is equal to (GATE-EC-15)

A)pq H1-p)(1-q)  B)pq<0 C) p(1-q) D) I-pq

A random variable X represents number of times a fair coin needs to be tossed till two

consecutive heads appear for first time. The expectation of X is (GATE-EC-15)
A fair die with faces {1, 2, 3, 4, 5, 6} is thrown repeatedly till ‘3’ is observed for the first

time. Let X denote the number of times the die is thrown. The expected value of X is

(GATE-EC-15)
The variance of a random variable X with p.d.f f(x) = %|x|e‘x is (GATE-EC-15)

Given set A = {2, 3, 4, 5} and B = {11, 12, 13, 14, 15} two numbers are selected
randomly one from each set. What is the probability that sum of two number is equal to 1
to 10 (GATE-EE-15)

(A) 0.20 (B)0.25 (©)0.30 (D) 0.33
The probability that a student pass in maths, physics, chemistry are m, p, ¢ respectively of

these subjects students has 75% chance of passing atleast one, 50 % chance of passing atleast

two and 40% chance of pasiing exactly two : Following relations are drawn inm, p, c
I:p+tm+c= 2%0 M:p+m+c=13 T pxmxc = %0 (GATE-EE-15)

(A) only I is true (B) only II is true (C) I & 1II are true (D) I & III are true

a+bx: 0<x<l
~ If'the expected value E(X) =
0 otherwise

A random variable X has a p.d.f f(x) = {

% then  P(X <0.5) is (GATE-EE-15)

Two players A, B alternatively keep rolling a fair dice. The person to get six first wins
the game. If A starts the game, the chance of winning of B is (GATE-ME-15)

INEA ®) Y © 75 ) %,
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135. Among the four normal distribution with probability density function as shown below,
which one has the lowest varience? (GATE-ME-15)

(A) 1 (B)II (C) I (D) IV

v

11

11
I

The probability of obtaining at least two sixes in throwing fair dice, 4 times is

(GATE-ME-15)
®) 945 B) %44 © 3 ) 12745,

The vendors are asked to supply very high precision component. The respective
probabilities of their meeting the strict design specifications are 0.8, 0.7 and 0.5. Each
vendor supplies one component. The probability that out of total three components

supplied by the vendors at least one will meet the design specification is
(GATE-ME-15)
The chance of a student passing an exam is 20%, the chance of a student passing an exam

and getting above 90% marks in it is 5%. Given that a student pass the examination the
probability that student gets 90% marks is (GATE-ME-15)

1 2 5
(B) 7 ©) 5 D) 8

A coin is tossed thrice. Let X be an event has head occurs in each of the first two tosses.
Let Y be an event that tail occurs on third toss. Let Z be an event that two tails occurs in 3

tosses based on the above information which of the following statement is true.
(GATE-ME-15)

(A) X and Y are not independent (B) Y and Z are dependent

(C) Y and Z are independent (D) X and Z are independent

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 117



GATE MATHEMATICS

Y
140. IfP(X)= % s P(Y)= %and P(X NY) :% , the value of P(}J is (GATE-ME-15)

1 4 1 29
(A) " (B) 75 ©) 3 (D) 0
Consider the following probability mass function of a random variable X
q if X=0
p(x,q)=q1-q if X=1 (GATE-CE-15)

0 otherwise

If £=0.4, the variance of X is

Four cards are randomly selected from a pack of 52 cards. If first two cards are kings
what is the probability that third card is king (GATE-CE-15)

A %, B) %, © Vo< Va ) Viy< Yoo Vi

The probability density function of a random variable X is (GATE-CE-15)

X 2
=—(4- 0<x<2
/() 4( x) Jor0sx The mean g, of a random variable is

=0 otherwise

X and Y denote the sets containing 2 and 20 distinct objects respectively and F denotes
the set of all possible function defined from X to Y. Let f be randomly chosen function in
F. The probability of f being one to one is (GATE-CE-15)

145. Consider a Poisson distribution for the tossing of a biased coin. The mean for this

distribution is x. The standard deviation for this distribution is given by (GATE-ME-16)
(A) u (B) u* (C)u (D) 1/

146.The probability that a screw manufactured by a company is defective is 0.1. The company
sells screws in packets containing 5 screws and gives a guarantee of replacement if one or
more screws in the packet are found to be defective. The probability that a packet would
have to be replaced is (GATE-ME-16)

147.Students taking an exam are divided into two groups, P and Q such that each group has the
same number of students. The performance of each of the students in a test was evaluated
out of 200 marks. It was observed that the mean of group P was 105, while that of group Q
was 85. The standard deviation of group P was 25, while that of group Q was 5.
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Assuming that the marks were distributed on a normal distribution, which of the following

statements will have the highest probability of being TRUE?
(A) No student in group Q scored less marks than any student in group P.
(B) No student in group P scored less marks than any student in group Q.
(C) Most students of group Q scored marks in a narrower range than students in group P.

(D) The median of the marks of group P is 100.

148.Three cards were drawn from a pack 52 cards. The probability that they are a king, a queen,
and a jack is (GATE-ME-16)

(A) (B) = © = (D)

8
16575

149. The area (in percentage) under standard normal distribution curve of random variable Z

within limits from —3 to +3 is (GATE-ME-16)

150. The second moment of a Poisson-distributed random variable is 2. The mean of the random
variable is . (GATE-EC-16)
151. Two random variables X and Y are distributed according to (GATE-EC-16)

foo(x,y) [(x+y), 0<x<l, 0<x<I
o, otherwise

The probability P(X +Y < 1) is

152. The probability of getting a “head” in a single toss of a biased coin is 0.3. The coin is
tossed repeatedly till a “head” is obtained. If the tosses are independent, then the probability
of getting “head” for the first time in the fifth toss is (GATE-EC-16)

153. Let the probability density function of a random variable X, be given as:

% e’3xu(x) +aeu (—X) where u(x) is the unit step function. (GATE-EE-16)

Then the value of ‘a’ and Prob {X <0}, respectively, are

1 1
a. 2 b) 4,— c) 2,—
) 2 ) 1

1
)
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154.Probability density function of a random variable X is given below (GATE-CE-16)

(025 ifl<x<5
fG) = { 0 otherwise

P(X <4)is

3 1 1 1
(A) 2 (B) 5 © 2 (D) 5

155. X and Y are two random independent events. It is known that P(X') = 0.40 and
P(X WY )= 0.7. Which one of the following is the value of P(X U Y)?  (GATE-CE-16)
(A) 0.7 (B)0.5 (©)04 (D)0.3

156. Iff(x) and g(x) are two probability density function. (GATE-CE-16)

X
(—+1 t—a<x<0
a

0<x<a

otherwise
:—a<x<0

0<x<a
otherwise

Which one of the following statements is true?
(A) Mean of f(x) and g(x) are same; Variance of f(x) and g(x) are same
(B) Mean of f(x) and g(x) are same; Variance of f(x) and g(x) are different
(C) Mean of f(x) and g(x) are different; Variance of f(x) and g(x) are same
(D) Mean of f(x) and g(x) are different; Variance of f(x) and g(x)are different
157. In a process, the number of cycles to failure decreases exponentially with an increase in
load. At a load of 80 units, it takes 100 cycles for failure. When the load is halved, it takes
10000 cycles for failure. The load for which the failure will happen in 5000 cyclesis .
(GATE-CE-16)
(A) 40.00 (B) 46.02 (C) 60.01 (D) 92.02
158.Type II error in hypothesis testing is (GATE-CE-16)

(A) acceptance of the null hypothesis when it is false and should be rejected

(B) rejection of the null hypothesis when it is true and should be accepted
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(C) rejection of the null hypothesis when it is false and should be rejected
(D) acceptance of the null hypothesis when it is true and should be accepted

159. Suppose that a shop has an equal number of LED bulbs of two different types. The
probability of an LED bulb lasting more than 100 hours given that it is of Type 1 is 0.7, and
given that it is of Type 2 is 0.4. The probability that an LED bulb chosen uniformly at
random lasts more than 100hours is (GATE-CS-16)

160. A probability density function on the interval [a, 1] is givenby1/x” and outside this interval

the value of the function is zero. The value of a is (GATE-CS-16)
, , x[n] 1 1]'[1
161. A sequence x[n] is specified as = , forn>2
x[n—1] 1 010
The initial conditions are x[0] = 1, x[1] =1 and x[n] = 0 for n<0. The value of x[12] is

(GATE-EC-16)
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PROBABILITY AND STATISTICS
SOLUTIONS

Sol:  (d)
Total number of elements in a sample space n(S ) =" C =900:

Number of favorable cases=8x9x9:
§x9x9 _ 18

Required probability = —
a P Y 900 25

Sol:  (d)

From the given data P (E;) = 0.5, P (E;) =0.6, P (E;Y E»)=0.7

Required probability =P (E;nNE;) =P (E;) + P (E;) - P (E, Y E»)=0.4

Sol:  (b)

Probability of getting an odd number when a die is rolled = % = %

here number of trials n =3

2
By Binomial distribution required probability = 3, x % X (%) = %

Sol:  (b)
Number of elements in a sample space = 12 x12

Number of favorable cases =">C,

IZC 1

. - 5
Required probability 12x12 g
Sel: (¢
Since all sample points are within the limits wich are less than 5, so expected value can
not exceed 5
Sol:  (¢)
Since P (E, Y E) =~ ++ - =12 ana pe1/E2)= 34 2
2 3 5 30 5 5

Remaining options are not possible so option ‘C’ is correct

Sol: option (b) is only possible, remaining cases are not possible
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08. Sol: (b)

given P (E;) = 1,since E;and E, are independent
P(E; UE;) = P(E)) + P(E,) — P(E|)P(E2)
=1+1-1=1

Sol:  (a)

Given p=0.1,n=900, g=1-p=0.9

Mean of a binomial distribution =n x p =90

Standard deviation SD=c= \jnxpxq=9
Sol:  (b)

The probability that an accident can occurred on any day of the week =

By Binomial distribution, required probability = 7, x 7L7 — 7L6

Sol:  (¢)
n(s) =16
since atleast one head and atleast one tail will turn up, number of favourable cases= 14
~the required probability = L i
16 8
Sol: (b)
Y=ax+b
represent a line of regression, which estimate Y using a known parameter 'x'
Sol: (d)
Given P(A)=1,P(B)=1/2, since BLA: AnB=8B

= P(ANB)=P(B)=

1
2

Now P(éjz P(A1B) =1,

B P(B)

P(Bj P(B14) 1

4)” Pa) 2
Sol: (d)

The probability that first screw drawn is defective is 3/10.
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The probability that second screw drawn is also defective is 3/10. (because first one is
replaced).

. . 3 3
Required probability = — x —
Amreap Y770 10

Sol: (b)

Let x be the number of families

Number of children belonging to families with 3 children = %x 3 (since 50% of the
families belongs to 3 children)

Number of children belonging to families with 2 children = f—(); x 2 (since 30%of the
families belongs to 2 children)

Number of children belonging to families with 1 child = 2?)6 (since 20% of the families

belongs to 1 child)

~probability of the family having 2 children =

Sol: (a)

By binomial distribution required probability =P (X =2) = 4, x [2

Sol: (d)
Let X denote the marks obtained for each question. The probability distribution for X is

given below.

X 1 -0.25
P(X) 0.25 0.75

Expected marks for one question = E(X) = z X.P(X)

=1.(0.25) + (- 0.25) (0.75)

=0.0625

Expected marks for 150 questions = 150. (0.0625)

Total expected marks for 1000 students = 1000.(150).(0.0625)
=9375
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Sol: (¢)
Given P(P) = E,P(D) = E,P(C) -
200 200 200

P(PID) = =L P(PIC) = =2 P(DIC) = =2, p(PIDIC) = >
200 200 200 200

P(PYDYC)=P(P)+ P(D)+ P(C)- P(PID) - P(DIC) - P(PIC)+ P(PIDIC) = %

= P(PIDIC) = é

Number of students so have not taken any of the three courses = % x 200 =25

Sol: (¢)

Given P (failure of each gate) = 0.2

Since all gates are operating independently,we have P(G2 NG, ) = P(G2 ).P(G3)
=0.2 x0.2=10.04

Sol: (d)

.y . . : 4
Probability of drawing two king cards without replacement = szi = i
C2

Sol: (c) for the values of x we have to take mid values for the given data

Mid valuex | 7.6 . 8.0 8.2 84 | 8.6

Freq 17 12 |10

Midvalue= 76— 7-

H

808 4806

1
8

Mean = 2% _658 g ¢

> f 80

Sol: (b)

3 balls of different colors can be drawn in 6 ways

Required probability = 6(E X 20 X 3001
60 60 60) 6

By observing all options (d) is correct answer

Sol: (b)
Since first outcome is head,Sample space = {HHT, HTT, HTH, HHH}
Required probability=2/4 = '
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Sol: (d)

n(s) =6x6 =36

sum exceeds 8 means it may be 9 or 10 or 11 or 12

= E={(,6), (4,5), (5,4), (6,3), (4,6), (5,5), (6,4), (5,6), (6,5), (6,6)}

. . n(E) 10
Required probability = @ =36
Sol: (b)
Given p=0.1, g=0.9, n=10
Required probability = P (X =2)
=10c; x (0.1)2 % (0.9)8 =0.1937
Sol: (d)
Let E be the event of getting the sum 8 or 9
= n(E)=9
9 1

= P(E)= —=—
(E) 36 4

= Required probability = 1-P(E) =%

Sol: (d)

364days +1+1
leap year = 366 days =
i g (52x7)

Sample space = {SM,MT,TW,WTH,THF,FSAT,SATS} (remaining two days)

Required probability = %
Sol: (d)
Probability of getting an odd number when a fair dice is rolled = % = %

Probability of getting an even number when a fair dice is rolled = = = Required

1 . .
=— (Because both are independent since one after other case)

!
2 4

1
probability = E X

Sol: (b)
p=0.1, n=10
Mean u=nP=10x0.1=1
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2
px=2)= e 21 o3
2 2e

Sol: (a)
200 200
P(100 <X <200) = [ f(t)dt = [aedt =™ -

100 100
Sol: (b)
Let the required line be y = bx--- (1)

Then the normal of above equation is given by

2w _14_,

— 2 —
ny—be :b—zxz =11

y Xy
1.5 1.5
2.2 4.4
2.7 8.1

dy=64 | > xy=14

Sol: (a)

P(5<X<w):ff(x)dX=f%e‘X/5dx:l
5

5 e

Sol: (¢)
c=8.8u=33
8

Co-efficient of variation = — = 2—3 =0.266

Sol: (d)
All (Other cases are true for independent random variables)
Sol: (a)

4
Probability of drawing an Ace card from a pack of cards ZSL

<

4

<

4 1
Required probability = — x = (since cards are drawn one after other wish
52, 52 169

< q

replacement)
Sol: (a)

Sum of probabilities = 1
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24+5P 1+43P 15+2P
5 ’ 5 ’

ECX)=xP@¥=xj:l(2tfpj+2(li:Pj+3(L5;2pj

=1=45+10P=5= P =0.05

_ 8.5+0.85 187

Sol: (d)

We have Tf(x)dx=1:>j.k(Sx—sz)dlezk:%
—0 0

3
14

7

Now P(X>1)= ! f(x)dx = r

(Sx —2x* )dx

Sol: (a)
We have V,.(X)=E(X*)~-[E(X)]
Sol: (¢)
Given that P (1) =0.3, P(2) = 0.2, P(1/2) = 0.6
Using conditional probability, the probability that a student is failed in paperl given that
He is failed in paper2 is given by
A1) Pln2)

2 P(2)

P(I1N2)
0.2

Required probability = P(1n2)=0.12
Sol: (¢)

The p.d.f of uniform distribution is

0.6 =

f(x) = ! fora<x<b
b—a
Here f(x) = L=1
1-0
1 1
E(X3)=J.x3f(x)dx=1

0
Sol: (a)
(b-a)
For uniform distribution Var (X) = 12 fora<x<b
16
3
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Sol: (b)

Since the curve is symmetric about x =(isi.cat z=0

(X)dle

X

—00

]O. [Meiz‘x‘ + Ne ™ ]dx =1

—00

:>2Mje2xdx+2N'|.e3xdx=1:>M+2%:1
0 0

Sol: (a)
n=4, p=1/2,q=1/2

P(x =3)=4, Gﬂ

Sol: (a)

/',

P(X=>110)=a
P(X<90)=a
PO0O<X<110)=1-20 90 =100 110
Sol: (c)
Let P be the probability of getting head by any of the three persons

P(E)=p+q’p+q‘p+
Sol:

Given Zx = 6,2)} = 21,23(2 = 14,ny =46 and three values of x and y to fit

the straight line
Lety=a+bx

Then the normal equations are
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Zyzna+b2x
nyza2x+b2x2
21=3a+6b
46 = 6a + 14b
23=3a+7b
-21 =-3a+(-) 6b
2=D

~a=3

Sol: (d)

H=0 90 p p+o
(75) (129)

=102
p=102, c =27
We know that P (u—o < X <u+c) = 66%
= P(75<X<129)=66%
= P(75 <X <102)=33%
Therefore P (90 < X <102) =16.7%
Sol: (¢)

2
Probability for first two tosses to yield heads is (Ej , SO remaining tosses must be tails.

8
Therefore the probability for remaining tosses to be tails is (%)

1 2 1 8 1 10
Hence required probability = | — | x| = | =| —
P d @ @ @
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Sol: (¢)

P(XJrY:Qj_P[(X+Y:2)m(X—Y:O)]
X-Y=0) P(X ~Y =0)

1
p_PX=LY=1)_

P(X-Y =0)

1

6

1
Xi
_ 4" 4
T 1 1 1
XX
272 44

1 1
+—x—
4" 4

Sol: (b)
Givenu=3.5,0"=1.5
calculated , u = Z XP(X =x)=3.3
o’ = Z)CZP(X =Xx)-— [z xP(X = x)2]2
10.6-9=1.6
Sol: (c)
Given probability of getting positive report = 0.01
And probability of getting negative report = 0.99
Required probability = probability of getting incorrect report when it is test positive or
Negative
=(0.01) (0.12) + (0.99) (0.15)
= 12 xS 1497
10000 10000
Sol: (d)
Probability of getting at least one head = 1- probability of getting none heads
=1-P(X =0)

s (4

A
8
Sol: (a)

For uniform distribution, VarX =

b—a) .
% in [O,l]

M2
=&=Lfora<X<b
12 12

1
S D=c=—+

J12
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Sol:( b)
LetN=2,
1 _29

Probability that none of them born on the same day = 1 —— =

30 30

Required probability =1 - % = % is not greater than 0.5

Let N = 3, required probability = 1 - % X % =0.098

Let N =4, required probability = 1 - 29 X §>< 27 _ 0.188
30 30 30

Similarly N=7,

Required probability = 1 30 530 X30 30~ 30 CF

Sol: (¢)

Given that first removed ball is white.

Then the balls left in box are 3 white and 3 red balls.

€

Probability of second removed ball is red =

Sol: (d)
let X be the random variable which denote number of heads.
Givenn=4

Required probability is minimum 3 heads

3 4
= p(z3)=4, (5] (3]o4 (3] - Ple=3)+ P=0) =5
Sol: (a)

Number of divisors of10" = (n +1)°

Number of divisors of10”° =10,000

Number of divisors of 10°” which are multiples of 10°°

= Number of divisors of 10° = (3+1)* = 16

Required probability = 16/10000 = 1/625

Sol: (a)

Probability of faulty assembly of any computer = p
Probability that testing process gives the correct result = q

Required probability = probability of faulty assemble when it is tested correct (or)
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Probability of right assemble when it is tested incorrect
Sol: (¢)
w-2, n-3, b-4
Required probability = 2 X 1 X 3 X 2 X 1 X 4 X 3
9 8 7 6 553
Sol: (¢)
Sample space = {HH, HT, TH, TT}
Required probability, P (E) = 1/4
Sol: (d)
Given mean of Poisson distribution is 2. i.e. A=2
Required probability P (X >2)=1-P(X=0)+P(X=1)
=1- Ve + 2]
=1-¢[142] = 1-3¢”
Sol: (c)
probability of picking a white ball randomly is

1 1 1 2 1 1
o333 ® (3003
1 1 1 1 1 1
@ (33 @[50)+(573)%

Sol: (c)
E={(12),1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3.4), (3,5), (3,6), (4,5),(4.6),
(5,6) }
N (E) =15, n(s) =36
Required probability = n(E) — 15 = £l
n(s) 36 12
Sol: (d)
n(s) = 5., %5, =25
Let E be the event of picking one chip from each box such that product of numbers
On chips is even number.
~n(E)=(2x5)+(3%x3)=19

Required probability = %

Sol: (b)
Apply poisson distribution
Given n=2, p=3
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S A=np=6
Required probability is given by,
=P(X<2)=P(X=0)+P(X=1)+P(X=2)

/12
=e {1+/1+7} =0.0619

Sol: (d)

n:s,p:%’q:%

5

By binomial distribution P(X >1)=1-P(X =0)=1-5_ Gj - %
Sol: (c)

. o 4 3 12

Required probability =—x == —

1 P Y 7 7 49
Sol: (a)
n(s) =4

Let E, be the event of at least one of the outcomes is head.

1
P(EIE) =

P(E) 3

Required probability = P(%} _P(EJIE) 1

Sol: (d)
(R =Var(X) = E(X2 ) - [E(X)]2 > 0) (*. variance is positive)

Sol: (d)

Since Variance of constant is zero.

Sol: (b)

P[max(X,Y) |

=P [X<x, Y<y]

=P[X <x].P[Y <y]as X & Y are independent

11 1.1 9
:f_{zz dx f—{zE dy ==
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Sol:- (¢)

Req. Prob =%+ (%)3 + (2)5 + o

1
2

Sol:- (d)

Given 4R and 6B

‘cx'c, 1
IOC 2

3

required probability =

Sol:- (b)

P(X)=0.6 P(Y)=04

P(;)=096  P()=0.72
Y, P(YNR)

P(E )= P(R)

py— P)P(R/y)
)= P)P(R/x) +P()P(R/y)

_ (0.4)(0.72)
(0.6)(0.96)+ (0.4)(0.72)

Ans :- (a)
Given pu = 1000
We know that Z :XTT#

When X = 1200, 7 = 2201000 _
200

Req. Prob = P(x > 1200)
=P(Z>1)=05-P(0<Z<1)
<0.5

Ans (d)
PX<1)=PX=0)+PX=1)

=05

1

32 32

=56, (1) +50,x(5) =57 =5
Sol:- (a)

[o'e} [o'e} oo
PX>1)= [ f(x). dx =f e *dx = *— =e lor 2=0.368
1 1 -11q e
Sol:- (b)

Difference between the two normal random variables is also normal
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Random variable.
~P(3V =2 2U)=P(3V-2U = 0)
P(Z=0)="
Sol:- (d)
Difference between the two identically distributed zero mean random variable
Cumulative distribution functions is also normal random variable.
Sol: (b)
u=1, c2=4=21=2
PX<0)=P(Z<=)=P (Z< —3)
=P(Z<-0.5)
P(X <0)=0.5-P(0<Z<5)

Greater than zero & less than 0.5

Sol:- (d)

The probability that the student known the answer and answered the question correctly

-2
3

The probability of answering correctly by guessing == .
~ The required probability = an

Sol: 6

2
We have jf(x)dx—l
1

2
= [Alx—1)2-x)dx=1
1
2
= [ (—X?+3X —2)dx =1
1
—x3 x2 2
> A= +3%-2x| =1
3 2 1
o [27;26
Ans (¢)
P(X <3)=P(x=0) + P(x = 1) + P(x = 2)

=e34+3e34+9e732=172¢3

=122

=1
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86. Sol: - 0.66
Let N = the number of families
Total No. of children

-G+ (Gx2)= 7

N
~x2
Therefore required Probability = (Zg ) ==-=10.66

2
87. As X;, X,&X;are independent and identically distributed
P(X; is largest) = P(X,is largest) = P(X; is largest) =§ = 0.33
Sol: (B)
We know that
V(X) = E(X?) - [EX)]*= 0
=  EX?»=[EX)]

Sol:- 50

X 1 3

1 1 1
PX) 550

» EX) = XX P(X)
= Y (1+3++99)
N 5_10 (2500) = 50 ( + Sunoffirst ‘n’ odd umbers = n?)
Sol:- (C)
i = probability of getting a head any time

We have to get ‘3’ heads and ‘6’ tails in first ‘9’ tosses, before getting a head
In the 10" toss = 3heads in 9 tosses

. The required probability
- [oc, (%)3 (%)6] x1 = == _0082

Sol:- (3)
Let ‘X’ be a random variable which denotes the number of tosses required for the

First head to appear.
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Similarly “Y’ be another random variable which denotes the number of tosses required
For the first tail to appear.
Then P(X=2)=TH =~.-

P(X=3)=T.TH=—.-.

SEX) = (2% 5

[ 1 1 1
_2.E+3.2—2+4.2—3+....]

(1+25+3.5+)

-7

“4-1=

NIk, NIR N[Rr N|R

Similarly E(Y) = 2

~E(XHY) = E(X) +E(Y)= 242 =3

Sol:- 0.16

The probability density function of a uniform distribution function on [a, b] is
1

F(x) = -

1

o 1

In the given interval f(x) =

E(X) =2 = E(X,) = E(X3) = -
v = L= Lo yx,) = vxy)

12 12
SPX+X,<X3) = PX;+X,—X550)
1 1

1 1
EY) 5+3722

V(Y) V(X)) + V(X2) +V(X3)

:>S.D=\/I=l
4 2

1
~P(Y <0)=P(“E<h) =P<ZS0 2

g

1
2

(where z= % is a standard normal variable)
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GATE

/1]

= P(z > 1) (by symmetry of normal curve)

=P(z<-1)
— 05-PO0<z<1)
=0.5-0.3413
= 0.1587

Sol:- 0.8
-Giventhaty =0, =1

x2
Then f,(X) = \/%_ne_T
(0 0]

ElXI1= [ IXIfx(X)dx

—C0
X2

XZ
-z x2
2 dx

(0.e] (0.e]
_ Xe 2 -
—2{) mdx——m{)Xe

oo x2\ ®
2 G 2T e 27
= ;er 2dx = ; i
0 0
2
(Put X? =t>=>xdx = dt)

0-1 2
&) Wk 0

The number of phone calls in a fixed time interval is discrete random variable.

~ Option (a) follows discrete probability distribution and remaining option

Option (b), (c) & (d) are continuous probability distributions.

2

Sol:- 0.44
Probability that a parcel is lost by first Post-office =

Probability that it is lost by second post-office =§><

The Probability for losing the parcel = % + (g X é)

By Baye’s theorem
WWW.VANIINSTITUTE.COM
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4 1
Required Probability = " 251) = %: 0.44

55
Sol:- (b)
A fair coin is tossed ‘n’ times then the number of heads and tails can be

Shown below

H

n

n-1

n-2

2 n-2
1 n-1
0 n

~The difference between the number of heads and tails can be ‘n’ or (n-2) or (n—4)

.... Butit cannot be (n—1)or (n—3)or (n—>5).....

~The required probability =0

Ans :- 0.14
Let X be the random variable, which denotes the number of dots on aface of the

die. Then probability distribution table is shown below.

X 1 2 5 4

P(X) K 2K 3K 4K

YP(X) =1 (Where ‘K’ is the proportionality constant)

1
>K=—
21

~The required probability = 3K = 2= 12014

21 7
98. Sol:- 0.4

02for—-1<X<1
Given F(x)= 0.1 forx €[—4,-1)u(1,4]
0, otherwise
1 4 5
“P(0.5<X<5)= [ (0.2)dx + [ (0.1)dx+ [0dx
0.5 1 4
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* _1osk=32=0428
3 7
Sol:- 2

[0.0)

Total probability = [ f(x) dx =1

—00

(0.0]
i.e.,f £ ldx =1
0

Sol:- 0.893
The Probability that the input job fails at both
A and B=0.15 x 0.05 = 0.0075
The Probability that the input job is fed to C =1 - 0.0075 = 0.9925
-~ Required probability = 0.9925 x 0.9
=0.89325
102.  Sol:- (d)
Var=o? = Ex*f(x) - [Lxf (x)]
=[(1x0.3) + (4%0.6) + (9x0.1)] - [(1X0.3) + (2X0.6) + (3x0.1)]?
=(03+24+0.9) - (03+1.2+0.3)
=3.6—(1.8)°
=3.6-3.24=0.36
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~SD=0=v0.36 =0.6
Sol:- (a)

15¢, 7
25¢, 20

Required probability =

Sol:- 0.26

-LetP= % = probability of getting red colour q = (1 — é) = %

= probability of not getting red colour n =3
X = number of times red colour appeared
= Required probability = P(X > 2)
=P(X=2)+P(X=3)

2
=30.(3) () +3.(
6 7

+—=-—-=10.2593

27 27

Sol:- 0.65

Let P(M) = probability of selecting a man =
Similarly
P(W) = probability of selecting a woman = %

P(E/M) = probability of selecting an employed man = 80% = % = %

P(E/W) = probability of selecting an unemployed woman = 50% = % = %
-~ Required probability = P(M) P(E/M) + P(W) P(E/W)
Gx5)+Gx3)  =3(+3)=m=06s
Sol:- (a)
X
P(X)

~Mean u=3 X P(X)

=(0x5)+ (1) +2(5) =

Variance 62 = YX?P(X) — u?
= 2f(0xg)+ (13

8 2 1
:——1=_=_
6 6 3

107.  Sol:- 50
1 = 500Rs ,0 = 50 Rs
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g
=P(Z>0)=50%
Sol:- (b)
Given that A = 5.2

e~ AT

P(X=r)= -
P(X<2)=P(X=0)+P(X=1)
=e*+ e
=e*(A1+1)
=e™>2(5.2+1) = 0.034
Sol:- 0.4

P(X > 500) = P (z > =)

4
P(2<E<4) = [f(E)dx
2

dx = S (03 =5(4-2)

= 2=04

Sol:- 0.265

Giventhat A =5

Let X =number of penalties per day

~P(X<4) =P(X=0)+P(X=1)+P(X=2)+P(X=3)

—e(1+2+2+2)

—eS(1+5+ 2+ %)
2 6

=5
=——(36 + 75+ 125) = 0.265

Sol:- (b)

For every tossing getting atail is independent of the previous tosses.
~The required probability = %

Sol:- (b)

The given integral represents the area under the normal curve to the left
Side of the mean x = ‘a’ = 0.5 (The normal curve is symmetric about x = a).
Sol:- 0.27

Given thatd = 240 veh/h
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= %Veh/min=4veh/min=2Veh/30sec

~The required probability =P(X=1)
=let=2e2=027
114. Sol:-1.2

- Standard error of mean = —
Vn
12

(0 =S.D of sample n=size of the sample) = T = 1.2
Sol:-(¢)

_ (20%25)+(20%30)+(40x35)+(20x40)
100
500+600+1400+800 3300

= =20 _33
100 100

Mean

Median = The average marks of 50", 51% observations

35+35
=2=35

Mode = The value of marks with highest frequency = 35.
Sol:- (d)

2

The probability of no loss on a rainy day = 1lox1_o

2
10
. . (55%25)
~ From Baye’s theorem, the required probability = W = —

10710/ \10" 10

The probability of no loss on anon-rainy day = % X

Sol:- 0.25
Let ‘x’ be the length of the shorter stick.

Now ‘x’ is uniformly distributed between 0 to %

~probability density  function
-1 _ 2
1/2
- Required expected length = [ x f(x) dx
0
1/2
= [ 2xdx=-=0.25
0
Sol:- 10

For the sum to be 22 we have two possible cases

Case (i) : Two 6’ s and one 4

. A
No. of ways we can obtain this is ;=4
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Case (i1) : Two 6’s and two 5’s

This can be obtained in — = 6ways

212!
~Required value of X =10
Sol:- 11.9

MATHEMATICS

p = probability of picking ‘3’ working computers or ‘4’ working computers.

_ 4C36C1+ 4-(:4_ _ 25

10¢, = 10¢, 210
~ Required value =100 p
= 100X = = 11.9
210
Sol:- 3.88

- Let X =length of the word drawn.

X has the following probability distributions.

X

B 4

P(X)

~Expected length = E(X)

_ (3x§)+(4x§)+(5x§)=3.88.

Ans :- 0.26

Number of integers in the set which are divisible by 2 or 3 or 5
=n(2) +n(3) + n(5) — n(2"3) — n(3"5) — n(5*2) + n(2"3"5)

=50+33+20-16-10-6+3
~The number of integers between 1 and 100,

=76

which are not divisible by 2 or 3 or 5

=100—-74 =26

~Required probability = % = 0.26

Sol:- 0.25
Given that(AUB) =S
= P(AUB) = P(S) = 1

= P(A) + P(B) = 1(~ A, B are mutually exclusive)

Letp(A)=x
= P(B) = (1-x)
Let f(x)=x(1-x)
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FP(x)=1-2x

FFx)=0 :>x=%

F (x)=-2<0atx=>

1

f(x) is maximum at x = >

maximum value of P(A)P(B)=x(1-x) =3(1-2)=025

123 Sol. Option (C) is wrong since P(AU B) = P(A)+ P(B)— P(A).P(B) for independent values

124.  The input X to the binary symmetric channel (BSC) shown in figure is ‘1’ with the

probability 0.8. The cross over probability is % . If the received bit Y = 0, the

conditional probability that ‘1 was transmitted is

Sol.  (0.4)

P[X=0]=0.2
P[X=1]=0.8
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Y=0
—_ :1 * = =
P(X:J A,P(X 1)=0.8
P =0)=02x2408x1=2
7 77

103
:>P(X:yY=O):77:O4
7

125). Ans : - (d)
Sol :- The point of Intersection both PDF’s (Threshold value,v) should occur between -1 and

+1. Hence probability of error is [7+v]/36 and it should be minimum.

by taking v as -1 we get Minimum probability of error which is 1/6

126)Sol.  (1/4)

P(Ram) =é ; P(Ramesh) =é

Here the events are independent

P(only one)= P(Ram)x P(Ramesh) + P(Ramesh)x P(Ram)
1 7 15

=—X—4—X—=

1
6 8 8 6 4
127. Ans : (d)
Given P(X=0)=p=P(X=1)=1-p
P(Y=0)=q=p(Y=1)=1-q
NowP(X+Y)21=1-[p(X+Y)=0]
=1-[p(X=0,Y=0)]
=1-pq
128. Sol. (1.5)

Let X is a random variable denotes number of tossed to get two heads
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11
P(X=2)=HH=—x—
111
P(X=2)=HHH=—x—x—
2 2 2
P(X=4)=HHHH=lxlxlxl
2 222
Now,E(X)=2(1x1)+3(lxlx
2 2 2 2
129.Sol. (1.7854)
P(getting 3) = %

P(not getting 3) = %

Expected number of times to get 3 first is

+2(§x§xl)+3(
6 6 6

-2
= l(l—lJ =1.7851

6\36

Given f(x)= %|x| e
V(X)= E[X*]-{E[x]}’

E(X) = T xf (x)dx = T %|x =0 (-+ f(x) is odd)

—0 —o0

E(X?)= ]ixzf(x)dx = ]ixz %|x|ex dx

_2 I x’e“dx (- fis even)

—00

=31=6
131.Sol.  (A)

Denominator ‘C,.’C, =20

Favourable cases = 4 = required probability = 4 50~ % =0.2
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132.  Sol. (A)
P(at least two) — P(exact 2) =0.5-0.4=0.1

0.75=p+m+c+0.1-(0.5+0.11 x2) = p+m+c=0.65+0.7=135=27/

a+bx: 0<x<l
If the expected value E(X) =

A random variable X has a p.d.f f(x) = {

0 otherwise

P(X <0.5) is

Given E(X):%:jx.[a+bx]dx=4:>%+%=%:3a+2b=4 —-2)
0

By solvingl and2a=0,b=2
0.5 0.5
Now P(X <0.5)= [ f(x)dx=2 [ xdx =025
0 0
Sol. (D)
P(A wins ) = % P(B wins) = %

P (A fails) = % P(B fails) = %
Chance of A Chance of B

% Js
VARYZ
(%) <%

)= 9 Yo 1+(%6) +(36) +- =% % @ “Jhi
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135.
Sol. (D)

1

e
N2mo

p.d.f of normal distribution is f(x) =

o’is lowest = o is least
= ifo decreses = f(x) increase
= f(x) is in highest peak

Sol. (B)

n=4:p=%:g:%

P(x22)=1-P(x<2)=1-[P(x=0)+ p(x=1)]

=) 06) %) (04) |1
Sol.  (0.97)

P(at least one will meet specification) = 1 — P(none)=1-(1-0.8)(1-0.7)(1-0.5) =1 — 0.2x
0.3x0.5=0.97

Sol. (B)

A: student pass the exam

B: student gets above 90%
P(A)=20%: P(An B)=5%

_P(ANB) 5% 1
P(%)_ P(4)  20% 4

Sol. (D)

X ={HHT, HHH} =Y depends on X
Z={TTH, TTT}

Clearly X and Z are independent

Sol. (O)

P(z):P(XmY):%zzl

X P(X) % 3
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Consider the following probability mass function of a random variable X
£ if X=0
px,e)=<1-¢ if X=1

0 otherwise

If £=0.4, the variance of X is

(0.24)
P(x,e)=¢ if x=0
=l-¢ ifx=1

=0 otherwise
Given ¢ =04 >

P(x,e)=0.4 ifx=0
=0.6 ifx=1

=0  otherwise
Variance V(X)= E(X2 ) —[EX)T
E(X)=2x,P=0x0.4+1x0.6=0.6
E(X*)=3x’P =0"x0.4+1°x0.6=0.6

V(X)=0.6-(0.6)> =0.6—0.36 = 0.24

Sol. (B)

Since first two cards are kings, third card must be from remaining two kings out of 50

cards. So, required probability is %

Sol.  (1.0667)

2 2 2
Mean u = E(X)= I%(4—x2)dx =%j(4x2 —x)dx =
0

0

1 [4)63 X ’

22| =1.0667
305,

Sol.  (0.95)
| X|=2: |y|=20

Number of function from X — Y =20% = 400
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Number of one to one functions from X to Y is *’p,

380
So, required probability is —==——=0.95
ATEEP Y 400

145. Ans: (A)
Sol: For Poisson distribution mean = variance
given mean = [
.. variance =
..standard deviation=+/u
146.Ans: 0.41
Sol: We require P(x >1)= 1- P(x=0)
=1-5C(0.1)° (0.9)° = 0.4095 ~ 0.41
147.Ans: (c)
Sol: Group ‘P’
Mean (n) = 105
Standard deviation (6 ;) = 25
Pr(n—o<x<p+o)=0.6827
.. 68% within one standard deviation
1 —op =105 -25=280
W +op=105+25=130
~.range = 80 to 130
Distribution of P:

68% within on= standard deviation of P
7

.

o
77
o

_ _ 7

Mean (W) = 85

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 152




GATE MATHEMATICS

Standard deviation (62) =5
Pr(n—o<x<p+o)=0.6827

.. 68% within one standard deviation

H—0, =85-5=80

W+o,=85+5=90

..range of Q in one standard deviation is 80 to 90

68% within one standard deviation of Q is narrower

Distribution of ‘Q’

/7
7

80 8590

68% within one standard
deviation of Q

.. 68% within one standard deviation of ) means most students of group Q.

.. Most students of group ‘Q’ scored marks in a narrower range than students in group ‘P’

148. Ans: (A)

4C1X4C1 ><4C1 18
52(:3 5525

Sol: Required probability =

149.Ans: (99.73)
Sol: In the standard normal curve the area between —3 &3 is 0.9973

.. Percentage of area is 99.73

150. Ans: A =1
Sol: E(xz) =2

V(X) = E () - (E(X))°
Let mean of the poission random variable be x

x=2-x2

x2+x-2=O

x=1,-2
~MeanisA=1
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151. Ans: 0.33

Sol: (PX+Y<I)= j f(x, y)dxdy
R

[ Jouydy

— x=0y=0

152.Ans: 0.07203

Sol: P =(0.7)%0.3)
=0.07203

153.Ans: (a)

Sol: £ )=%e3xu(x)+ae4xu(—x)

For a: If(x)dx:l
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154.Ans. (A)
Soln:

025 if1 <x<5
0 otherwise
4

P(X <4)= fF(x)d(X)

=00

1 4

[ rwaco + [ reodaeo

foo = {

4
fld 1 ., 3
1

155.Ans: (A)
Soln: P(X)=0.40P(XUY“)=0.7
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P(Y)=?
P(XUY®)=P(X)+P(Y")-P(X)P(Y)
=P(X)+P(Y)(1-P(X))
0.7=0.4+P(Y)(0.6)
0.7-0.4=P(Y")

%:P(YC):P(YC)=0.5

P(Y)=0.5
P(XUY)=P(X)+(Y)-P(X)P(Y)
=0.4+0.5-0.4x0.5=0.9-0.2=0.7
156.Ans:. (B)

Soln:

o0

E(f(x)) = f xf () dx
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V (g(x))= E(x*) — (E(X))’
0

3 A 3
X

X
E(XZ) = f—;dx+f7dx
0

157.Ans (B)
Soln: Load failure for cycles
80 100
40 10000
There is one failure 5000 cycles load must be between 80 and 40
. 46.02
158.Ans: (A)

Soln: Type II error means acceptance of the null hypothesis when it is false and should be

rejected.

159.Ans: 0.55
Sol: A— event of selection of type —I bulb
B — event of selection of type -2 bulb
E — event of selection of bulb glow for more than 100 hours
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E E 1 1
We require P(A)P (Z) + P(B)P (§> =3 x 0.7 + 3 X 0.4 = 0.55
(OR)

The probability that the bulb is type I and lasting more than 100 hours = % (0.7)
The probability that the bulb is type II and lasting more than 100 hours = % (0.4)
Required probability == (0.7) + > (0.4) = 0.55

160.Ans : 0.5

x—lz fora <x<1

0 otherwise
1

1
fﬁdle

a

soln: Given f(x) = {

jof(x)dx =1=

—17t 1
:[—] =1=-—-1=1
x 1_4 a

161.Ans: 233

et .
x(2)=2,x(1)=1

n=3

x(3)] [1 171 [3 2717 [3
ol ol o
x(3)=3,x(2)=2
From the above values we can write the recursive relation as
x(n) =x(n-1) + x(n -2)
x(2)=x(1)+x(0)=1+1=2
x(3)=x(2)+x(1)=2+1=3
x(4)=x(3)+x(2)=3+2=5
x(5)=x(4)+x(3)=5+3=8
x(6)=x(5)+x(4)=8+5=13
x(7) =x(6) + x(5) =13+ 8 =21
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x(8) = x(7) + x(6) =21 + 13 =34
x(9) = x(8) + x(7) =34+ 21 =55
x(10) = x(9) + x(8) = 55 + 34 = 89
x(11) =89 + 55 = 144

x(12) = 144 + 89 = 233
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CHAPTER - 4
CALCULUS

The function f(x,y) =x>y—3xy+2y+x has (GATE-93[ME])
(a) No local extreme

(b) One local maximum but no local minimum

(c) One local minimum but no local maximum

(d) One local minimum and one local maximum

it x(e" =1)+2(cosx—1)
}_I,%l x(1—cosx)

(GATE-93[ME])

A
The value of the double integral J Il al 5 dxdy = (GATE-93)
0 x +y

The value of ~ [e™.y"dy is (GATE-94|ME)
0

The integration of jlog xdx has the value (GATE-%4)

(a) (x log x-1) (b) log x-x (c) x (logx-1) (d) none of the above
The volume generated by revolving the area bounded by the parabola y = 8x and the line
x=2 about y-axis is (GATE-9%4)

1287 S 127

=07 by::= St d) N f the ab
(a) . ()1287[ (©) < (d) None of the above

The function y = x* + 220 at x = 5 attains (GATE-94)
X
(a) Maximum (b) Minimum (c) Neither (d) 1
The value of in the mean value theorem of f(b)-f(a) = (b-a) f for f(x) =Ax +Bx+C in
(a,b) is (GATE-%4)
b+a b—a

(@) b+a (b) b—a (c) 5 (d) 5

dx

Given y = [cosdt, then P _ (GATE-95[PI))
1

. : —2x .
If at every point of a certain curve , the slope of the tangent equals ——, the curve is

(GATE-95[CS))
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(a) A straight line (b) A parabola (c) A circle (d) An ellipse

x’ —cosx
m————— = GATE-95|CS
l;g;l’l x* +(sinx)> T ( [CSD

The area bounded by the parabola 2y=x and the lines x=y-4 is equal to (GATE-95[ME])
(a) 6 (b) 18 (c) (d) none

22x
By reversing the order of integration I j f(x, y)dydx may be represented as (GATE-95)

0 x?

22x 2 2x2

y 4y
@ [ [feeyydvae  ®) [ [fCadedy (@) [ [fGxydxdy (@) [[£xp)dydx

0y/2

The third term in the Taylors series expansion of e* about ‘a’ be (GATE-95)

(a) " (x—a) (b) %(x—a)z © % @ %(x—af

Limxsinl/x = (GATE-95)

x—0 -

(a) o0 b)) 0 (o)1 (d) does not exist
The function f(x)= |x + 1| on the interval [— 2,0] is (GATE-95)

(a) Continuous and differentiable
(b) Continuous on the interval but not differentiable at all points
(¢) Neither continuous nor differentiable

(d) Differentiable but not continuous
The function f(x) =x" —6x> +9x+25 has (GATE-95)

(a) a maxima at x=1 and a minimum at x=3
(b) a maxima at x=3 and a minima at x=1
(c) no maxima, but a minima at x=3

(d) a maxima at x=1 ,but no minima

Iff(0)=2and f'(x)= s !

then the lower and upper bounds of f(1) estimated by the

3>
mean value theorem are (GATE-95)
(a)1.9,2.2 (b)2.2,2.25 (c)2.25,2.5 (d) none of the above
If a function is continuous at a point its first deriv2ative (GATE-96)

(a) May or may not exist (b) Exists always
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(c) Will not exist (d) Has a unique value

What is the maximum value of the function f(x)=2x" —2x + 6 in the interval [0, 2]?
(GATE-97|CS))

(a)6 (b) 10 (c) 12 (d)s.5

Area bounded by the curve y = x*and the lines x =4 and y = 0 is given by(GATE-97)

(a) 64 (b) % (©) % (d) %

The curve given by the equation x° + y* = 3axy is (GATE-97)
(a) Symmetrical about x-axis (b) Symmetrical about y-axis
(c) Symmetrical about the line y = x (d) Tangential to x =y =a/3

Lim s1n6:n¢9 where m is an integer, is one of the following: (GATE-97)

6—0
(a) m (b)y mx (c) mé (d)1
If y= |x| forx <0andy=x for x >0 then (GATE-97)

(a) Z—y is discontinuous at x =0 (b) y is not discontinuous at x =0
X

(c) yisnotdefinedatx =0 (d) Both y and Z—y are discontinuous at x=0
X

If (x) = ]ﬁdt then fz¢ g (GATE-97)

(a) 2x° (b) Vx (©) 0 )1

Find the points of local maxima and minima if any of the following function defined in

0<x<6,x’ —6x° +9x+15 (GATE-98[CS])
The infinite series 1+ % + % + (GATE-98|CE))

(a) converges (b) diverges (c) oscillates (d) unstable
The continuous function f (X,y) is said to have a saddle point at (a,b) if  (GATE-98)
fi(a,b)=f,(a,b)=0 f.(a,0)=0,f,(a,b)=0

(a) £ off <0 at (a,b) (b) P at (a,b)
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fi(a,b)=0, f (a,b)=0 f.(a,b)=0, f,(a,b)=0
© at (a,b) d ,
f;ry - fxx -f‘yy < 0 f‘(y - fxx »f‘yy = 0

The Taylor’s series expansion of sin X is (GATE-98)

at (a,b)

2 4
(b) I+ + 2
21 41

3 5
X X

(d) x_aJr;_ ......

A discontinuous real function can be expressed as (GATE-98)
(a) Taylor’s series and Fourier’s series

(b) Taylor’s series but not Fourier’s series

(c) Neither Taylor’s series nor Fourier’s series

(d) Not by Taylor’s series but by Fourier’s series
Number of the inflection points for the curve y = x +2x"is (GATE-99[CE))

(@3 (b1 (¢)n (d) (n+1y

o0 | 2
The infinite series Zu
n=l1 (2”1)!

(a) converges (b) diverges (c) is unstable (d) oscillate

(GATE-99[CE])

4L =75%
5 (GATE-99[IN])

)1

Limit of the function, lim ——e— (GATE-99)

n—ow 2

n +n

(a) % (b) 0 (d)1

The function f(x)=e"is (GATE-99)
(a) Even (b) odd (c) neither even nor odd (d) None

Value of the function lim(x —a)™™ is

xX—a

()l (b)0 (c)e0 (d)a

(GATE-99)

The Taylor series expansion of sin x about x = % is givenby  (GATE-2000[CE])
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(GATE-2000)

(b) 7 @% ()2

1-4*

Limit of the function f(x) = —— as x—oo is given by (GATE-2000)
X

(a) 1 (b) e (c) o (d) 0

A2 2 2
% i o /2[ O ]: o 0 ]: isequalto___ (GATE-2000)
ox° G aNez

If f(x,y,z)=(x2 +y? +22)

()0 (b) 1 (c)2 (d) =30 + > +2%) 2

Consider the following integral lim I b (GATE-2000)
1

a—»o

(a) Diverges (b) converges to 1/3
(c) Converges to _%3 (d) converges to 0

3 5
X

Limit of the following series as x approaches % is f(x)=x- 37 + 5
(GATE-01[CE))

@% @% (1

(GATE-01[IN])

(b) 1/2 (d)2
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The value of the integral is I = | cos®xdx (GATE-01)

Tz 1 z 1 7z 1 7z 1
@5 ® 573 ©-573 @-5*3

The following function has local minima at which value of x, f(x) = xv/5—x"
(GATE-02[CE))

@;g (b) \/5 @Jg (@Jg

Limit of the following sequence as n—wis  x =n" (GATE-02[CE))

(a) 0 ()1 (c) (d) -0
Which of the following functions is not differentiable in the domain [-1, 1]?
(GATE-02)

(@) f(x)=x (b) f(x)=x-1 (©) f(x)=2 (d) f(x)=maximum(x,-x)

The value of the following definite integral in dx=__ (GATE-02)

(a) —21log2 (b)2 (d) none

The value of the following improper integral is I xlog xdx = (GATE-02)

0
(a) 1/4 (b)0 (c)-1/4 d1
The function f(x)=2x>+2xy—)" has (GATE-02)

(a) Only one stationary point at (0,0) (b) Two stationary points at (0,0) and (1/6, -1/3)
(c) Two stationary points at (0,0) and (1,-1)  (d) no stationary point
sin® x _

lim

x—0 X

(a) 0 (b) oo ()1 (d)-1

(GATE-03)

The area enclosed between the parabola y = x* and the straight line y=x is (GATE-04)

@ % OPA © Y @ Y
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53. If x=a(@+sin@) and y = a(l —cosH) then Zy

(a) sin 0 (b) cos & (c) Tan9) (d) Cot%,

The volume of an object expressed in spherical co-ordinates is given by

= (GATE-04)

r~ sin pdrd pd 6. the value of the integral is (GATE-04)
b) = dZ
(b) . (d) n

The value of the function, f(x)=lim—— i (GATE-04)
x =Tx

(@) 0 (b)-1/7 (d)
The function f(x)=2x" —3x* —36x + 2 has its maxima at (GATE-04)
(a) x =-2 only (b) x =0 only (c) x =3 only (d)bothx =-2 and x =3

j [sin6 x +sin’ x]dx is equal to (GATE-05[ME])

—a

(a) 2.[ sin® xdx (b) 2_[ sin’ xdx (c) 2_[ (sin® x + sin” x)dx (d) zero
0 0 0

For the function f(x) = x’e™*, the maximum occurs when x is equal to (GATE-05[EE])
(a) 2 (b) 1 (c)0 (d) -1

1
The value of the integral jlzdx is (GATE-05[IN])
X
-1

(a) 2 (b) does not exists  (c) -2 (d) o

The value of the integral 7 = ; j ¢ Kdvis (GATE-05[EC))
%

(a) 1 O ()2 (d) 2n

8 2
Changing the order of integration in the double integral / = I I f(x,y)dydx leads to
0%

f(x,y)dydx. what is q? (GATE-05)

(b) 16y’ (d)8
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By a change of variables x (u,v) =uv, y(u,v) = v/u in a double integral, the integral f(x, y)
Changes to f(uv, u/v). then ¢(u,v) is (GATE-05)
(a) 2v/u (b) 2uv (c) v? @1

0

IfS= J.x‘3dx then S has the value (GATE-05][EE])

(a) -1/3 (b) 1/4 d) 1

sinx

For real x, the maximum value of is (GATE-07][IN))

cosx
e

(a) 1 (b)e (c) e (d) o0

Consider the function f(x) = |x * where x is real. Then the function f(x)atx=01is
(GATE-07[IN))

(a) continuous but not differentiable. (b) once differentiable but not twice.

(c) twice differentiable but not thrice. (d) thrice differentiable.
The minimum value of function y = x* in the interval [1,5] is (GATE-07|ME))
(a)0 (b) 1 (c) 25 (d) undefined

2

X
e —(l+x+—)
lim 2 _ (GATE-07[ME])

x—0 X3

(2) 0 (b) 1/6 (c) 1/3 )1

(GATE-07[PI])
(a)4orl (b) 4 only (c) 1 only (d) undefined

What is the value of lim S25X ~SIMX (GATE-07[PI])
VT x— %

(a) V2 (b) 0 (c) -2 (d) limit does not exist
For the function f(x,y)=x’—»" defined on R?, the point (0,0) is (GATE-07[PI])
(a) a local minimum (b) Neither a local minimum nor a local maximum

(c) a local maximum (d) Both a local minimum and a local maximum
(GATE-07[EC))

(d) not defined
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72.  The following plot shows a function y which varies linearly with x. the value of the

2
Integral / = j ydx (GATE-07[EC))
1

(a)l (b)2.5 (c)2 (d)5
For the function ¢ *, the linear approximation around x =2 is (GATE-07[EC))

(@) (3-x)e” (b) (1-x) () [3 + 22— (1++2 )x] e?  (d) e

For |x| << 1,coth(x) can be approximated as (GATE-07[EC))
(a) x (b) x° (©) 1/x (d) L
X

Consider the function f(x)=x"—x—2. the maximum value of f(x) in the closed
interval [-4,4] is (GATE-07[EC))
(a) 18 (b) 10 (c)-2.25 (d) indeterminate

The value of [ [e e dxdy is (GATE-07[IN])

(a) % (b) N Ok (d) %

Consider the function f(x) = (x* —4)* where x is a real number. Then the function has
(GATE-07[EE])

(a) Only one minimum (b) Only two minima

(c) Three minima (d) Three maxima

27
The integral 2L I sin(¢ — r)cosrdt equals (GATE-07[EC))
T

0

(a) Sintcost (b) 0 ©) %cost ) %sint
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lim 230X (GATE-08[CS])

¥>® X + COS X

(a) 1 (b)-1 (c) 0 (d) -eo

A point on the curve is said to be an extremum if it is a local minimum (or) a local

Maximum the number of distinct extrema for the curve 3x* —16x° + 24x> + 37 is
(GATE-08[CS])

(2) 0 (b) 1 (c)2 (d)3

3 x
The value of [ (6 - x — y)dxdy is (GATE-08[CS])
00

(a) 13.5 (b) 27.0 (c) 40.5 (d) 54.0

Consider the shaded triangular region P shown in the figure. What is j j xydxdy ?
P

y (GATE-08][ME])
A

x+2y=2

1 2 7
@ = ®) 3 @) < (d)1

Given y = x° +2x +10 the value of Z—y is equal to (GATE-08[IN])
x

(a) 0 (b) 4 (c) 12 (d) 13

Sibs (GATE-08[IN))
x

(a) indeterminate )0 (©) 1 (d) o

The expression e " for x > 0 is equal to (GATE-08|ME))

(a) =x (b)x (c) —x~' (d) —x'

Consider the function y = x* —6x +9. The maximum value of y obtained when x varies
over the interval 2 to 5 is (GATE-08[IN))

(a1 (b)3 (c)4 (d)9
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87.  For real values of x, the minimum value of function f(x)=e" +¢ " is (GATE-08[EC])
(a) 2 (b) 1 (¢)0.5 (d)o

Which of the following function would have only odd powers of x in its Taylor series
Expansion about the point x =0 ? (GATE-08[EC])

(a) sin (x3 ) (b) sin (x2 ) (c) cos (x3 ) (d) cos (x2 )

In the Taylor series expansion of e¢* + sin x about the point x = =m, the coefficient of
(x—7)° is (GATE-08[EC))
(a) e” (b) 0.5¢" (c) e" +1 (d) " -1

The value of the integral of the function g(x,y)=4x’ +10y* along the straight line
segment from the point (0,0) to the point (1,2) in the xy-plane is (GATE-08|EC])

(a) 33 (b) 35 (c) 40 (d) 56

In the Taylor series expansion of e* about x = 2, the co-efficient of (x —2)* is (GATE-08[ME])

(a) % _ © % @<

The value of limX——= i (GATE-08[ME])

x—8 X — 8
1 1 1
(b) E (c) g (d) Z

Which of the following integral is unbounded? (GATE-08|ME))

s

(a) jtan xdx (b) I " +1x2 dx (©) ]{.xe’”dx (d) j. " _1 . dx

The length of the curve y = Exy > betweenx=0& x=11is (GATE-08[|ME])
4 3

(a) 0.27 (b) 0.67 ()1 (d)1.22

2
The value of the integral .[ (xcos x)dx 1s (GATE-08[PI))

2

()0 (b) #-2 (o)« (d) r+2

x—0

e'x

The value of the expression lim [sm_(x)} is (GATE-08[PI))
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1 1
(2) 0 (b) -~ (01 (d —
2 I+e
97. If (x,y) is continuous function defined over (x, y) €[0,1]x[0,1] given two constraints,

x>y and y > x”, the volume under f(x,y) is (GATE-09[EE])

y=I x=\/; y=l x=l
@ [ | fCxy)dxdy ) [ [ fCxy)dxdy
y=0 x=)? y=x? x=)*
y=l x=yy y=yx 2=y
© [ [ fCxey)dvdy @ [ [ fGxy)dedy
y=0 x=0 y=0 x=0
A parabolic cable is held between two supports at the same level. The horizontal span

between the supports is L. The sag at the mid-span is h. the equation of the parabola is

2
X . : . . ),
y=4h 7 where x is the horizontal coordinate with the origin at the centre of the cable.

The expression for the length of the cable is (GATE-10[CE})

L 2.2 L/2 3 2
h*x h’x
a 1+64 d b) 2 1+ 64 d
”{\/ r“ ®) { L~

L2 2 2 L/2 2.2
(©) j,/1+64thf dx (d)2j,/1+64th dx
0 0

The parabolic arc y =\/;,1 <x <2 is revolved around the x-axis. The volume of the

solid of revolution is (GATE-10[ME))

V4 V4 RY/4 RY/4
(a) Z (b) E () T (d 7

The distance between the origin and the point nearest to it on the surface z° =1+ xy is

(GATE-09[ME))
3
(@)1 @% (©) V3 (2
The area enclosed between the curves y* = 4xand x* =4y is (GATE-09]|ME])

@? (b) 8 @% (d) 16
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102. The Taylor series expansion of S X

(x-7)°

(a) 1+ 3

The total derivative of the function ‘xy’ is
(a) xdy + ydx (b) xdx + ydy
104. Att=0, the function f(¢) = 57 has
t
(a) a minimum
(c) a point of inflection

1

at x =m is given by

(c) dx +dy

(b) a discontinuity

(d) a maximum

The value of the quantity, where P = Ixe"dx is

0

()0

If ¢ = x"* theny has a

(b) 1

(a) maximum at x = ¢

(c) maximum at x= 1/e

(c)e

(b) minimum at x =¢

MATHEMATICS

(GATE-09[EC])

(GATE-09[PI))
(d) dxdy

(GATE-10[EE])

(GATE-10[EE])

(d) 1/e
(GATE-10[EC])

(d) minimum at x = 1/

If f(x)= sin|x| then the value of (i at x = -m/4 is

dx

(@) 0 (b) %

: I e 2 dx is equal to

Vaz

The integral

1
(a) E

(b) %

n—>0

2n
What is the value of lim(l — lj ?

n

(2) 0 (b) e
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(GATE-10[P1))

(d) 1

(GATE-10[PI])

(d) o

(GATE-10[CS])

)1
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2
sin(— x)
110.  The lim—3— is (GATE-10[CE])

x—0 X

@% (b) 1 @% (d) o0

Given a function f(x,y)=4x +6y> —8x —4y + 8, the optimal values of f(x,y) is
(GATE-10[CE))
(a) A minimum equal to 10/3 (b) A maximum equal to 10/3

(c) A minimum equal to 8/3 (d) A maximum equal to 8/3

3 5 7
X X

The infinite series f(x) = X— % + FTRET] + converges to (GATE-10[ME])

(a) cos(x) (b) sin(x) (c) sinh(x) (d) e*

dx

5 (GATE-10[ME))
1+x

The value of the integral j

(a) = (b) —m/2 (c)m/2 (A=
The function y = |2 . 3x| (GATE-10[ME))

(a) is continuous Vx € R and differential Vx € R

(b) is continuous Vx € R and differential Vx € R except at x = 3/2

(c) is continuous Vx € R and differential Vx € R except at x = 2/3

(d) is continuous Vx € R except at x = 3 and differential Vx € R

dx
2

The integral is continuous Vx € R and differential J' "
Sol+x

[t - %j 6sin(t)dt evaluates to

(GATE-10[IN])
(a) 6 (b) 3 ) 1.5 (d) 0

What should be the value of A such that the function defined below is continuous at

x=29 (GATE-11[CE])
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() 0 (b) 2n ()1

de‘?
Sridax =

(2) 0 (&% (©)a

(d) /2

(GATE-11[CE])

What is the value of the definite integral I
0

(d) 2a

A series expansion for the function sin @ is (GATE-11|ME))
0> o 0 o
(a)l—jﬁ-z— (b) 9—§+§—

2 4 3 5
(c)1+9—+9—+ (d)¢9+9—+9—+
204 3 s

If f(x) is even function and a is a positive real number, then I f(x)dx equals

—a

(@) 0 (b)a

What is Lim sin 0

-0

equal to?
(a) 6 (b) siné

4 < 1
The series ZT(X ~1)>" converges for

m=0

() —2< X <2 (b) 1< X <3 (¢) -3<X <1

Roots of the algebraic equation x* + x> + x +1=0 are
(a) (Lja'j) (b) (la'lsl) (C) (09070)
The function f(x)=2x—x* +3has

(a) A maxima at x = land a minima at x =5 (b) A maxima at x = 1 and a minima at x = -5

(c) Only a maxima at x = 1

Given i =4/—1, what will be the equation of the definite integral j

() 0 (b)2 (c) -

VANI INSTITTUTE

(GATE-11[ME])

(d) ZT f(x)dx

(GATE-11[ME])
@1
(GATE-11[IN])

d) X<3
(GATE-11[EE))
(d) (-1,j,7))

(GATE-11[EE))

(d) Only a minima at x =5

72 cos x +isin x
COSXTISME g
COS X —isinx

(d)i

0
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125.

126.

Consider the function f(x) = | x| inthe interval —1 <x < 1.
At the point x = 0, f(x) is (GATE-12 [ME, PI)])
(a) Continuous and differentiable. (b) non-continuous and differentiable.

(c) continuous and non-differentiable. (d) neither continuous nor differentiable.

Lim (Hﬂ) is (GATE-12 [ME, PI])

x>0\ x?

(a) 1/4 (b) 172 (o)1 (d)2

At x =0, the function f(x) = x3 + 1 has (GATE-12 [ME, PI))
(a) a maximum value (b) a minimum value (c) a singularity (d) a point of inflation

A Political party orders an arch for the entrance to the ground in which the annual
convention is being held. The profile of the arch in follows the equation Y= 2X-0.1 X*
where Y is is the arch of the meters. The maximum possible height of the arch is

(GATE-12 [ME, PI])
(a) 8 meters (b) 10 meters (c) 12 meters (d) 14 meters

2 3 4
The infinite series 1 +x+ % + % + % + ..... corresponds to (GATE -12 [CE))

(a) sec x (o) & (c) cos x (d) 1+ sin’x

A function Y = 5x* + 10x is defined over an open interval X = (1, 2). At least at one point
in this interval, % is exactly (GATE -2013 [EE])
(2)20 (b)25 (c) 30 (d) 35

The value of the definite integral | f Vx 1n (x)dx is (GATE -13 [ME))

43,2 2 m3 & 2. /34 % 432
(a)5Ved + 5 (b) 5Ve3 — ¢ (c)5Ved + 5 (d)5Ved — 2
The solution for f, /6 cos* 36 sin® 69 d6 is: (GATE -13 [CE])

(a)0 (b) = (©)1 (d)3

Which one of the following functions is continuous at x = 3? (GATE -13 [CE))
2, if x=3

@f=1*—1 if x>3 ® 0 ={

%, if x<3

if x=3
if x #3

©) f(x)={;_+f' Z: d) f(x)= if x#3

x3-271
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134.  The Taylor series expansion of 3 sin x + 2cos X is (GATE -14 — EC -Set 1)
3 3
()2 +3X - X" -+ (b)2-3X+ X -+
3 3
(©)2+3X+ X+ + (d)2-3X+ X+ -+

The volume under the surface Z(X, Y) = X + Y and above the triangle in XY plane
defined by {0<Y<Xand0<X<12}is (GATE -14 - EC -Set 1)

For 0 < t < oo, the maximum value of the function f(t) = "' — 2¢™' occurs at
(GATE-14-EC-Set 2)
(a) T=log. 4 (b) t=log. 2 (©)t=0 (d)t=log. 8

X
The values of lim,_, (1+ =) is (GATE-14-EC—Set 2)

(a) In2 (b) 1.0 (c)e (d) oo

The maximum value of the function f(x) = In(1+x) — x (where x > -1) occurs at x =
(GATE-14-EC-Set 3)

If z = xy In(xy), then (GATE-14-EC-Set 3)

0z 0z

ay

0z
==0
oy

0z
=0 (b) Yo, =X
0z
(dy +x
The maximum value of f(x) = 2x> — 9x* + 12x — 3 in the interval 0 < x < 3 is
(GATE-14-EC-Set 3)

The series Z?f:o% converges to (GATE-14-EC-Set3)

(a)2 In2 (b) V2 (c)2 (d)e
For a right angled triangle, if the sum of the lengths of the hypotenuse And a side is

kept constant, in order to have maximum area of the triangle, the angle between the
hypotenuse and the side is (GATE-14-EC-Set 4)

(a) 12° (b) 36° (c) 60° (d) 45°

Let f(x) = xe™. The maximum value of the function in the interval (0, ) is
(GATE-14-EE-Set 4)

(a)e’ (b)e (c)1-¢' (d1+e’
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144. Minimum of the real valued function f(x) = (x — 1)2/ 3 occurs at x equal to
(GATE-14-EE-Set2)
(a) —o0 (b) 0 (c) 1 (d1+e

8 [(v/2)+1
To evaluate the double integral [ )

0 y/2
substitution U = (ZXT_y) andv = % The integral will reduce to (GATE -14-EE—Set2)

2x—-y

. )dx dy, we make the

4 /2 471
(a) [ (f 2udu> dv ) [ (f 2udu> dv

0\O0 0\O0

4 /1 4 /21
(c) J (f udu) dv ) [ <f Zudu) dv
0 0

0 0

The minimum value of the function f(x) = x? — 3x% — 24x + 100 in the interval [-3, 3] is
(GATE-14-EE-Set 2)

(a) 20 (b) 28 (c) 16 (d) 32

A particle, starting from origin at t =0 s, is traveling along x — axis with velocity

V= gcos (g t) m/s At t = 3 s, the difference between the distance covered by the

particle and the magnitude of displacement from the originis___ .(GATE-14—EE—Set 2)

Given x(t) = 3 sin (10007t ) and Y(t) = Scos (10007t %) The x- y plot will be
(GATE -14-IN-Set 1)
(a) A circle (b) a mulit — loop closed curve

(c) a hyperbola (d) an ellipse

Lt x-sinx . (GATE-14-ME-Setl)

x = 0 1-cosx

(a)0 (b) 1 ()3 (d) not defined

Lt (ezx—l

= (4x)) is equal to (GATE-14-ME-Set2)

x—0
(@0 (b) 0.5 ()1 (d)2
If a function is continuous at a point,

(a) the limit of the function may not exist at the point

(b) the function must be derivable at the point

(c) the limit of the function at the point tends to infinity

(d) the limit must exist the point and the value of limit should be same as
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The value of the function at the point. (GATE-14-ME—-Set3)

2
. (x—1)?sin (x—1) .
152.  The value of the integral | %dx is (GATE-14-ME—-Set4)
(a)3 (b) 0 (c)-1 (d)-2
Lim (x +sinx
X — oo

(a) -0 (b)0 (c)1 (d) oo

) equal to (GATE-14-CE—Set 1)

With reference to the conventional Cartesian (x,y) coordinate system, the vertices of a

triangle have the following coordinates:
(x1,y1) =(1,0);  (x3,¥2) =(2,2);and  (x3,y3) = (4,3).
The area of the triangle is equal to (GATE -14—CE—Setl)
(a) (b) OF
The expression lim,_, % is equal to (GATE-14-CE-Set 2)

(a) log x )0 (c) x log x (d) o

sin@ cos@ tanf
T
Z) where

Let the function f(0) S (g) S (g) tan (
sin (g) cos G) tan G)

0 € E , %] and f ’(6) denote the derivative of f with respect to 6.

Which of the following statements is/are TRUE? (GATE-14-CS-Set 1)

(D) There exists 8 € E , g] such that f’(8) # 0.

(1) There exists 6 € |Z, %] such that (8) #0.

(a)Tonly (b)ITonly (c)BothIandII (d) neither I nor 11

The function f(x) = x sin x satisfies the following equation: F “ (x) + f (x) + t cos x = 0.
The value of t is . (GATE-14-CS-Set 1)
A function f(x) is continuous in the interval [0, 2]. It is known that f(0) = f(2) = -1 and
f(1) = 1. Which one of the following statements must be true? (GATE-14-CS—Set 1)
(a) There exists a “y’ in the interval (0, 1) such that f(y) = f(y+1)

(b) For every ‘y’ in the interval (0, 1), f(y) =f(2 —y)

(c) The maximum value of the function in the interval (0, 2) is 1

(d) Threre exists ay in the interval (0, 1) such that f(y) =-f(2 —y)
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If oznlxsin x| dx = km, Then the values of k is equal to . (GATE-14-CS-Set3)

The value the integral given below is [ On x% cosx dx (GATE-14-CS-Set3)
(a) -2 (b) () (d) 21

2Xx
The value of the integral [ [ e**Vdy dx is (GATE-14-ME-Set4)
00

@i-1) ®ie-1? ©iet-o  @i(e-2)

H 2
The expression v = [ mR? (1 - g) dh for the volume of a cone is equal to
0

R R
(a) {)nRZ (1 - %)2 dr (b) {)nRZ (1 - g)z dh (GATE -06 — EE)

H 2 R 2
() [ 2mrH (1-%) dh (@ [2mrH (1-%) dr
0 0

f=ayx"+ ax™y+ — —+a,_1xy"t + a, y" Where a; (i = 0ton) are

constants then  x Z_i S Z—f] 1s (GATE -06 — EE)

@~ Ok ©nf @ VF

A function f(x) = 1 - x> + x’ is defined in [-1, 1]. The value of ‘X’ in open interval (-1, 1)
for which the mean value theorem satisfied is (GATE-EC-15)

A) Y, B) ~1 oY D) ¥
The maximum area (in square units) of a rectangle whose vertices lie in the ellipse

¥’ +4y° =1is (GATE-EC-15)

SINA70) i (GATE-EC-15)

The value of I 12 cos(2xt).

At

The contour of XY plane, where the partial derivative of x° + y* w.r.ty is equal to partial
derivative of 6y+4x w.r.t ‘x’ is (GATE-EE-15)
A)y=2 B)yx=2 O)x+ty=4 D)x—-y=0
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If a continuous function f(x) does not have a root in the interval [a, b] then which of the
following statements is true? (GATE-EE-15)

A) f(a).f(b)=0 B) f(a).f(b)<0 C) f(a).f(b)>0 D) f(a).f(b) <0
Consider the function f(x)=1- |x| on —1<x <1, the value of ‘x’ at which te function
attains maxima and the maximum value is (GATE-EE-15)
A)O, -1 B)-1,0 0)o,1 D)-1,2

_ 2
The value of Lt -=995) 4o (GATE-ME-15)

x—0 2x4

A)O B) % Q) i D) Undefined

The value of f(3x —8y%)dx+(4y —6xy)dy where ‘¢’ is a boundary of the region bounded

byx=0,y=0andx+y=11is (GATE-ME-15)

7 -
If i =+/—1, the value of the definite integral [ = J‘ wdx is  (GATE-CE-15)

( COsSx—isinx

Al B)-1 Q)i D)-i

2x
Lt (1 +lj is equal to (GATE-CE-15)

X—>0

X
A) e’ B)e (&) D) ¢’

While minimizing the function f(x), necessary and sufficient conditions for a point x, to
be a minima are (GATE-CE-15)
A) f'(x)>0and f"(x,)=0 B) f'(x )<0and f"(x,)=0

C) f'(x,)=0 and f"(x,)<0 D) f(x)=0 and f"(x,)>0
Lt X~ is (GATE-CS-15)

D) Not defined

(GATE-CS-15)

Let f(x) = x_% and A denote the area of a region bounded by f(x) and X-axis, when x
varies from -1 to 1, which of the following is true (GATE-CS-15)
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I) fis continuous in [-1, 1]
IT) fis not bounded in [-1, 1]
IIT) A is non zero finite

A) Il only B) III only C) I and III only D) I, IT and III

178. Consider the function (x) = 2x° — 3x? in the domain [—1, 2]. The global minimum of f(x))is
x%-3x—4 .

(GATE-ME-16)
179. The values of x for which the function f(x) = porre NOT continuous at

3
(GATE-ME-16)
(A) 4 and -1 (B) 4 and 1 (C)—4 and 1 (D) —4 and -1

180. Lt 28+ 4o equal to (GATE-ME-16)

x>0 e3x—1

(A)0 ®) - © 3 (D)1

181. Lt Vx2+x—1—xis (GATE-ME-16)

X—>00

(A)0 ®) © 3 (D)1

1
182.The integral P J. ID (x+y+10)dxdy, where D denotes the disc: x> +y* < 4, evaluates to
T

(GATE-EC-16)

183. Which one of the following is a property of the solutions to the Laplace equation: V*f =0?
(A) The solutions have neither maxima nor minima anywhere except at the boundaries
(B) The solutions are not separable in the coordinates
(C) The solutions are not continuous
(D) The solutions are not dependent on the boundary conditions (GATE-EC-16)
184.As x varies from — 1 to 3, which of the following describes the behaviour of the function

fix)=x>-3x+1

(A) f(x) increases monotonically

(B) f(x) increases, then decreases and increases again

(C) f(x) decreases, then increases and decreases again (GATE-EC-16)

(D) f(x) increases and then decreases
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185. How many distinct values of x satisfy the equation sin(x) = x/2, where x is in radians?
A1 B)2 (©)3 (D) 4 or more
(GATE-EC-16)

186. Consider the time-varying vector I =X15cos(® t)+ ysin(wt) in Cartesian coordinates,

where @ > 0 is a constant. When the vector magnitude |I| is at its minimum value, the
angle O that I makes with the x axis (in degree, such that 0 <© < 180) is
(GATE-EC-16)

1
dx
187. The integral is equal to (GATE-EC-16)
'<[ V(A=x)

188. A triangle in the xy-plane is bounded by the straight lines 2x = 3y, y = 0 and x = 3. The
volume above the triangle and under the plane x +y +z=6is . (GATE-EC-16)

189. Consider the plot of f(x) versus x as shown below. (GATE-EC-16)

Suppose F(x) = .[ f(y)dy. Which one of the following is a graph of F(x) ?
-5

(B)

190.The region specified by {(p,9,Z):3<p<5,

coordinates has volume of . (GATE-EC-16)
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191.Given the following statements about a function f: R—R, select the right option: P : If f(x) is
continuous at X = X(), then it is also differentiable at x = x()
Q : If f(x) is continuous at X = x(), then it may not be differentiable at x = x(

R : If f(x) is differentiable at x = x(), then it is also continuous at x = x(
(A) P is true, Q is false, R is false (B) P is false, Q is true, R is true
(C) P is false, Q is true, R is false (D) P is true, Q is false, R is true (GATE-EC-16)

192.The value of line integral j(2xy2dx +2xydy + dZ) along a path joining the origin

(0, 0, 0) and the point (1, 1, 1) is (GATE-EC-16)
a) 0 b) 2 c)4 d)6

193. The value of the integral 2 j (sm fnt jdt is equal to (GATE-EE-16)
S\om

a) 0 b) 0.5 o)) I d)2

194. The line integral of the vector field F= 5xzf-|r(3x2 = 2y)j+XZZlA< along a path from (0, 0, 0)
to (1,1,1) parameterized by (t, tz,t) is (GATE-EE-16)
195.The maximum value attained by the function f(x) = x(x —1) (x —2) in the interval [1, 2] is ___
(GATE-EE-16)
196. If f(x) = 2x"+3x—>5, which of the following is a factor of f(x)? (GATE-CE-16)
(A) (x*+8) (B) (x-1) (C) (2x-5) (D) (x+1)

197._The_optimum value of the function f{x) = x’ — 4x +2 is (GATE-CE-16)

(A) 2 (maximum) (B) 2 (minimum) (C) 2 (maximum) (D) —2 (minimum)

198.What is the value of limx—o —>=? (GATE-CE-16)
Y0 x2+y2

(A)1 (B) -1 ©o (D) Limit does not exist
ANS: . (D)

199. The angle of intersection of the curves x? = 4y and y2 = 4x at point (0, 0) is (GATE-CE-16)
(A)0° (B) 30° (C)45° (D) 90°
200. The area between the parabola x> = 8y and the straight line y = 8 is
(GATE-CE-16)
201.The quadratic approximation of f(x) = x* — 3x* -5 at the point x = 0 is (GATE-CE-16)
(A)3x*—6x— 5 (B) -3x*-5
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(C)-3x*+6x—5 (D) 3x* -5
202. The area of the region bounded by the parabola y = x* + 1 and the straight line x + y = 3 is

(A) % (B)> © = (D)< (GATE-CE-16)

203. If f(x) = 2x"+3x—5, which of the following is a factor of f(x)? (GATE-CE-16)
(A) (X'+8) (B) (x-1) (€) (2x-5) (D) (xr+1)

sin (x—4) —

204. Lim,_,*=

(GATE-CE-16)
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CALCULUS
SOLUTIONS

Given f(x,y):x2 +3xy+2y+x

= Zl =2xy-3y+1= 0,% =x"-3x+2=0. By solving (1,1),(2,—1) are stationary
X

points.

2 2 2,07
Here 0 JZ X 0 J: _| &t <0=f (x) has no extrema. So optional is correct.
dx~ oy Ox0Oy

x(e* =1)+2(cosx —1) it (e" —1)+ xe" —2sinx[0j

x(1—cosx) x50 (1—cosx)+ x(sin x) 0

=]lim 7

e" +e* +xe* —2cosx( 0
50 SINX+Sinx+ xcosx

e +e" +e +xe’ +2sinx

=lim .
+50 COSX+COSX+COSX—XSInx

_I+1+1+0+0
I1+1+1-0

1 1/x 1

! s{ran”'y] dx=| x[Tanl (lj - Tanlx}dx

X 0 X

1
= Ix{£—2Tan1x}dx =1—£
0 L2 4

Convert the problem into Gamma function

Put y3 == 3y2dy —dt = yl/zdy =%y3/2dt =§l”2dt

I Y 1 /1 1
e~ == |- ==r1
! 3 3V2 3

Sol: (a)
jlog xdx = xlog x — J 1 x.dx [Integration by parts]
X

=xlogx—x

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 185




GATE MATHEMATICS

»2 4 27?
Volume = Imzdy: J.7Z' pA dy
N -4 8
3
5
Sol: (b)

250
Given y = X+
X

=y ' =2x- @ =0 = x = 5 is the stationary point
%

Now y'"=2+ﬁ:>y”(5)=2+4=6>0:> y is minimum at x =5
X

Sol: (c)

Using Lagrange’s mean value theorem,

f(b) - f(a)
5=}

(Ab*> +Bb+C)—(Aa” + Ba+C)
b—a

f'(c)= where f(x)= Ax* + Bx+C in (a,b)

=2Ac+ B =

_b+a
2

=cC

x2

. dy 2
G = tdt = —= t
iven y !cos = (cost);
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dy 2d [, d
= = = —_ 1) —"'1
dx cos(x) dx(x )COS( )dx

=2xcosx’
Sol:(a)

dy -2
From the given data av_—=x
dx 4

2 2

=—+ Y lis an ellipse
2C

C
Sol: (a)

sin x
3x+
_1: X _
=lim 5, =7
2+

1. 3x? +sinx
,11_1:0.1:1 2x+sin2x

Sol: (b)

Points of intersection (-2, 2), (4, 8)

4

2
2ifeR], = j{(4+x)—%}dx =18
=)

Sol: (c)

(0,0)

Given limits are

y=x>toy=2x and x=0tox=2: Variable limits for y
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To change the order of integration write the variable limits for X
X =y/2 to xz\/; andy=0toy=4

4y
I I f(x, y) dx dy

0y/2
Sol: (b)

(x—a)’
2

Third term is

fr@ =5 (-ay

Sol: (b)
“lim2 =0 (putlix=1)

a1t
Sol: (b)
We know that [x+a| is continuous every where
|x+a| is differentiable every where except at x = -a
|x+1]| is not differentiable at x = -1€ [-2, 0]
Sol: (a)
Given f(x) =x —6x> +9x+25
f'(x)=3x*-12x+9=0=>x=13
f"(x)=6x-12
f"()=-6<0=>max.atx=1
f"(3)=6>0—= min. atx =3
Sol: (b)
Let f(x) be defined in [0,1] by Lagrange’s mean value theorem,

S =10

3 ¢ €(0,1) such that f"(c) = 0

] _f()-2
5-¢* 1

We have O<c<1

=0<c* <1

=0>-c*>-1
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=22<f(1)<2.25

Sol: (a)

Every differentiable function is continuous but a continuous function may or may not be
Differentiable.

Sol: (¢)

Given f(x) =2x" —2x+2

= f'(x)=4x—2=0:>x=%

f"(x)=4>0= f(x) is minimum at x =1/2

~ f(0)=6, f(2) =12
.. Max value = 12

Sol: (b)

4
Area = szdx _ &
. 3

Sol: (¢)
f(x, y) = f(y, x) = curve is symmetric about the line y = x
Sol: (a)
Standard limit formula, |y sinm =m
250 0O
Sol: (c)
dy {1 forx>0
dx

And d_y is not defined when x =0
-1x<0 dx
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4. Ay . dy
--hmd—=—1’hm—=1
X

x—0" x—0*" dx

d_y is discontinuous at x =0

Given f(x)=x"—6x"+9x+15in 0<x<6
f1(x)=3x"-12x+9=0=>x=12
f"(1)=-6<0= maximaatx =1
f"(2)=6>0=minimaatx =2

Sol: (b)

Z Lp is convergent if p>1 and divergent if p<1 (P - test)
n

28. Sol: (b)

From the definition of manima and minima
29. Sol: (d)

By Taylor series

F(x¥) = £(0)+x/'(0)+ %f”(O) +

Let f(x) = sin x

Taylor’s series exist only for continuous and differentiable functions and

Fourier series exist even though the function have finite no. of discontinuous
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Points.
Sol: (b)

To obtain points of inflections equation 2™ derivative is zero
d’y

= —=

0=x=0,y=0
dx 4
. (0,0) is the only point of inflection
Sol: (a)
Apply Ratio test:
1)? 1]
b = (n) 0y = [(n+1)]

" 2n " 2n+2)!

Un+1 _ (n + 1)2
v (n+2)2n+1)

n

1 .
el Z <l= ZUn 1S converges..

Using L’Hospital rule

.1 jSse 5
—x —=—=0.5
limyo =5 =15

Sol: (d)

. n : 1 1
lim-—==lim === 5
Sol: (¢)
f(=x)=e" # f(x)(or) (x)

Sol: (a)

1

Let y=(x—a)"™ = logy =(x—a)log(x—a)

= lim(ogy) = 1im(x - @) log(x —a)\

xX—a xX—a

= log(lim») = hnlw(f formj =0 (<- Hospital rule)

x—a x—a l/x —da 0

=>|limE-a)™ = e’ =1

xX—a
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f)= f@ + (x -

Sol: (d)

”J/‘ 2[ cos(x+ )|y *dy = - I {COSK j o y}dy

0
/2

- J.[—siny—cosy]dy [~ cosy+siny
0

]ﬂ/Z

2
=0

5

hmfx dx = hm{ } A hm[ } JA

a—o | a—o

Sol: (d)
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Sol: (d)
Iﬁtx—%:44hn?m2t=2

t—0 t

Sol: (a)

/4 . /4
I J- 1+cos2x dy = £+s1n2x
0 2 2 4

0

T 1
= — 4 —
8 4

Sol: (d)

Given f(x)=xV5—-x’

"x) = _+ 2
f(x)—():>x—i\/;

f"(— %J > 0= f(x) has a minimum at x = —\/g

log, . .
= —n = hmlogxn 0= hmxn =1

n—>0 n—>0

x4 0
f(x)=max(x, —x)=<—x if x<0 =|x|
0 i =0

Sol: (c)

sin2x
x) =—— This is an odd function (*.*
SO = cosx unetion (¢ vy fx))
= f(x) is odd function

/2

.ajﬂmwzo

-r/2

Sol: (¢)

1 2 2

1
leog xdx =log xX J.x—— dx (Integration byparts)
0 2 2 x
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Sol: (b)
Given f(x,y) =2x>+2xy— )’

fo=4x+2y, f, =2x-3y°
=0 =0

=2x=-yand 2x-3y" =0
=-y-3y"=0
=y=0,-1/3
=x=0,1/6

(0,0),(1/6,—1/3) are the stationary points

Sol: (a)

sin x

hm xsinx=1x0=0
X

x—0

Sol: (b)

Area= (x — xz)dx %

Sol: (¢)

ax _ a(l+ cosb), P _ asin@
do do

d
dy _ %9 _asind

— tan®
dv~dy a(l+cos0) n%)
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54. Sol: (a)
55. Sol: (b)

1. X +x° _ 1 _—1
}g12x3—7x2 }g12x—7 7
56. Sol: (a)
f(x) =2x’ —3x" -36x+2
f'(x)=6x"-6x-36=0 =>x"—x—6=0
=x-3)(x+2)=0=>x=3,-2
f"(x)=12x-6
f"(3) =6>0= minimum
f"(-2) =-30 < 0 = maximum at x = -2
Sol: (a)
J. (sir16x+sin7 x)a’x:2_[sin6 xdx (. sin’ xis odd function)
2 0

Sol: (a)
Given, f(x)=x"e"

f'(x):eix[xz+2X:|:0:>x20,x=—2
fr'x)=e" [xz +2x+2x+ 2]
f"(0)=2>0 = minimum at x=0
['(=2)=e [—2] <0 = maximum at x =-2
Sol: (d)

(L

2

1
1
dy+ [ dx =0
Ox

Let izy :>dx=\/§dy

N
| Jr

1= J.e’yzx/gdy: ! X SXTZI
0

V2r V2r
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/// _
x=0¢f x=8

Given limits are variable limit for y
y=x/4t0 y=2

From the figure by changing the order of integration: y:0 ~ 2
x:0~4y

4y

= j f X,y dxdy
Sol: (a)
I = J] ) oy
o o

_ g5V _|ou ov
Wh e J =
ere ¢(u,v) {u,v} - Y

ou Ov

e X

Sol: (¢)

]jx%z’x—{ } A RIESA

Sol: (c)
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sinx

e in x—
f(.x) — — — esmx Cos X
e

f‘(x)z esinx—COSX[COSX+ sin x] =0=>x= 377[,_ %

f"(3%)< 0 = maximum at x = 3%
Max value= ]‘(37%)=ef2
Sol: (¢)
x*if x>0
f(x)=|x|3= —x* if x<0
0,if x=0

6xif x>0
—6x if x<0
0,if x=0
6if x>0
and f"'(x)=<-6 if x<0

does not exist if x =0

Similarly,

Sol: (b)

y=x"in[L5]

y is minimum when X is minimum in [1,5]

y is minimum at x = 1 (function is increasing)
minimum value of y = 1

Sol: (b)

Sol: (b)

=>-x) =y=>y -2xp+x" =y
atx=2,y" —4y+4=y=y"-5y+4=0
y =1 (or) 4
but at x =2, y>1 = y=4 only
Sol: (¢)
limcosx—sinx[%formj=_L_L=_\E

x> x—% \/E 2
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Sol: (b)

fuy)=x" =y’

fo=2x,f,=2y=f,=0,f, =0=(0,0) is stationary point
f\'x :2’ fyy = O’ fxy :_2

at (0,0) f..f,, —(fxy)2 = —4 < 0 = neither maxima nor minima exist.

Sol: (a)
lim T [S tan dard limit]

x—0 X

~lim sin(8/2) _ %

9550 0

Sol: (b)

Sol: (a)

fx)=e™

Linear approximation = f(2)+(x-2)f’(2)
=e” +(x-2)(—=e7?)
=B3-x)e

Sol: (c)

Sol: (a)

f(x)=x>—x-2in[-4,4]

f'(x)=2x-1=0=>x= %is Stationary point

f"(x)=2>0= minimum at x:%

The greatest value lies at extreme points
F(-4) =18, f(4) = 10.

Maximum at x = -4

Max.value = 18

Sol: (d)
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e e dx dy = T_Te_(x2+yz>dx dy
00

put x =rcos@ , y=rsinf , J|=r

f(x)=(x*—4)* where x € R

1) =2(x*-4px=0=x=02,-2
f"(x)=4(3x—-4)

f"(0) =—-16 < 0 = max imum
f"(2)=32>0 o
M2)=32> O} = minimum
Sol: (b)

Sol: (a)

sin x
=02

llm COSXx

x> 4
X

Sol: (b)

f'(x)=12x" —48x> +48x=0=x=0,2,2
f"(0)=48>0= minima at x=0
f"(2)=0= no extremum at x =2

Sol: (a)

3 29)% 3
j[6y—xy—y7} dx:I

0 0

Sol: (a)

s
.2[ .[ : xydxdy = A
0 y=0 2

Sol: (b)

y=x>+2x+10
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dy} 4
dx x=1

84. Sol: (¢)
85. Sol: (c)

—log) 1
e Le

=1/x=x"
Sol: (¢)
v=x"—6x+9
Y2 =1, y3) =0,y(#) =1, y(5) =4

Maximum value of 'y is 4

Sol: (a)

f(x)=e" +e* where xR
fl(x)=e"—e"=0=e"' =" =>x=0
f"(x)=e"+e" = ["(0)=1+1=2>0= minimum
minimum value of f(0)=2

Sol: (a)

f(x)=e" +sinx about x =1

s

Co — efficient of (x—1x)* = % = %

Sol: (a)
Equation of straight line segment from (0,0) to (1,2) is y = 2(x-1)

J-g(x,y)dx = j-(4x3 +10y*)dx = j[4x3 +10><16(x—1)4]dx
0 0

=33
Sol: (¢)
f(x)=e" about x=2

co — efficient of (x—2)* :%:%
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x—8 e x—a

limx—8=1/12 (Formula Lt r —a =ma’”1]
X

Sol: (d)

1
[ l‘idx = [log(l — x)]z =c0s0—cosl = aj
Sol: (d)

2y
==X
Y73

1 2
length = I 1+ (%j dx =1.22 (Formula from radius of curvature)
x
0

Sol: (a)

/2

_[ xcosxdx =0 (Integration byparts)
-r/2

Sol: (¢)

sin x
— = Lt
ex X

sinx

LI
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Sol: (d)

Volume = f7zyde =

X1

Sol: (a)

Let f=x"+V'+2°= f=x"+)y +1+xp:

value is 1

Let f(x,y)=xy

df = ng"-gdy
ox oy

=vdx + xdy
Sol: (d)

sin ¢

f(O)=—
t

tcost—sint

f=——r——=0=

f"(0)<0= f(¢t) is max imum at t =0

t=0

Sol: (b)

(Integration by parts)
Sol: (a)

(Verify from the options)
Sol: (c)

Page 202
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f(x) =sin|x]
daf

dx

e o 0=

Sol: (¢)

i
= c0s|x|.—

(This is total area under the curve from normal distribution)

Sol: (b)

hm(1 - ljzn = 1imK1 +

n—w n—

(From the option (a) is suitable)
Sol: (b)

3 5 7
X X

Expansion of sinx is x ——+———+
3l Ste !

Sol: (d)
I1+x dx = 2] —dx =2 Tan’lx]f)O:Z[%—O]=7z
Sol: (b)
= |2 - 3x| is continuous V xe R and is not differentiable at x = 2/3

Sol: (b)

Tf(t)5(t—a)= f(a) where a >0

[6 5(z —ﬁ)sin(t)dz — 6sin” =3
J 6 6
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116. Sol: (¢)

" f is continuous at x = % = f(zj = Lt +f(x)

2) r
2

14 1 ZASX oy

xo>=
2

Sol: (b)
Sol: (b)
Let f(x)=sinx

2

Using f(x)= f(0)+xf'(0)+ % "(0)+ (Taylor series)

Sol: (d)

Tf(x)dx = 21.f(x) dx if f(x) is even function
N 0if f(x)is odd function
Sol: (d)

Standard limit formulae. hm O 1

meR X
Sol: (b)

l+i(x—l)2 +%(x—1)4 +... This series converses of x € (—1,3)
Sol: (a)

root of x> +x> +x+1=0is x=-1

= x+D(x*+1)=0

=>x=-Lj—J

Sol: (¢)

F”(x) =-2 <0 maximum at x = 1

Sol:- (a)
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1 2 371
X X
Area= [ (x —x?) dx = ———]
2 31g
0
Sol:- (¢)
The function is continuous in [-1, 1]
It is also differentiable in [-1, 1] except at x = 0.
Since Left derivative = -1 and Right derivative=1 atx =0
Sol:- (b)

Lim 1-cosx _ 1/
x—0 2 = /2

(Apply L — Hospital rule )

Sol:- (d)

fx)=x3+ 1

fl(x) =3x2=0>=>x=0

fre) =6x

fH0) =0

So f(x) has a point of inflection at x = 0.
Sol:- (b)

y=2x—(0. 1)x?
y1=2-20.)x=0 =>x=10
y1=-2(0.1)<0

Y is maximum at x =0

Maximum height =y = 2(10) — (0.1)(100) = 10 m.
Sol:- (b)

x x?
eX=1+x+>+
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Sol:- (b)

Giveny = 5x2 = 10x
L~ 10x +10

dx

Ans:(c)

e e

I=[+VxIn(x)dx = [ logxvVx dx
1 1

11 1n ¢ 3 1 e

= I(logx’;l - T de = ExE log(x) —§ [ x2 dx]1

2 3 4 2

= [§x210gx —;xZ]l

2 32
X2 log(x)

3 2+1 )
Ger=5er) = (0-5)= 5V +
Sol:- (b)

cos* 30 sin3 60 do

Put39=t=>d9=%

At6=0,t=0

0==,k==
6 2

T T
2 2
I= g cos4(t)sin3(2t)% = cos*(t) (2sint cost)
0 0

3dt

15

918
/2
_8 :g ( (6x4x2)(2) ) _1

f cos* t sin3t dt
0
Sol: (a)

10X8X6X4X2

x N a‘ fx) = ot f(x) = f(a) then f(x) is continuous at x =a

x+3

x—>3 3 = =%

Here 3_ fx) =

3+f() 3X—1—2

And f(3)=2
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- Option (a) is correct.

134. Sol:- (A)

3sinx + 2 cos x

135.  Sol: (867)

12x
The required volume = [ [ z dy dx
00

_ 2 (12><12><12) 5740

Ans (A)

f(t)=e'— 2™

F’(t) = (- + 4e2)
Ft)=0=>¢"(-1+4e")=0

-t 1
4

g 2
=>t=log4
F’(t)=(e"1—8e72%)
Att=log4=>f"(t)=-=<0
~ Att=log 4, f(t) has maximum value.
Ans (C)
Lt

X = 0

1\* .
(1 + ;) = e (standard limit).
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138. Ans:0
() = log (1 +x) - x
. 1
F (X):m-l
FFx)=0=>x=0
-1

F’ (x)= Y is—veatx =0

~ f(x) is maximum at x =0
Sol:- (C)
0z

x
il [Ey + 1n(xy). 1] =y(1 +Inxy)

0z
oy
dz _ 0z
ax ay

Sol:- 6

f(x) = (2x3 — 9x2 + 12x — 3)
Fe(x)= (6x% — 18x + 12)
Fx)=0=>6(x*—-3x+2)=0
F’ (x)=1,2€ (0,3)

F (x) = (12x — 18)
Atx=1=>F’ (x)=-6<0

=X [y%(x) + 1n(xy). 1] = x[1+ 1n xy]

=> maximum exists

Atx=2=>F’x)=6>0

=> minimum exists

~f(1)=2

But f(3) =6

-~ Global maximum of f(x) in [0, 3] =max {f(1), f(3)} =6.

2 3
Weknowthatex=1+x+%+ %+

xn
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Ans: (C)
Given that x +/(x? + y?) = C (constant)

Area of the triangle A = %xy

x2

24,2
Let A* === = (C? - 2Cx) = f(x) (say)

£ (x)=7 (2C2x — 6Cx?)

P(x)=0=>x=7

Atx=§ SF ()< 0

. . (@
~ Area 1s maximum at x = 3

0 = 60°
Ans - (a)
FFX)=(—xe™*+e™)
FFXx)=0=x=1
Atx=1, F’ (x)<0
1

~ maximum exists at x =1 and is equal to f(1)=e™".

Ans :- (¢)

fx) = (x — 1)5

142
= [(x - 1)5] has no stationary points
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~f(x) =0
~ minimum value is ‘0’ and occurs at x =1

Sol: (B)

Since v=2% = dv =dy
2

U= (sz_y) = du = 2dx (-~ y is constant)
Asx:% - %+ u:0-1
And y:0-8 =2v:0 -4
g[zT1 4 /2
“ [ [ (ZXT_y) dx| dy becomes [ (f 2 udu) dv
0 32_’ 0\1
Sol: (B)
f(x) = (x3 — 3x% — 24x + 100)
F’(x) = (3x2? — 6x — 24)
Fx)=0=>x=-2,4
F’(x) = (6x—6)
Atx =-2; F’(x) <0 we get maximum
Atx = 4; F’(x) >0 we get minimum
Butx=4¢ [-3, 3]
=~ Global minimum of f(x) = min {f(-3), f(3)}
But f(-3) = 118 and f(3) = 28
~ Required minimum = 28
Displacement x = [ v dt
= sin (%t) +C
At=0=>x=0 ~C=0

=> X =sin (%t)
After=3s=>x=-1

i.e., the particle is moved ‘1’ unit left of the origin

But x = sin (?t) is oscillating
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After t = 3s, the total distance moved by the particle is ‘3’ units
Since At t=0=>x=0
At t=1=>x=1
At t=2=>x=0
At t=3=>x=-1
. The required difference = 3 - |—1|
=3-1=2
148. Ans:- (D)

Form the given data

1

=—=(coSP —SINP) ce v vv e e

2

Where (¢p = 1000 rt)
Using (1) in (2)

=emso3) (8

Squaring & adding eqn (1) and (3)
x2 2 o5 242 x%]
Sy i) =1

o 2P 22 2¥a B s
Le., + e xy + =Y L=0. . . . ......

It is in the form

ax? + 2hxy + dy? + 2gx + 2fy + c = 0ineqn (4)
ab-h?=(=-2)=2>0

225 225) 225
L
15
And A = 2
25
0 -1

This represents an ellipse if ab - h2 > 0

2
0 —Eio

a h g
AndA=|h b f| %0
g f c

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 211




GATE MATHEMATICS

149. Sol:- (A)
Lt X —sinx (O )
x—>01—-cosx Oform

Lt 1-cosx
x = (0 sinx

Lt  sinx
T x> (0 cosx

(Apply L — Hospital rule)

e oGz (5 form)
Lt 2e%%

= 5 0 Tcosax (Apply L — Hospital rule)

Sol:- (D)
If a function f(x) is continuous at x = a then . L_)t 0 f(x) =f(a)

i.e., limit exists and is equal to function value.
Sol:- ( B)
Let(x—1)
x=(t+1)

Asx:0-2=>t:1 -1

f (x—1)%sin(x—1) dx = jl- (t2 sint)dt

0 (x—1)2+cos(x—1) q t2+cost

o= 0(+ Integrand is an odd function)

(OR)

Use the property

2
o[ f()dx =0 {if f 2a—x) =—f(x)}
0

Sol:- (C)

() ()

X — OO X X — OO

=1+0=1
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154.  Sol:- (A)

X, v 1
= % Xz Yz
X Y, 1

= - Q2-3)+1(6-8) = —2
Since area is always +ve, answer is %

155. Ans:-(A)
Lt x%logx

Lt =x%-1 (o _
x>0 a (Bform) _x—>0 1
(Apply L — Hospital rule by treating ‘x’ as constant and differentiate

w.r.t ‘a’ both numerator and denominator)

=1. Log x
= log x
156. Ans:-(C)

sinf —sinf sec?6
. Vs T T
fe (9) — Sll’lg COSE tang
. Vs Vs s
Sin— COS— tan-—
3 3 3

F (6) is continuous in E,g] and is differentiable in E,g]

~ By Rolle’s theorem, there exists at least one value 8 € E, E] such

that £ (0) =0i.e., (1) is true.
f < (0) is always zero if f(0) is a constant function.
Since f(@) is not a constant function.
~ (II) is also true.
Ans :- (2)
f(x) = x sin x
F’(x) =x cos x + sin X
F’(x) =-x sin x + 2 cos x
Given 7’ (x) + f(x) +tcos x =0

-xsinx+2cosx+xsinx+tcosx=0

WWW.VANIINSTITUTE.COM
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st=-2
158. Ans(A)
(A) AsY €(0,1); f(y) Varies from -1 to 1
Similarly f(Y+1) Varies from 1 to -1
- Let g(x) = f(y) — f(y+1); Y € (0, 1)
We get g(x) = 0 for some value of ‘X’
i.e., f(y) = f(y+1) for some Y € (0, 1)
option A is true
B)f(Y)=1f(2-Y)onlyatY =0 & y=1
~ In (0, 1) we can not conclude that the maximum value of f(x) is ‘1’ in (0, 2)
(D) As Y €(0, 1) ; f(Y) varies from -1 to 1 and —f(2-y) varies from 1 to -1
~Letg(x)=f(Y)+1f(2-Y); Ye(0,1)
~ g(x) =0 for some value of ‘X’
ie., f(y) =-f(2, -Y) for some Y € (0, 1)
But the difference between y (2 —y) should be less than the length of
The interval ‘2’ is not possible.
Hence (D) is false.
Ans (4)

21 2r
[ |xsinx|dx = kn = [ x|sinx|dx = kn
0 0
21
m [ |sinx|dx = kr
0

a a
(= facots =21 fe £ @-0 = 10)
0 0

T
2 [ |sinx|dx = kn
0

2a a
( [ fx)dx = 2{)f(x)dx if fa—x)= f(x))
0

T
2 7 [sinxdx =kn
0
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dr=kmr => k=4

160. Ans: -2m

T

[ x2 cos x dx
0

= (x%(sinx) — 2x(— cosx) + 2(—sin x))g

= 2mcosm = — 271

161. Ans : (B)
2x 2
[[ eVdydx = [e*(e¥)E dx
00 0

2 2
= [e*(e* — 1)dx = [ (e?* —e¥)dx

Sol:- (D)

Integrating option (d) we obtain the volume of cone as v = % mR?* H

Sol:- (C)
Given f = agpx"+a;x" 'y +— —+ap_1xy" 1+ a,y"
F is a homogenous polynomial in x and y of degree ‘n’

-~ By Euler’s theorem for homogenous function, we have

164. Sol. By Lagranges Mean Value Theorem,

SO-fED 2

()= C) 2

= 2x+3x*=1=3x-2x-1=0
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= x= 1,—1,—% but x = —% e(-1,1)
165.Sol. (1)

Figure: <

Let 2x, 2y be length, breadth respectively of a rectangle of a rectangle inscribed in ellipse

x* +4y” =1 then
Area of a rectangle (2x)(2y) i.e 4xy
Consider f(x,y)=(Adrea)’ =16x>y* =4x*(1-x%)

1
Now, f'(x)=0=>x(1-2x)=0=>x=—
/) ( ) V2

2 11
V=gPr=g

f"(x)=8-48x <0 when =L

NG

. fis maximum at x = L and the maximum area is 4(L) (Lj iel
B 2 V2 )\

166. Sol. 0

sin(4rt)

J 12 cos(2xt). dt

0 0

@ T cos(2rxt) sin(47rt)dt _ 3 D- sin(67rt)dt N I sin(27rt)dt

Y s t T t y !

0

zi J-em 6s1n§67zt) t+.[e°’ s1n(t27zt) t}
7 0 0

I { 6sin(67t) } Ll { sin(27t) H
L 4 !

el () +2m o (4] ]

s
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= E[Tan’loo —Tan™ (%ﬁ) +Tan'o—Tan™ (%71’):|

2 Tan 0+ % —Tan 0 | =2 (] =3
2 2 T

167. Sol. 0
Partial derivative of x> +y° w.r.ty is 0+2y=2y
“oy +4x wrtxis0+4=4
Both are equal =2y =4=y=2

168. Sol.

(C) by intermediate value theorem if f(x) has a root in [a,b)
= f(a).f(b)<0 since f(x) doesnot have a root means f(a).f(b)>0
169. Sol.
f(x) = 1—|x| on—-1<x<1
=l-x for x>0
I+x for x<0
Input ‘0’ output 1 so, option C
170. Sol.

1-cos(x") _ 0
0
Using L-hospital rule

)
It sin(x )3.2x _ 0
0 s 0

cos(x?).2x.2x+(sin x*).2
e+ (in )

¥0 24x°

cos(x*).4x* +2 (sin x’ )

24x*

cos(x?).4x* +2(sinx*
_ g, oA +2(sin )

x>0 24x*

(—sin(x2 )) 4x* +cos x> (8x) +2 (cos x’ ) 2x

x>0 48x

= Lt

MATHEMATICS
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171. Sol. (3.66)

By Green’s theorem

dex+Nd H——ddy I(—6y+l6y)dxdy:%:3.66

0

ON oM P
g

172. Sol.

7 7w 7 2 \7
Let [ = ( j

cosx+isinx e i e
[eosxrising e [ eracn
=

1
= — —2 = —
o, COsSx—isinx 2( )

0 0 0

173. Sol.

1 2x 1 x 2 1 X 2
Lt (1+—j =Lt {(H—j } :{Lt (1+—] } =
X—>0 X X—>0 X X—>0 X

174. Sol.
Option D is a property of the point of minima
175. Sol. ©

Lety= Lt x%

X—>0

= Lny= Lt llnx = Lt

X—0 x X—0

0=y=1

‘i/

2

7 X
Put%:t

_—21dx=dt
X

x:27z:>t:%

1
X=—>=t=r

T

%I 1 V4

JM— ;costdt=(sint)%=sin7r—sin%=—l
V4 2
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177. Sol.

Since f(0) — oo fis not bounded in [-1, 1] and hence it is not continuous in [-1, 1]

1 Syt 303 .
A= [ f()dx =[x Pdx+ [xdx =+ =3, which is non zero finite 0.
-1 -1 0

178.Ans: (-5)
Sol: f(x) =2x> - 3x* in[-1, 2]
f'(x)=0= 6x"—6x=0
6x (x-1)=0
X=0&1
F(-1)=-5,f(1)=-1,f(2)=4
Global minimum = -5
179.Ans: (C)
x> —3x—4
Sol: The function, f(x) = ———-—— isnot defined atx = 1 and x = —4
X+ 3x—4
- The function f(x)is not continuous at x = —4, 1.
180.Ans: (C)
log(1+4x) _ §

4 4
. — Qi LA %
Sol: XI_,)tO S }g% T 3

181. Ans: (C)
Sol:

| (FFx=i-%)
Limyx?2+x—1—-x= lim( x2+x—1—x)x(m+x)

X—00 xX—00

lim (x2+x—1-x2)
x50 \[x2 fx —14x

o x(1-3)

lim =
’“%( 1+%—x%+1)

182. Ans: 20
Sol: Converting to polar coordinates, we get

1 1 2 2rm .
E”D (x+y+10)dxdy = o rjo e_[o (rcos0 + rsin6 +10) rdrdd
1

2 2n
= J. I(r2cose +1’sin® +10r) dr dO
T

r=0 0=0
2n 3 3 2
! I L coso+sind+5r2 ! do
2 oo 3 3 o

2n
L I{§ cosO + §sinG + 20} do
2 g (3 3
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2r
§ sinf — % cosO + 209}

0
_ L —§+40nj—(
2n 3

=20
183.Ans: (A)
184. Ans: (B) ;355 Sol: Since, f(-1)=-3, f(0)=1,f(1)=-1,12)=-3,13)=1

185.Ans: (C) ;35;S0l: Sinx = % touches at 3 points

186.Ans: 90°
Sol:

If6=0

I I=15cosotd +Ssineta,

’I|:1i[0<6<£
If0=

1|15<6<5
=5
187.Ans: 2

Sol: !\/adf_)c)%—zﬂ};

= -2[(0)-1]_,

188.Ans: 10

2

Sol: Volume = “ zdxdy j 3.[(6 —-x —y)dxdy =10

x=0y=0

189.Ans: (C)
Sol: Integration of ramp is parabolic, integration of step is ramp.

190.Ans: 4.714
Sol:  Given region of cylinder
3<p< s,
T T
8 =és< 4’
3<z<45
The differential volume of cylinder in given by

dv = pdpdddz
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Volume, v =

j pdpdgdz

nz3

I I
{"2} z]? (25 9)x (Z_gj (4.5-3)

.v=47lm
191. Ans: (B)
Sol:  Since continuous function may not be differentiable. But differentiable function is

always continuous.
192. Ans: (b)
Sol: (0,0,0) to (1,1,1)

Equation of straight line

x—0 _y- 0 3- O—t
1-0 1-0 1-0
x=ty=tz=t

dx=dt, dy=dt, dz=dt

t=0,t=1

1
4t7 +1)d —3+t =1+1=2
1 , 4;
0

193.Ans: (d)

Sol: 21(51n2nt]dt_ s xj{smzm}dt
oL 5 t

= 5¢ =2

194. Ans: 4.4167
Sol: F= 5xzax+(3x2 + 2y) a +x’za,
ieF= 5xzi+(3x2 + Zy)] +x2zk
(0,0,0) to (1,1,1)
JF.dlZISXde+ J(3x2 +2y)dy+szzdz
L

X =t, y=t2 z=t
dx =dt, dy=2tdt, dz=dt

= Jl. S5xzdx + j (3){2 +2y)dy+ .1[ x*zdz

x=0 y=0 z=0

1
J' tdt+ 3t2 4 2t2 )2tdt+t3dt
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= (St2 +10t° +t3)dt

195.Ans: (0)
Sol: f(x) =x(x—1)(x—2) in[1,2]

:3J_r\/§
3

f'(x)=3x"-6x+2=0 =x

f'(x) = 6x—6

£ 343
3

J =3.4 > 0= minimum

3

f(1)=0,f2)=0
Max value =0
196.Ans: (B)
Soln: option (A)
X +8=0x=-8x=-2
Sub x =2, in F (x) =2x’ +3x-5
F(-2) =2 (-2)" +3 (-2) -5
=-256 -6-5 =-267
.. This is not a factor of f (x)
Option (B)
X-1=0, X=1
Sub @ x =1, in f (x) = 2x’ + 3x-5
F(1)=2(1)" +3 (1) -5 =5-5=0
.. this is a factor of f(x)
Option (C)
2x =0, x =5/2
Sub @ x = 5/2 in f (X)=2x" +3x-5

> 2 °f 3 > 5
B (2) B (2) * (2)
=-2-3-5=-10
.. This is not a factor of f(x)
.. Option ‘B’ is true
197. Ans: (D)
Soln: f(x) = x> -4x+2
Fl(x)=2x -4 =0
= x=2
f (x) =2 >0 minimum at x =2

o (ﬂ

J =-3.4 <0 = maximum
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.. min value is f (2)= 4-8-+2=-2

198. Soln:
Xy

0
it is in the forma

Put y = mx
Asy —0, mx =0
" x*m 1
(AL +m) T T+m?
For different value of m we get different limits it is not unique therefore limit does
not exist.
199.Ans :- (D)
Sol: Angle between the curves is angle between the tangents at the point of intersection
200.Ans. 85.33

Soln:

Area

8
2 [ oy ay

0

3 (e o3

2
-2J8 yT ~8533
2 0

201.Ans: (B)
Soln: Quadratic Approximation

(x — 0)?
= f(0) + (x—0)f (0) +

2!
f (x)=x’ -3x% -5 =f (0)=-5
f(x)=3x%- 6x =f (0)=0
=6x-6
—=8"(0)=-6

£(0)

2
. Equation is = -5 + x(0) + - (—6)
=-3x>-5
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202.Ans : (B)
Soln:
y=x+1; x+y = 3 area bounded by parabola
xty=3
=x+ x> +1=3
= x* +x-2 =0
=(x+2) (x-1) =0
=x=-2,1

203.Ans. (B)
Soln: F(X)=2x" +3x-5 for X =1 the equations is satisfied. The factor is (X-1)
204.Ans: 1
Soln:
sin(x — 4)
m —
x-4 X —
sint

=lim—=1
t-0 ¢

letx—4=t

(OR)
The given limit is in 0/0 form Applying L. Hospital’s rule, we get
The limiting value = 1

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 224




GATE MATHEMATICS

CHAPTER-5
NUMERICAL METHODS QUESTIONS

Given the differential equation y’ = x-y with initial conditions y(0) = 0. The value of
y(0.1) calculated numerically up to the third place of decimal by the second order Runge-
Kutta method with step size h=0.1 is (GATE-1993-All)

Back ward Euler method for solving the differential equation % =f (x, y) is specified by
by

(GATE-1994-CS)
@ Yy =2, +hf(x,,3,) (0) Yy =¥, + 1 (5,00, 7,)
(©) Vo = Yo + 20/ (x,,7,) (d) Yy == f (5,00, 7,)
In the interval [O,H]the equation x =cosx has (GATE-1995-CS)

(a) No solution (b) Exactly one solution
(c) Exactly two solutions (d) an infinite number of solutions

The iteration formula to find the square root of a positive real number by using the
Newton- Raphson method is (GATE-1995-CS)
X, —2x

3nrb) © 2y =725 () none

2% e X, +

2
x,"+b
(a) xk+] —~ ;
Let f (x) = x—cosx . using Newton Raphson method at the (n+1)™ iteration. The point
x,,, 1s Computed from x, as (GATE-1995-CS)

The formula used to compute an approximation for the second derivative of a function f
at a point x, is (GATE-1996-CS)
S xg +h)+ f(x, —h) Sy +h)+ f(x, — h)

2 ®) 2h

g +h)+21(x,)+ f(x, —h) Flxg +h)=21(x,)+ fx, —h)
h? h

(a)

(©)

(d)

The Newton-Raphson iteration formula for finding 3\/2 , where ¢ >0 1s,

3 3
2’6"3;23*/2 (b) x,, = 2’“3;23*/2 (GATE-1996-CS)
X xn

n

(a) xn+1 =
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2x° +c¢ 2x ¢
n - (d) X, = n -
3x 3x

n n

(C) xn+1 =

The Newton-Raphson method is used to find the root of the equation x*-2. If the
iterations are started from -1, then the iteration will (GATE-1997-CS)

(a) converges to -1 (b) converges to V2
(c) converges to - \2 (d) not converge 2

The Newton- Raphson method is to be used to find the root of the equation and f(x) is
(GATE-1999)

(a) always (b) only if f is a polynomial
(c) only if f(x0)<0 (d) none of the above

10.  Given a>0, we wish to calculate its reciprocal value 1/a by using Newton-Raphson
method for f(x) = 0. For a=7 and starting wkith x0 = 0.2. the first 2 iterations will be
(GATE-2005)
(a)0.11,0.1299 (b) 0.12,0.1392 (c) 0.12,0.1416 (d)0.13,0.1428

11.  Given a>0, we wish to calculate its reciprocal value 1/a by using Newton-Raphson
method for f(x) = 0. The Newton-Raphson algorithm for the function will be

(GATE-2005)

a
(b) x. =x, +Exk2

a
(d) x,,, =x, _Exk

12. Starting from x=1, one step of Newton-Raphson method in solving the equation
x* +3x-7=0 Gives the next value x; as (GATE-2005)
(a)x;=0.5 (b) x; = 1.406 ©)x=1.5 (d)x;=2

13. For solving algebraic and transcendental equation which one of the following is used?
(GATE-2005)

(a) Coulomb’s theorem (b) Newton-Rapson method
(c) Euler’s method (d) Stroke’s method

14. Newton-Raphson formula to find the roots of an equation f(x) = 0 is given by
(GATE-2005)

(b) xn+1 = xn +
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f(x,) x,/(x,)
x, f'(x,) f'(x,)

The real root of the equation xe* =2 is evaluated using Newton-Raphson’s method. If the

(d) x,., =

(C) xn+1 =

first approximation of the value of x is 0.8679 the second approximation of the value of x
correct to three decimal places is (GATE-2005)

(a) 0.865 (b) 0.853 (c) 0.849 (d) 0.838
Match the following and choose the correct combination (GATE-2005)
Group-I Group-I1
E. Newton-Raphson method non-linear equations 1. Solving
F. Rungue-kutta method linear simultaneous equations 2. Solving
G. Simpson’s Rule ordinary differential equations 3. Solving
H. Gauss elimination integration method 4. Numerical

5. Interpolation

6. Calculation of Eigen values
(a) E-6, F-1, G-5, H-3 (b) E-1, F-6, G-4, H-3
(c) E-1, F-3, G-4, H-2 (d) E-5, F-3, G-4, H-1
The polynomial P(x) = x5+x+2 has (GATE-2007)
(a) All real roots (b) 3 real and 2 complex roots
(c) 1 real and 4 complex roots (d) all complex roots

Identify the Newton-Raphson iteration scheme for finding the square root of 2
(GATE-2007)

1 2
(b) xn+l = E('xn _Z}

(©) x,,, = (—j d) x,,, =+2+x,
X

n

Given that one root of the equation x* —10x> +31x —30 = 0is 5 then other roots are
(GATE-2007)

(a)2and 3 (b)2 and 4 (c)3and 4 (d) -2 and -3

The following equation needs to be numerically solved using the Newton-Raphson

method x° +4x -9 = 0. The iterative equation for this purpose is (k indicates the iteration
level) (GATE-2007)
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3x,” +9

(b) x,,, =
1 ox 4

4x,° +3
() x,,, =x, —3x,° +4 (d) x,,, =—*
k+1 k k k+1 9Xk2+2

Match the exercise and choose the correct one out of the alternatives A,B,C,D
(GATE-2007)

Group-I Group-I1

P. Second order differential equations 1. Runge-kutta method

Q. Non-linear algebraic equations 2. Newton-Raphson method

R. Linear algebraic equations 3. Gauss elimination

S. Numerical integration 4. Simpson’s rule

(a) P-3,Q-2,R-4, S-1 (b) P-2, Q-4, R-3, S-1

(c) P-1,Q-2,R-3,S-4 (d) P-1,Q-3,R-2, S-4

The equation x* — x> + 4x -4 =0 is to be solved using the Newton- Raphson method. If

x = 2 taken as the initial approximation of the solution then the next approximation using
this method will be (GATE-2007)

(a) 2/3 (b) 4/3 (o)1 (d)3/2

Equation e¢* —1 = 01s required to be solved using Newton’s method with an initial guess
x, =—1. Then after one step of Newton’s method estimate x, of the solution will be given
by (GATE-2008)

(a) 0.71828 (b) 0.36784 (c) 0.20587 (d) 0.0000

It is known that two roots of the non-linear equation x*> —6x> +11x—6 =0 are 1 and 3.
The third Root will be (GATE-2008)

(a) ] (b)-J (c)2 (d) 4
The recursion relation to solve using Newton-Raphson method is (GATE-2008)

X,

(@) x,,=e™ (b) x,., =x,—e™

-X, 2 -X,
©) x.., = (l+xn )e @ x,, = X, (1 +xn)e 1

l+e™ x,—e "

X

n

o 1 R
The Newton-Raphson iteration x,, = —(xn + —J can be used to compute the

(GATE-2008)
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(a) Square of R (b) Reciprocal of R (c) Square root of R (d) logarithm of R

Let x2-117 = 0. The iterative steps for the solution using Newton-Raphson’s method is
given by (GATE-2009)

1 117 117
(@) x,, = E(xk +_J (®) x., = {xk __J

X X

1

X
©) x,, = (xk _ﬁj (d) x,,, =x, _E(Xk +

During the numerical solution of a first order differential equation using the Euler (also

known as Euler Cauchy) method with step size h, the local truncation error is of the order
of (GATE-2009)

(a) h? (b) h? (c) h? (d) 1’

dlx)
dx

Consider a differential equation — y(x) = x with initial condition y(O) =0. Using

euler’s first order method with a step size of 0.1 then the value of (0.3) is

(GATE-2010)
(a) 0.01 (b) 0.031 (c) 0.0631 (d)0.1
Newton-Rap son method is used to compute a root of the equation x> —13 = 0 with 3.5 as
the initial value the approximation after one iteration is (GATE-2010)

(a) 3.575 (b) 3.677 (c) 3.667 (d) 3.607

A numerical solution of the equation f° (x) = x++/x —3can be obtained using Newton-

Raphson method. If the starting value is x = 2 for the iteration then the value of x that is
to be used in the next step is (GATE-2011)

(a) 0.306 (b) 0.739 (c) 1.694 (d) 2.306

The square root of a number N is to be obtained by applying Newton-Raphson iteration
to the equation x* — N =0 If i denote the iteration index, the correct iterative scheme will
be (GATE-2011)

1 N 1
(a) xz+1 2 - ( ) 'xH—] 2

1 N 1
(C) Xipg = 5 i . (d) Xy = 5
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33. Solution, the variable x,and x, for the following equations is to be obtained by
employing the Newton-Raphson iteration method (GATE-2011)
. 10x, —sinx, =0.8=0
Equation 5
10x,” =10x, —cosx, —0.6=0

Assuming the initial values x; = 0.0 and x, = 1.0 the Jacobean matrix is
) 10 -0.8 ) 10 0 © 0 -0.8 @ 10 O
Y10 -06 0 10 “110 -0.6 10 —10
1.5

The estimate of j — obtained using simpson’s rule with three-point function evaluation
X
0.5

exceeds the exact value by

(a) 0.235 (b) 0.068 (c) 0.024 (d) 0.012

When the Newton-Raphson method is applied to solve the eugaiton

f (x) =x" +2x—1=0, the solution at the end of the first iteration with the initial value
as x, =1.21is

(a) -0.82 (b) 0.49 (c) 0.705 (d) 1.69

d
While numerically solving the differential equation d_y +2xp° =0, y(O) =1 using
X

Euler’s predictor corrector (improved Euler-Cauchy) method with a step size of 0.2, the

value of'y after the first step is

(a) 1.00 (b) 1.03 (c) 0.97 (d) 0.96
Match the application to appropriate numerical method
Applications:

P1: Numerical integration

P2: Solution to a transcendental equation

P3: Solution to a system of linear equations

P4: Solution to a differential equation

Numerical Method:

M1: Newton-Raphson Method

M2: Runge-Kutta Method

M3: Simpson’s 1/3-rule
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M4: Gauss Elimination Method
The function f (x) =e" —1is to be solved using Newton-Rapshon method. If the initial
value of x, is taken 1.0, then the absolute error observed at 2" jteration is

The iteration step in order to solve for the cube roots of a given number ‘N’ using the

Newton-Raphson’s method is

1 1 N
(@ x.,, =x, +§(N—x,f) (b) x,,, :§(2xk +—2j

Xi

X

1 1 N
(©) % =% ~(N=x)) @ %, =§(2xk ——zj
The real root of the equation 5x —2cosx =0 (up to two decimal accuracy) is

d
Consider an ordinary differential equation d_y =4t +4. If x=x,at =0, the increment
0

in xcalculated using Runge-Kutta fourth order multi-step method with a step size of
At=0.2is
(a) 0.22 (b) 0.44 (c) 0.66 (d) 0.88

If the equation Sin(x) = x’is solved by Newton Raphson’s method with the initial guess

of x =1,then the value of xafter 2iterations would be

A non-zero polynomial f (x) of degree 3 has roots at x =1,x =2 and x =3. which one
of the following must be TRUE?

@ £(0)£(4)<0 () £(0)/(4)>0 (o) £(0)+/(4)>0 (4) f(0)+f(4)<0
In the Newton-Raphson method, an initial guess of x, = 2is made the sequence
Xy»X;,X,,.....1s obtained for the function

Consider of the statement

(D x;,=0

(IT) The method converges to a solution in a finite number of iterations

Which of the following is TRUE?
(a) Only I (b) Only II (c) Both I and IT (d) Neither I nor II
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Simpson’s % rule is used to integrate the function f(x) = %xz +§ b/w x =0 and x =1

using least numbers of subintervals the value of integral is

The values of the function f(x) at 5 discrete points are given below

X

0

0.1

0.2

0.3

0.4

f(x)

0

10

40

90

160

(GATE — ME-15)

(GATE - ME-15)

0.4
Using Trapezoidal rule with step size of 0.1, the value of J. f(x)dx
0

2

Using a unit stpe size the value of jxln xdx by trapezoidal rule
1

(GATE — ME-15)

N-R method is used to find the roots the equation x, +2x* +3x—1=0. If the initial

guesses x,=1, then value of x after 2" jterations is (GATE - ME-15)

The quadratic equation x> —4x+4 =0 is to be solved numerically, starting with the

initial guess x,=3. The N-R method is applied once to get new estimate and secant

method is applied once using initial guess and this new estimate. The estimated value of

root after the application of second method is (GATE - CE-15)

In N-R iterative method, the initial guess value x;

ini

roots of the equation f(x) = -2+ 6x—4x* +0.5x’. The correction Ax to be added to x,

ini

(GATE - CE-15)

is considered as ‘0’ while finding the

in the first iteration is

For stepsize Ax =0.4 the value of the following integral using simpson’s % rule

(GATE - CE-15)

0.8
[ (02+25x-200x +675x° —900x* +400x° )dx
0

The solution of a nonlinear equation x’ —x = 0 is to be obtained by N-R method. If the
initial guess is x = 0.5, the method converges to which one of the following values

(GATE - CE-15)
A)-1 B)0 O)1 D)2
53.The root of the function f{x) = x*+x-1 obtained after first iteration on application of Newton-

Raphson scheme using an initial guess of xp=1 is (GATE - ME-16)

(A) 0.682 (B) 0.686 (C) 0.750 (D) 1.000

54.Solve the equation x = 10 cos(x) using the Newton-Raphson method. The initial guess is x =

n/4. The value of the predicted root after the first iteration, up to second decimal, is
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(GATE - ME-16)
55. Gauss-Seidel method is used to solve the following equations (as per the given order):
X1+2X2+3X3=5
2X1+3X2+X3:1

3x1+2x,+x3=3 (GATE - ME-16)

Assuming initial guess as x; = x, = x3 = 0, the value of x; after the first iteration is

56.Numerical integration using trapezoidal rule gives the best result for a single variable
function, which is (GATE - ME-16)

(A) linear (B) parabolic (C) logarithmic (D) hyperbolic

57.The error in numerically computing the integral fon(sin X + cos x) dx using the trapezoidal

rule with three intervals of equal length between 0 and 7 is (GATE - ME-16)
58. Consider the first order initial value problem (GATE - EC-16)
Y'=y+2x-x", y(0)=1, (0<x<x)
with exact solution y(x)=x"+e". For x = 0.1 the percentage difference between the exact

solution and the solution obtained using a single iteration of the second-order Runge-Kutta

method with step-size h=0.1 is

59.Newton-Raphson method is to be used to find root of equation 3x — e* + sin x = 0. If the
initial trial value for the root is taken as 0.333, the next approximation for the root would be

(GATE - CE-16)

(note: answer up to three decimal)
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NUMERICAL METHODS SOLUTIONS

and 7 =0.1
y(O.l):?

Let 2" order rungue-Kulta method is given by y, = y(x,) =y, + %(k1 +k,)
where k, = hf (x,,¥,) and k, = hf (x, + h, y, +k,)

k, =(0.1)[x, — ¥,]=(0.1)(0-0) =0

ey (0.1)] (x, + 1) = (3, + ) |

=(0.1)[0+0.1-(0+0) ] =0.01

3= y(O.l):O+%(0+0.01)

L0011 1
2 2x100 200

(a)
Back ward Euler method is given by y,,, =y, +hf (xH’ yH)

(b)
Let f(x)=x—cosx=0

X

- 0 T 27

The curves y = x and y = cosx intersect at only one point in the interval (0,72')
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". The equation has exactly one solution in [0,7[]
4sol. (b)
Let x=+/b (or) x*—=b=0

Let f(x):x2 —b and fl(x)=2x

Given f(x)=x—cosx
:>f1(x):1+sinx

Newton-Raphson method is given by

/(%)

. [xn —cos(xn)]
% [1 +sin(x, )]

(d)

The finite difference approximation for the 2™ derivative of a function [ ataapint x,is

f”(x)z f(xo +h)_2fh(2xo)+f(xo _h)

(c)
Let x =3c thenx’ —c=0
:>f(x):x3—c:0and fl(x):3x2

Newton-Raphson method is givne by
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2
g=lt2 12 5 s
2x, -2 2

_xl+2 (-15)+2
25,  2(-1.5)

9 17

i+2 =
4 _ 4 __14166
3 3

2 +2 (-1.4166) +2
©2x,  2(-1.4166)

X3

~2.0067+2
—2.8332

Continuous like this, the value convency ~—1.4141

(d)

Newton Raphson formula converges provided the initial approximation x, is chosen

=-1.4141

sufficiently close to the root

10Sol. (b)
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= 7'(x)=-%

X

Newton Raphson formula gives

X, =2%, —ax? for n=0,1,2,....
Given a=7and x, =0.2

X, =2x, —axg =2(0.2)=7(0.2)’
=0.4-7(0.04)=0.12

%, =0.12

x, = 2x, —ax? =2(0.12)-7(0.12)’
=0.24-7(0.0144)

=0.24-0.1008 =0.1392
. x,=0.1392
(c)
1

1
- ——a=0
Let x (Or) a

Then take f(x):i—aand I ):_%

Now the Newton Raphson formula gives X ,, =
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Xn+1_
. (¢)
Givenf(x):x3 +3x~7 and x, :1:>f1(x):3x2 +3,

Newton Raphson’s formula is

Newton Raphson method is one of the method to solve algebraic and transcendental
equations.

. (a)

Newton-Raphson formula is

Given f(x) =xe' —2=0

and x, =0.8679 ( f! (x) = xe" +e")

Newton-Raphson’s method is given by
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(0_867960.8679 _ 2)
(0.867980.8679 N 60.8679)

=0.8679 —

=0.853

()
E-1,F-3,G-4,H-2

(c)
Given p(x) =X +x+2
The signs of all the terms p(x) are same. Then p(x) = 0 does one change of sign
from —to +
" p(x) = (0 has at most one negative root

The degree of p(x) = 01is odd then the equation has at least one real root.

But the total roots of p(x) = (are five. Out of five roots one is negative real root and

remaining 4 are complex roots.

(a)

Let x =+/2 (or) x*=2=0

Taking f(x) =x*—2and f" (x) =y
Newton-Raphson’s formula is

_ . J(x)
Lo =4, f1(x,)

X:-2) 2x2-x24+2

_x, -k

n

By verification, 2 and 3 are the roots of a given equation

X =10x*+31x-30=0
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ie.f(2)=2"-10(2) +31(2)-30=0

and £(3)=3"-10(3)" +31(3)-30=0
By synthetic division we have

x=5

(x=5)(x* =5x+6)=0

(v=5)[(x-3)(r-2)] =0
. x=532

(a)

Given f(x):x3 +4x-9=0
= f(x)=x+4

Newton-Raphson formula is

v (X))

k+1 =

(X7 +4x,-9)
(3X§ + 4)

P

C3X 44X, - XD —4X, 49
(3X,f+4)

_2X;+9
T3x2 14
(c) P-1,Q-2,R-3,S-4
(1) Simpson’s Rule is one of the numerical integration technique (method).
(2) Gauss-elimination method is used to solve only system of linear algebraic equations
(3) Runge-Kutta method is used to solve the ordinary differential equations.

(4) Newton-Raphson method is used to solve the linear and non-linear algebraic equation
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22Sol. (b)

Newton-Raphson formula

. f(X,)
is X fl(Xn)

n+l

=X -

Given f(x)=x’—x"+4x—4=0and x, =2

f'(x)=3x"—2x+4

f(X,)

X =X,-
1 0 fl(Xo)

Given f(x)=e"—1=0and x,=-1

= f (x) =
Newton-Raphson’s formula is

f(X.)

x, =0.71828
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24Sol. (¢)

For the equation ax’ + bx” +cx +d = 0, product of roots =—
a
.. For the given equation let X be the third root
SLIx3xX =6
X =2
(c)
Given f(x) =x—e =0
= f(x)=1+e"
Newton — Raphson formula is

f(X,)

: - 1 R
The given Newton’s iterative formulae X, = E(X .t ?j

n

Let us suppose the formula converges to the root after niterations

Then X, = X,,, = x(root)
1 R
The formula becomes X =—| X +—
2 X

. X=+R

27Sol. (a)
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Given f(x) =x"-117=0
= f'(x)=2x

Newton-Raphson’s formula is

S(xn)
/(%)

(xf -117)

2x,

xk+1 = xk B

Xt =X —

_2x,f—x,f+117_x,f+117

2x, 2x,

L _1[x +117}
M T M T
k+1 2 Xk

(a)

In the Euler method, the truncation error is proportional to 4” denoted as O(b2 )

(b)

Given Q—y:x—)(l)
dx

and y(O) =0—> (2)
Also given h=0.1
y(0.3) =7

from (2), we have

x0=0,y0=0andf(x,y):ﬁzy+x
dx

x,=x,+1h=0+0.1=0.1

X, :xo+2h:0+2(0.1):0.2

X, =x,+3h=0+3(0.1)=0.3

Euler’s first order method is given by
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dy
=y, +h Vo)=Y, +h| —
Yi=W f(xo yo) Yo (dxl

7, =0+(0.1)(x, +7,)=0.1[0+0] =0.0

Yo =0 +hf(xlay1)
= 0.0+(0.1)[1+0.0] =0.0+0.01=0.01

Vs =y, +hf (x,,0,)
=0.01+(0.1)[0.2+0.01] = 0.01+0.021
=0.031

(d)

Given x’ —13= f(x)=0and x, =3.5
Newton-Raphson formula is

f(X,)
'(X,)

)

=X

n

o f
f(X,
(X))

X, =X, -

)
= 3.5—W(°: f! (x) = 2x)

=3.5-[(1225)-13= 3.5 (075

2454075 2525

X, : =3.607

0
Given f(x)=x+\/;—3=0&x0:2

Newton-Raphson formula is
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X, =1.6939
32Sol. (a)
Given f(x) =x’-N=0
= f (x) =2x

Newton-Raphson formula is

(x,)

(X7-N) 2x2-x24+N

Given 10x,sinx, —0.8=0

10x; —10x, cosx, —0.6 =0

and x; =0.0,x, =1.0

let u(x,,x,)=10x,sinx, — 0.8

and v(x,,x, ) =10x; —10x, cosx, —0.6

Then the Jacobian matrix ‘J’ is given by
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[10x, cos x, 10sin x,
| 10x,sinx;  20x, —10cosx, (0,52

10 0
0 10

1.5

x 2
X 3

1.5
By simpson’s rule
0.5

1 h
}dx :E(yo +4y, +yz)

:%(2+4+0.666):1.111

By direct integration

1.5 1
I—dX=10g83
OSX

Estimated value — Exact value

=1.111-1.0986=10.012
(©)
Given f(x)=x"+2x-1=0
:>f1(x):3>x2 +2x
x,=12

The Newton-Raphson iterative formula is
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V=Y, +hf (%553,) =1+0.2(0) =1

i =00+ 5L (o) + £ (5000

:1+0—;(0—0.4)=0.96

(b)

The Numerical methods described the corresponding applications

(0.06)

Let N=3x=>x'=N
Let f(x)=x"-N=0

f'(x) =3x"
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3

2
X

n

(sz +N

(0.54)

Let f(x)=(5x—2cosx—1)

f'(x) =542sinx

Apply Newton-Raphson method iteration formula

NACH
KXot =X, f'(xn)

Let x, =1then x, =0.5631

x, =0.5426,x, = 0.5425

(d)

Given that % =(4t+4)
Att=0,x=x,=0
h=0.2,f(t,x)=(4t+4)

By R-K fourth order method

77 =3 +%(K1 +2K,+2K, +K,)

where

Kl:hf(l‘o,xo):O.2><4:0.8
h K
K, =hf|t,+—,x,+—
2 f(o 5 X0 2}

=(02)[4(0+0.1)+4]=0.88

h K
K,=hf|t,+—,x,+—=
3 f[o 2x0 2}
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=(02)[4(0+0.1)+4]=0.88
K, =hf(t,+h,x,+K,)
=(02)[4(0+0.2)+4]=0.96
Lox = O+é[O.S+2(0.88)+2(0.88)+0.96]= 0.88

(0.73)

0
: } =0.73 (approximately)

Let f(x)=k(x—1)(x—=2)(x=3)(k 0)
Now f(0) and f(4)have opposite signs
~ f(0).£(4)<0

(a)

Let f(x)=(0.75x"-2x" - 2x+4)=0
f(x)=(225x" -4x-2)

given x, =2
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Similarly x, =x; =0,x, =2,x, =0

*. The iterations will not converge to root.

46 Sol: By Trapezoidal rule

0.4 /’l )
'(|).f(x)dx=5[(yo +3,)+2(n +r,+ )] :%[(0+160)+2(IO+40+90)J =22

47. Sol:
X 1 2
xlnx 0 2In2

2
1
By trapezoidal rule J.x In xdx = 5[0 +2In2 ] =In2=0.69

1

S (x) 5 1
48. Sol: By N-R method X, =Xy~ =1- =
Y f(xy) %O A

2" iteration x, = X, —@= 0.3043
()
49. Sol: f(x)=x"—4x+4,x,=3
fo) 4 1
1'(x%) 2

For secant method x, =2.5 and x,=3

By N-R method x, = x, —

By secant method
XX 4 (3-2.5) 4 0.5 e
TN e T e s Y T e T
50. Sol: f(x)=-2+6x—4x"+0.5x, f(0)=-2

f(x)=6-8x+1.5x", f'(0)=6
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By N-R method x, =x, — 20 g2 _ 333
S(x) 6

51. Sol: Givenh= Ax=04
X 0 0.4 0.8
f(x) 0.2 24.456 -126.744

0.8
By Simpson’s % rule I f(x)dx = %[(0.2 —126.744) + 4(24.456) | = —3.8293
0

52. Sol: f(x)=x"—x initial guess x, =0.5

f() _ 5 (05 -05
SO0 3057 -1

! 2 . . .
f'(x)=3x"—1, First iteration x, =x, — -1 =x =

So, it converges to -1

53. Ans: (C)
Sol: Let f(x)=x"+x -1 & xo= 1
Then £ (x) =3x>+ 1

o, S 1D
TR BED

54. Ans: (1.564)

0.75

Sol: Let f(x) = x — 10cos(x)& xy = (E)

4
Then f'(x) = 1+ 10sin(x)
Cfe _n_ G5

f'(x0) 4 (1+%

X1 = Xp

L (6.2857)

4 (8.0711) =1.564

55. Ans: (- 6)
Sol: Let x + 2y +3z =5
2x +3y+z=1
3xH2y+z=3 and x9=0,y0=0,2o=0
Then first iteration will be

X1=5—2y0—320:5—0—0:5
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1 1
xZ - yl =§(1—2x1—20)=§(1—10—0)=—3
X3=Z1=3—3X1—2yl=3—15+6=—6
X3:-6
56. Ans: (A)

Sol: f(x) is a linear function

57.Ans: 0.1862

Y
Sol: [ = f(sinx + cosx)dx
0

X 0

By trapezoida, rule, we have

0 h
[ reodx =310 + 39 + 20+ )]
0

T V3 V3
= gl(1—1)+2<7+7>]

=1.813799364 (approximate value)
By Exact method

T

I = f(sin(x) + cos(x))dx

0
= [—cos(x) + sinx]j

= c0s(0) — cos(m)+sin(m) — sin 0

= 1-(-1)=2 (Exact value)

.. Error = Exact value — approximate value

=2-1.813799364 = 0.1862
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58.Ans: 0.06

SOl:%=y+2x—x2 y(0)=1, (0L x <o)

X
Given f(x,y)=y+2x-x*, x,=0, y,=1, h=0.1
k, =hf(x,,y,) =0.1(1+2(0)-0%*)=0.1
k, =hg(x, +h,y, +k,)=0.1(y, +k,) +2(x, +h) - (x, + h)?)
= 0.1(1+0.1)+2(0.1) - (0.1)*
= 0.1(1.1+0.2-0.01)
=0.129

1
i =y0+5(k1+k2)

=1+%(0.1+o.129)

=1+0.1145=1.1145
Exact solution, y(x)=x"+e"
1(0.1) = (0.1)> +&"!
=0.01+1.1052=1.1152
ERROR =1.1152-1.1145
=0.00062

Percentage Error = 0.00062x100 = 0.06%
59.Ans: 0.3601

£(0.333)
£(0.333)

£(0.333) = 3(0.333)— e****+sin(0.333)
=0.999 — 1.3951+0.3268
=—-0.0693
£7(0.333)=3— ¢"***+ c0s(0.333)
=3—1.3951+0.9450
=2.5499
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rx, =0.3334 20693
2.5499

=0.333+0.02717

=0.3601
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CHAPTER- 6
DIFFERENTIAL EQUATIONS

The differential equation y''+y = 0 is subjected to the conditions y(0) = 0, y(1) = 0. In

order that the equation has non-trivial solutions. The general value of A is
(GATE-93|ME])

(a) y = Cycos A (b) y = C,SinA (c)y =C+Cor (d) None

The differential equation d’y/dx*+dy/dx+sin'y = 0 is (GATE-93[ME))

(a) linear (b) non-linear (c) homogeneous (d) of degree 2

The necessary and sufficient condition for the differential equation of the form

M(x,y)dx+ N(x,y) dy = 0 to be exact is (GATE-%4)

oM ON oM ON
(a)M=N (b)—:— (C)_:_
ox oy oy ox

4 2
The differential equation fl i} + PZ f +ky=0is (GATE-%4)
X X

(a) Linear of fourth order (b) Non-linear of fourth order

(c) Non-homogeneous (d) Linear and fourth degree

For the differential equation 5—ty +5y =0 with y(0) = 1, the general solution is

(GATE-94][ME])

(a) e (b) e (c) 5¢ (d) ™

2
Solve for y if 4y + 2% + y =0with y(0)=1 and y’(0) =-2 (GATE-%4[PI))

i

(a) (1-t)e” (b) (1+¢)e' (c) (1+2)e’ (d) (1-1)e'
y=e" is solution of the differential equation y”+y’-2y=0 (GATE-%4|EC])

(a) TRUE (b) FALSE
(c) Cannot be determined (d) None

Match each of the items A,B,C with an appropriate item from 1,2,3,4 and 5
(GATE-%4|EC))

d* d d’?
(A) alﬁ+a2xd—z+a3x2y=a4 (B) algj;+azy:a3
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2
(©) q, d—y+a2x%+a3x2y =0

dx’ X (D) None of these
(1) Non-linear differential equation
(2) Linear-differential equation with constant co-efficient
(3) Linear-homogeneous differential equation
(4) Non-linear homogeneous differential equation
(5) Non-linear first order differential equation
(a) A-1,B-2,C-3 (b) A-3, B4, C-2 (c) A-2,B-5,C-3 (d) A-3,B-1,C-2

2

Solve for y if dy + 2% +y=0 withy(0)=1 and y’(0) =+2 (GATE-%4|ME))
t

t2

(a) (1-3t)e! (b) (1-3t)e™ (c) (143t)e! (d) (1+3t)e™

If H(x,y) is homogeneous function of degree n then xaa—H + y%q =nH (GATE-94|ME))
X

(a) TRUE (b) FALSE

(c) Cannot be determined (d) None

The differential equation y"+(s’ sinx)’ y'+y = cosx’ is (GATE-9S)
(a) Homogeneous (b) Non-Linear

(c) Second order linear (d) Non-homogeneous with constant co-efficient

The solution to the differential equation f"'(x)+4f'(x)+4f(x)=0 (GATE-95[ME])
(a) fi(x)ze—Zx (b) Jfl( ):e2x,f2(x):e—2x
©) fi(x)=e, f2(x)=xe™ d) fix)=e, f(x)=¢"

A differential equation of the form j—y = f(x,y) 1s homogeneous if the function f(x,y)
X

Depends only on the ratio of Z(or)i (GATE-95|ME))
X y

(a) TRUE (b) FALSE
(c) Cannot be determined (d) None
14. The solution of a differential equation y'"+3y'+2y = 01is of the form (GATE-95)

(a) ce’ +c,e’ (b) e +c,e™ (c) e +ce™ (d) ce™ +ce”
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4

15.  Solve %+4ﬂ4v=l+x+x2 (GATE-96)
X

(1+x+x2)

(a) v=e¢™ (C,coshx+C,sinix )+ (C,coshx+C,sinAx ) + A

(c) (1+x +x° )47»4
(b) v=e™ (ClcosXerCzcos?»X) (d) None

The particular solution for the differential equation fl—;} + 3% +2y=sx
(GATE-96][ME))

(a) 0.5cos x +1.5 sin x (b) 1.5 cosx+0.5 sin x

(c) 1.5sinx (d) 0.5 cos x

For the differential equation f(x, y)Z—y +g(x,)=0 to be exact is (GATE-97[CE])
x

g_% by L% (c) =g (d)ﬂjg

@ oy  ox ox Oy ox® oy’

The differential equation j—y + Py = Q, is a linear equation of first order only if,
X

(GATE-97|CE))
(a)P is a constant but Q is a function of y  (b) P and Q are functions of y or constants

(c) P is a function of y but Q is a constant  (d) P and Q are functions of y or constants

4

Solve &2 — 3 =15co0s 2 (GATE-98[CE))

dx?

(a) C,e*+C,e™+C,Cosx +C,sinx +cos2x (b) cos2x (c) C,e*+C,e™ (d) None

2
d—f _D Ly —0is  (GATE-98)

The general solution of the differential equation x”
dx” dx

(a) Ax+ Bx’(A and B are constants) (b) Ax+ Blogx (A and B are constants)

(c) Ax+ Bx”logx (A and B are constants) (d) 4Ax+ Bxlogx (A and B are constants)

The radial displacement in a rotating disc is governed by the differential equation

2
du + ldu_u =8x where u is the displacement and x is the radius. If u=0 at x=0

dx* xdx x°

And u=2 at x=1, calculate the displacement at x=1/2 (GATE-98)
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2
The equation fl Y (x* + 4x)% +y=x'-8isa (GATE-99)
X x

2

(a) Partial differential equation (b) Non-linear differential equation

(c) Non-homogeneous differential equation (d) Ordinary differential equation

If ¢ is a constant, then the solution of Z’_y =1+ % is (GATE-99[CE))
X

(a) y=sin(x+c) (b) y=cos(x+c) (c) y=tan(x+c) (d) y=e"+c

2
Find the solution of the differential equation % + A’y = cos(wt + k) with initial
X

conditions y(0) = 0,@ =0, Here A,w and k are constants. Use either the method of
t

undetermined Co-efficient or the operator (D=d/dt) based method. (GATE-2000)
The solution for the differential equation with boundary conditions y(0)=2 and y'(1) =-3

2

is where &2 Z3x—_2 (GATE-01[CE])

2

2

(b) y=3x" —%—5x+2

(d) —x3—x—2+5x+i
4 2 2

d*y

Solve the differential equation —-+ y = x with the following conditions
b5

(1) at x=0, y=1 (2) atx=0,y’ =l is (GATE-2001)

(a) x (b) cosx (c) x + cosx (d) None

The solution of the differential equation j—y +y?=0is (GATE-03|ME])
X

1 —x’
(a) y= (b) y=—-+c
xX+c 3
(c) ce” (d) Unsolvable as equation is non-linear
Bio transformation of an organic compound having concentration ( X ) can be modeled

using an ordinary equation % +kx* =0, where k is the reaction rate constant. If x=a at
t

t=0 then solution of the equation is (GATE-04|CE})
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() x=ae ™ b Lotk © x=a(l—¢™) () x=a+hki
X a

3 s 2
The differential equation {1 + (Z— =c d—} is of (GATE-05[PI))

(a) second order and third degree (b) third order and second degree

(c) second order and second degree (d) third order and third degree

The general solution of the differential equation (D2 —-4D + 4)y =0 is of the form (given

D = a4 & C,,C, are constants) (GATE-05)

dx
(a) C,e™ (b) Ce™* +C,e™ (c) Cie™ +C,e™ (d) C,e* +C,xe™
The solution of the first order differential equation y(¢) =—-3x(¢),x(0) = x, is
(GATE-05[EE])

(a) x(t)=x,e™ (b) x(t)=x,e” (c) x(t)= xoe_é (d) x(t)=x,e”

For the equation X(¢)+3x(¢) + 2x(¢) = 5, the solution x(t) approaches the following values
As t > o (GATE-05[EE])
(a0 (b) 572 (c)5 (d) 10

Transformation to linear form by substituting v= '™ of the equation

(t)y = q(t)y",n >0 Will be (GATE-05[CE])
)pv =(1-n)g (b) %+ (1+n)pv=(1+n)g

(c) %+(1+n)pv=(1—n)q (d) %+(1+n)pv=(1+n)q

7 d d
The solution g} + 2_y +17y =0;y(0) = 1,(—)/) =0 in the range 0 < x < T s given
dx dx dx) = 4
4

by (GATE-05[EC]))

(a) e [cos4x+%sin 4x} (b) e [cos4x—%sin4x}

(c)e™ [cos 4x - % sin 4x} (d) e [cos 4x - % sin 4x}

21
35. If x{%} +2xy = 0y and y(1) = 0 then what is y(e) ? (GATE-05|ME))
x X
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(a)e (b) 1 (©) é (d) ei

2
The complete solution of the ordinary differential equation Z 2/ + p% +qy =0 is
X

y=C,e™ +C,e then p and q are (GATE-05|ME))
(@p=3,9=3 (b)p=3,q=4 (©p=4,q9=3 (dp=4,q9=4

dzy
dx?

Wherep=4,q=3 (GATE-05[ME))
(@) e (b) xe™* (c) xe™* (d) x*e™

Which of the following is a solution of the differential equation

+pd—y+(q+1)=0‘?
dx

2

3
The following differential equation has 3 62 f + 4(%) +y° +2=x (GATE-05[EC])
t t

(a) degree =2, order = 1 (b) degree = 1, order = 2
(c) degree =4, order = 3 (d) degree =2, order = 3

2
A solution of the differential equation Ccll 2/ = 5% + 6y =0 is given by (GATE-05[EC))
X 57

—2x 3x —3x

(@) y=e +e* (b) y=e> +e** () y=e"+e d) y=e+e
The solution of the differential equation x> Z’_y +2xy—x+1=0 giventhatatx=1,y=0
X

is (GATE-06[CE])
1 1 1 1 1 1

a) ———+ C d) ——+—+

@®) 2 xQ 2o @ 2 x

For initial value problem y+2y+(101)y =(10.4)e*, »(0) =1.1 and y(0) =-0.9. Various

2x?

solutions are written in the following groups. Match the type of solution with the correct
expression.
GROUP-I GROUP-II

P. General solution of homogeneous equations (1) 0.1¢*

Q. Particular integral 2) e [A cos10x + Bsinl Ox]

R. Total solution satisfying boundary conditions (3) e " coslOx+0.le*
(GATE-06[IN])

(a) P-2,Q-1,R-3 (b) P-1, Q-3, R-2 (c) P-1,Q-2,R-3 (d) P-3, Q-2, R-1
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d2y

42. For the differential equation 1o +k*y =0, the boundary conditions are y = 0 for x =0
X

and y = 0 for x = a. the form of non-zero solution of y (where m varies over all integers)
are (GATE-06[EC))

@ y=> 4, sin[ﬂj ) y=>4, cos(mﬂxj
m a m

a

(©) y= ZA,,,x("Zj (d) y= ZA,,,e_[mf )

The solution of the differential equation j—y +2xy = e with y(0)=1is
X

(GATE-06[ME])
(a) (1+x)e* ®) (1+x)e™ (©) 1-x)e* () (1-x)e™

2
% + 4% +3y =3e”, the particular integral is (GATE-06|ME))
X X

For

(@) % e (b) ée“ (©) 3¢¥ d) Ce™ +Cye™

d*x

The degree of the differential equation —-+ 2x> =0 is (GATE-07|CE})
t

(2) 0 (b) 1 ()2 )3

The solution for the differential equation Z—y = x’y with the condition thaty =1 at X =0
X

is (GATE-07[EC])

1 3 2 X
X r

(a) y=e> (b) In(y) = % 4 (©In(y)=— (d) y=e?

The solution of Z—y = y* with initial value y(0) = 1 bounded in the interval is
X

(GATE-07[ME])
(a) —o<x<® (b) —o<x<1 (c) x<lx>1 (d)-2<x<L2

2
The solution of the differential equation k° % = y —», under the boundary conditions (1)
X

y=y atx=0 (i) y=y,at x=o wherek, yl,y2 areconstantis (GATE-07[EC])
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(a)y:(yl_yz)e_%z"'yz (b)y:(yl_yz)e_%"‘%

©) y=0,-y,) Sinh(%j +) dy=0-» )e% +,

A body originally at 60° cools down to 40 in 15 minutes when kept in air at a

temperature of 25° C. what will be the temperature of the body at the end of 30 minutes?
(GATE-07[CE))

(a) 352°C (b) 31.5°C (c) 28.7°C (d)15°C

Consider the differential equation Z—y =1+ y’. which one of the following can be
X

particular solution of this differential equation? (GATE-08[IN])
(a) y =tan(x+3) (b) y=tan"'(x+3) (c) x =tan(y +3) (d) x=tan"'(y+3)
Which of the following is a solution to the differential equation

%x(t) +3x() = 0,x(0) = 2? (GATE-08[EC])

(a) x(t) =3e™ (b) x(t)=2e~" (c) x(t) = 73t2 (d) x(¢) =3¢

Given that X +3x(t)=0and x(0)=1, what is x(1)= (GATE-08|ME))

(a) -0.99 (b) -0.16 (c)0.16 (d) 0.99
It is given that y"+2y'+y =0,»(0) =0, y(1) =0 whatis y (0.5)? (GATE-08[ME))
(@0 (b) 0.37 (c) 0.62 (d) 1.13

2y
The solutions of the differential equation Z—Z + 2? +2y=0are (GATE-08[PI])
X X

(a) e~ Hx == (b) PREDERUOE () PR UEINCRE () e+ (i)
Match each differential equation in group I to its family of solution curves from Group II
(GATE-09[EC))
GROUP-I GROUP-1I

1. Circles

2. Straight lines
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R. Ll =z 3. Hyperbolas
dx y
q. Y _-x
dx y

(a) P-2,Q-3,R-3,S-1 (b) P-1,Q-3,R-2,S-1 (c¢) P-2,Q-1,R-3,S-3 (d) P-3,Q-2,R-1,S-2
Solution of the differential equation 3 yZ—y +2x = 0 represents a family of
X

(GATE-09[CE))
(a) ellipses (b) circles (c) parabolas (d) hyperbolas

3
The order of differential equation f; : d j a8 is (GATE-09[EC))
X

(a) 1 (b) 2 (©)3 (d) 4

The solution of xZ—y +y =x" with condition y(1)=6/5 (GATE-09|ME])
X

4 4 4 5
x" 1 4x 4 X X
a) y=—+— b) y=—+— c) y=—+1 d) y=—7+1
@ y=—"+- U Y Sepharell. ) 7 gr () y==
The homogeneous part of the differential equation (p,q,r are constants) has real distinct

roots if (GATE-09[PI])

(a) p>—49>0 (b) p*—4¢g<0 (c) p>—4g=0 (d) p’—4g=r

2

Y~ 0 with boundary conditions

The solution of the differential equation —

dx

Z—y =lat x=0and x=11s (GATE-09[PI])
i

(@y=1 (b)y=x
(c) y =x + ¢ where c is an arbitrary constant

(d) y=C,x+C, where C,,C, are arbitrary constants

d*x dx

For the differential equation —-+ 6—— +8x = 0 with initial conditions x(0)=1 and
t

j The solution is (GATE-10[EE])
t=0

(a) 2e’t+e™ (b) 2¢*+e™* (c) e*-2e™ (d) None
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62. The solution of the differential equation & +2 = x with the condition that y=1 at x=1is

dx x

(GATE-11[CE])

(a) K2+ 2 (b) 3(x2+3j (c) %(x%gJ (d) None
X X X

The G.S of the D.E j_y-yz ~1,y(0)=1 (GATE-10-PT)
X

(a) y=tan(x+§j (b) y=tan(x-§j (©) y:tan(x'%j (d) y:tan(XJr%j

The Differential Equation of y= (5 cos gj sin3x+ (5 sin %j cos3xis (GATE-10-PI)

&’y
dx?

&y
dx?

dzy

+4y=0 (C) @'

d2
(a) d—XZ—4y (b) +9y=0 (d) ~—>-9y=0

3 3
The order and Degree of the Differential Equation d—}; +4 (j—yj +y*> =0are
X X

(GATE-10-CE)
(a) Order = 3, Degree =2 (b) Order = 2, Degree = 3
(c) Order = 2, Degree =2 (d) None

2
The General Solution of the Differential Equation d—}; + dy _ 6y=0is (GATE-10-CE)

dx® dx
(@) y=C, e +Ce™ (b) y=C,e™+C,e™
(c) y = Ce™+C,e™ (d) y=c,e™ +c’e™

The General Solution of the Differential Equation j—y +y=e*,y (0) =1is (GATE-10-IN)
X

(@) y( )=§—%1 (b) y(1)=§+%

-1

(©) y( )= §+ % (d) None of these
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68. The solution of the D. E j—y: e is (GATE-11-EE)
X

-3x -3x

(a) y=-e3 +K (b) y=‘°“3 %

-3x -3x

(C)y=e3 +K (d)y=-e3 +K

The Solution of the D. E %:ky, y(0)=Cis (GATE-11-EC)
X

e—3x

(a) y=Ce™ (b) y= 3 +k (c) y=ce" (d) None of these

The Solution of y'" +2y'+y=0, y(O) =1, y(l): Ois (GATE-11-IN)
(a) e’ (b)—¢ (c)—e? (d) e”

The Solution of (D’+6D+9)y=9x+6is (GATE-11-PI)

(a) y(C1x+C2)e'3X (b) y(Clx+C2)e3x+x (c) y=(C1x+C2)e'3X (d) None

The Solution of j—y ~ (1+7)xis (GATE-11-ME)
X

2 X

(a) y=tan(%j+c (b) y=tan(5j+c ©) y=tan2CX72+c @ y=tan[x72+c]

f j—y+l=x and y=lat x=1 is (GATE-11-CE)
X X

The Solution o

x 2 x Oz x*+2 x> 2
a =} b — G C = d =4+
(@) y e T3 (b) 3 % ©)y 3 Dy 3

The Solution of ((11—): +x =t,x(1)=0.51is (GATE-12-EC/EE/IN)

() x(t)= % (b) x(t)=t (d) None of these

2
The Solution of the D.E % +2 % +x=01is (GATE-13-CE)

(a) x=(a+bt)e' (b) (a+bt)e’ (c) (a+bt)e™ (d) (a+bt)e™

The Solution of (D+2)" y=0, y(0)=1,andy' (0)=11s (GATE-14-IN)

(a) 0.341 (b) 0.441 (c) 0.541 (d) 0.641
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77.  The Solution of (D2+9)x:0,x(0):1 ‘;t_l at1=0 (GATE-14-CE)

(a) cos3t (b) cos3t-sin3t (a)cos3t+§sin 3t (d) %cos 3t+sin3t

The solution of D.E d’ g; +2—= b
dt dt

A) 2-1)é B) (1+2¢)e' C) 2+t)e” D) (1-2¢t)é'

+y=0 with »(0)=)'(0)=1is (GATE - EC -15)

dy 1—cos2y is
dx  1+cos2x

General solution of D.E — (GATE - EC -15)

A) tany—cotx=c B) tany+cotx=c C) tanx—coty=c D) tanx+coty=c

Consider the D.E a_ 10 —2x with initial condition x(0)=1. The response x(t) for t>0 is

dt
(GATE - EC -15)
A) 2-¢e"* B) 2—¢"* C) 50—49¢ " D) 50—49¢"*

Consider the D.E

d*x(t) dx(t)
d

+2x(¢) =0 given x(0)=20, x(1)=10/ where
dr’ t €

e =2.71, the value of x(2) is (GATE - EE -15)

2

The solution of D.E d g} +5d—y+ 6y =0 is such that y(0)=2 and y(1) = 1-3¢ .
dt dt e
of di 0) is (GATE - EE -15)
t

83. If y = (x) satisfies the boundary value problem y” + 9y = 0, y(0) = 0, y (1/2) =+/2, then y
(m/4) is (GATE - ME -16)

84. The ordinary differential equation %=—3x+2, with x(0)=1 is to be solved using the

forward Euler method. The largest time step that can be used to solve the equation

without making the numerical solution unstable is ’ (GATE - EC -16)

85. The particular solution of the initial value problem given below is (GATE - EC -16)
Ly ¥
dx’ dx

(A) (3—18x)e™ (B) (3+25x)e™ (C) (3+20x)e* (D) 3—12x)e™*

+36y =0 with y(0) =3 and y| 36
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86. A function y(t), such that y(0) = 1 and y(1) = 3e_1, is a solution of the differential

2

equation % +2 % +y=0.Then v(2)is (GATE - EE -16)

1 —2 1

a) S5e b) 5¢ c)7e d) 762
87.The respective expressions for complimentary function and particular integral part of the

solution of the differential equation (GATE - EE -16)

d*y d?y
w + 3@ = 108X2 are

(A) |c; + c2x + c3sinV3x + c4cosV3x|and |3x* — 12x2 + ¢|
(B) |cax + c3sinV3x + cycosV3x|and |5x* — 12x2 + c]
(€) |ey + c3sinV3x + cycosV3x|and [3x* — 12x% + ]

(D) [cl + ¢,x + c3sinV3x + 64605\/§xJand [5x* — 12x% + |

88. The type of partial differential equation (GATE -CE -16)

9*p  9%p 9%p dp dp .
aX2+ay2+3aX6y+2&—a—y—OlS

(A) elliptic (B) parabolic (C) hyperbolic (D) none of these
. . . . . ou o%u
89.The solution of the partial differential equation il ey

is of the form
(GATE -CE -16)

(A) C cos (kt) [cle(M)x + Cze(mx]

(B) Cekt [Cle(\/m)X + Cze‘(M)X]

(©) CeXt[Cy cos(yk/a)x + Cypsin(—/k/a)x]
(D) Csin (kt)[C; cos(yk/a)x + Cpsin — (Vk/a)x]
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DIFFERENTIAL EQUATIONS
SOLUTIONS

Sol: Given y"+y=0---- (1) and y (0) 3)
= (D’ +1)y=0
= D’ +1=0
=>D=%i
Solution of (1) is given by
y=C, cosx+C,sinx---- (4)
using (2),(4) becomes
0=C+0
C, =0
Using (3),(4) becomes
0=C,cosA+C,sind
= C,sinA=0
=sind=0
=>A=nr,nez
has non-trivia solution for A # nz,n ez and itis given by y =C,sin A

Sol: Answer is (b)
Given equation is a non-linear differential equation.
Sol: Answer is C

Mdx+Ndy=0 is exact < oM = N
oy Ox

Ans (a)
The given differential equation is a linear differential equation of fourth order

Answer is (b)
(1)and Y(0)=1----- (2)

=logy=-5t+C
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(3) where K =e¢°
By (2), (3) becomes
1=¢'K
K=1 .. the general solutionis y=e™
Sol: Answer is (a)
(D*+2D+1)y=0 (1) and y(0)=1 ------- (2)
V'(0)=-2----(3)
= D’+2D+1=0
= (D+1)*=0
= D=-1,-1

Equal roots and real

Solutionis y =(C, +C,t)e”’

& P (C,+Ct)(—e ")+ Ce”

dt

Using (2), (4) becomes

1=(C,+0)e’
~C =1
Using (3), (5)

—) =10 (C
s Cy=-1
Hence the general solution is y =(1—¢)e”’

Sol: Answeris a

Given y"+y' =2y =0

=(D*+D-2)y=0

=D’+D-2=0

2y - .
. y=e " is asolution
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Sol: Answer is (a)
Sol: Given (D> +2D+1)y =0
=y=(C,+C,t)e”’
=)' =—(C +Cyt)e" +Che”
By (2), we have C, =1
By (3), we have C,=3
sy =(1+3t)e”" is asolution of (1)
Sol: Answer is a

By Euler’s theorem, option a is correct

Sol: Answer is ¢

The given differential equation is 2™ order linear, non-homogeneous differential
equation

Sol: Answer is ¢

Given f"(x)+4f'(x)+4f(x)=0
= (D’ +4D+4) f(x)=0
=D*+4D+4=0
= (D+2)*=0
=D=-2,-2

s f(x)=e(C +Cyx)

And f(x)= e’z",fz(x) =xe "

Sol: Answer is a

By the definition of homogeneous differential equation. Theoption a is correcct .

Sol: Answer is ¢
Given y"+3y'+2y=0
= (D’ +3D+2)y=0

= D*+3D+2=0
D=-1,-2

. _ -X —2x
LY = cle + cze
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Sol: D'v+4A v =1+x+x’

= (D*+44 v =1+x+x" - (1) ({D)V=Q(x), where f(D)=D"+42",0=1+x+x")
Solution of (1) is

=D'+42" =0

= (D’ +24°) —4D°A* =0

= (D> +2A° =2DA)(D* +2A° +2DA)=0

= D=-At i, A+ A

s Ve =e M[C, cos Ax + C, sin Ax]+e™[C, cos Ax + C, sin 1x]

1
PI=|——
[y

1
:(WJ(H_X_HCZ)

4

- ]
142 (ES2)
| 44

4

[ p* D
+
42 164°

————}(1+x+x2)

1
A

Vp=

(1+x+x*)(OD*(x*)=0,D*(x') =0, D*(1) = 0)

Hence the complete solution of a given equation is

v=v,+v,=CF+Pl

(I+x+x%)

=e “[C, cos Ax+ C, sin Ax]+ €™ [C; cos Ax + C, sin Ax]+ a2

Ans:- A

16. Sol: Answer is a

Given (D’ +3D+2)Y =5cosx

= f(D)Y = O(x)where f(D)=D*+3D+2,0(x) =5cos x
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5cosx
2( )

JQ( )= D*+3D+

{7t

1 (3D-)
" 3D+1)(3D-1)

(5cosx) = (9311))2_ 11 5cosx

15(—sinx)—5cosx
-10

Pl.= =1.5sinx+0.5cosx

Sol: Answerisb
: dy
Given f(x,y) :d—+g(x,J/) =0
x

= f(x,y)dy+g(x,)dx =0
= g(x,y)dx+ f(x,y)dy=0

This D.E. is exact iff G_g = @
oy Ox

Sol: Answer is d

According to general form of linear differential equation in y, the function P and Q must

be either functions of x (or) constants.
Sol: The solution of given equation (D* —1)y =15cos2xis y =y, +y )
f(D)y=Q(x) where f(D) = D* —1 and Q(x) = 15 cos2x
f(D)y=0
= D*-1
= (D*-1)(D*+1)=0
=>D=x1+i

=Ce" +C,e " +e"[C;cosx +C,sinx]

Y, = }Q( )—

e

1
=y, = (15cos2x) = 1 (15c0s2x)

(D*)* -1
Sy, =c0s2x

Hence the solutionis y =y, + v,
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y=Ce" +C,e " +e"[C;cosx+C,sin x]+cos2x
Ans: (a)
20. Ans: (d)
Given (x’D*—xD+1)y=0
Put x=¢' (or)logx=t,xD =D,x’D* = D(D~1)
[D(D-1)-D+1]y=0
=(D*-D-D+1)y=0
=(D*-2D+1)y=0
=(D-1°y=0
= f(D)y =0 where f(D)=(D-1)
f(iD)=0
=(D-1)=0
=D=1,1
- Solution is y =(A+ Bt)e' =(A+ Blogx)x
y = Ax+ Bxlogx

Sol: Similar to the above problem

Sol: Answer is d

This given differential equation is linear non-homogeneous ordinary differential equation

Sol: Answer is ¢

Given Ll =1+y2
dx

:>J.1+1y2 dy:Idx+c

=tan ' (y)=x+c

sy =tan(x+c)

2
24. Sol: Given %4— A’y =cos(wt+k) (1) and

1(0)=0 (2) and
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a0 _,
dt

3)
(D* + A7)y = cos(wt +k)

= f(D)y =Q(x) when f(D)=D*+ 1% & Q(x) = cos(wt + k)
= f(D)=0
=D+ =0
= D=+
v, =C, cos(At) + C, sin(Ar)

1 1
Y, = mQ(X) = D2—+/12COS(Wt + k)

1
yp = mCOS(Wt + k)

Hence the solution of (1) is given by y =y, +y,

v =C, cos(At) + C, sin(Ar) + % cos(wt+k) ---- (4)
-w +A

dy . 1 .
= =—-C Asin(Ar) + C,Acos(At) + ) sin(wt +k)

By using (2), (4) becomes
1
0= Cl +O+WCOS(1€)

cosk

L C =
1 WZ_AZ

By using (3), (5) becomes

wsin k

0=0+C2)nLW2_/12

_ wsink
22 =wh)

.. cosk wsink
Now the solution is y =———cos(A7) +
W —

. A
m Sll’l(/lt) + m cos(wt+k)
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25. Sol: Answer is C

; =3%/ _2x+C,

2
X 2
:>y=?—x +Cx+C,

2
And Q:&— X+
dx 2

Using (2), (4) becomes
2=0-0+0+C,

~C, =2

Again using (3), (5) becomes

3-204c,
2

3 —
.. The solution of a given differential equation is y = % -x + x(?sj +2

2

26, Given &
dx

= f(D)y=0(x) where f(D)=D"+1&0(x)=x
Complementary function:

f(D) =0
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~y,=C cosx+C,sinx

Particular integral,

1 1 -l
yp—mQ(X)—mx—(lJrD) x=[

- Solutionis y =y, +y, =C cosx+C,sinx+x
By using (2), (4) becomes

1=C,+0+0

~C =1

From (4), % =-Csinx+C, cosx+1
X

Using (3), (5) becomes

1=-0+C, +1

C =0

Hence the solution of (1) is y =x+cosx
27. Sol: Answer is a

dy 2
—+y =0
dx Y
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28. Sol: Answeris b

X

By (2), (3) becomes

1
—=0+c
a

.. The solution of (1) is 1 =kt +l
X a

29. Sol: Answer is ¢

2 3 D 2
Given 1+(ﬂj =C? d—f
dx dx

From this order is 2 and degree is 3
30. Ans: (d)

Sol: Answer is a
Given (D’ -4D+4)y=0
= f(D)y=0 where f(D)=D’>—-4D+4
F(D)=0
=D'-4D+4=0 =(D-2)’=0=D=22
=~y =(C, +C,x)e™

31. Sol: Answer is a

=logx=-3t+C=>x=e ' +C=>x=e ' +C=>x=¢"'¢
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=x=e 'k ----(3)
Using (2), (3) becomes x, = e~k
Sk=x,

Hence, the solution of (1) is x =™ .x,

Sol: Answer is B
Given X(2)+3x(¢)+2x(t)=5
= (D’ +3D+2)x=5¢"
= f(D)y=0(t) where f(D)=D>+3D+2 &Q(t)=5
CF:f(D)=0
=D*+3D+2=0
= DO+1)(D+2)=0
=>D=-1,-2
nx,=Ce ' +Ce™

1 1
£(D) 0= 32

Pl:x,= (5¢™) =§  £(0)=0)

- _ ., D
Solution is x=C,e”" +C,e™ +5

But, As t—>00,x—>%

Sol: Answer is A

d ;
ot Py =4@)y"n >0 — (1)
Put y"" =V - (2)

From (2), we have

dv o Ay
“ l_n lnl_
o Ty

L&y )
(—nmydi ° dr

Using (3) and (2), (1) becomes
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D Py =q(r)

Ll +P(t)V(1—-n)=q(t)(1-n)
dt

Sol: Answer is a
Given (D* +2D+17)y =0 —— (1) and y(0) = I —— (2), ? 0
X

= f(D)y=0(x)  where f(D)=D*+2D+17 and O(x)=0
f(D)=0

=D’ +2D+17=0

=>D=-1+4

—e '[C,cos4x+C,sin4dx]+e '[-4C, sindx + C,4cos4x] --- (5)

By using (2), (4) becomes
1=,
By using (3), (5) becomes
0=—¢ 7A[-C, + 0]+ 4[0—C,4]
0=—¢ A[-1]4—¢ TA(-C,4)
0=—¢ A[1-C,4]
1-C,4=0

1.
.. The solutionis y=e™" {cos 4x + 2 sin 4x}

35. Sol: Answer is D

Given x* (?j 12 =285 (1) and y(1) = 0 (2)
x y

NENEEL L (@?P(x)yzgmj
X
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Solution is given by y.(I.LF) = Q(x) dx + C

210gXa’x+C

yx’ = Ixz

B
2M +C
2
= (logx)*+C
Using (2), (3) becomes
O0=logl+C
-.C=0and yx* = (logx)’

(log,e)* 1
62 - 62

Hence y(e) =

Sol: Answer is C

2
Given % + P? +2y=0--- (1) and its solution is
X

y=Ce +C,e™ - (2)
From (2), the roots of f(D) =0 are -1 and -3
L(D+1D)(D+3)=0
=D*+4D+3=0 - (3)
Comparing (1) and (3), we have
P=4andq=3
Sol: Answer is C
Given [ D> +4D+(3+1) |y =0
=(D? +4D+4)y:O
=(D+2) =0
D=-2,-2 .. y=(C,+C,x)e** =Cie™ +Cixe™
Hence e and xe > are independent solutions.

Sol: Answeris b

MATHEMATICS

The order and degree of a differential equation are 2 and 1.

Sol: Answeris b
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Given (D*-5D+6)y =0

= D’-5D+6=0
=D=2,3
Ly=cet+ce (or) y=et +e*
40. Sol: Answer is a
Given 2xy—x+1)dx+x’dy=0&x=1,y=0
M,=2x=N,
.. Solution of a given equation is

j(2xy—x+1)dx+jx2dy =C

2

xzy—%+x:C —(3)

Using (2), (3) becomes

c-1
2

U SR U 3
e 2x° 2 x

Sol: Answer is a
Given (D’ +2D+101)y =10.4¢"
CF.is y, =e "[c, cos10x+c,sin10x]

1
(D> +2D+101)

Y, = (10.4)e”

L ogper = (04 104

= = e =0.1e"
(1+2+101) 104 10x104

Y

Y=Y+,

y=e€"[c, cosl0x+c,sin10x]+0.1e"

y' =—€"[c,cosl0x+c,sinl10x]+0.le" + e [, 10sin10x +¢,10cos 10x]
But y(0)=1.1 and y'(0) =-0.9

1.1=¢,+0.1
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¢ =1.1-0.1=1
-0.9=-[1+0]+0.1+[10¢, ]
10¢,=-0.9+1-0.1=0
c,=0
Sy =e “[cos(10)x]+(0.1)e"
Hence P-2, Q-1, R-3
Sol: Answer is a
Given (D* +k*)y=0
= (D’ +k*)=0
D=4k
-y = ¢, cos(kx) + ¢, sin(kx)
Also given y =0 for x =0
Andy=0forx=a
0=¢
Sy =c¢,(sinkx)
0 =c, sin(ka)
For non —trivial solution, we have
¢, #0,sin(ka) =0

ka=nr,nez

nrx
k=—,nez
a

. i
S y=c,sin—
a

Le. y= Z A, sin(mmcj

a

Sol: Answeris b

Given %+ 2xy = e e (1)

X

And y(0) = 1 - (2)
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IZxdx _ 2

I.F=e =e

y.ex2 = I e dx+C

y.ex2 =x+c
1=0+c
C=1

Ly= xe ¥ +e = (x+ 1)e_x2

44. Sol: Answer is b

Given (D* +4D+3)y =3¢™
D*+4D+3=0
D=-1,-3
y.=ce " +ce

362x 362x er

T D*+4D+3 4+8+3 5

Vp

er
LY, = 5
Sol: Answer is (b)
By the definition degree is 1

Sol: Answer is (d)

Given % =x"y - (1)andy =1 atx =0 --- (2)
X

— L B
Yy

By (2), (3) becomes
1=e%
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Sk=1

Hence y = exg is a solution of (1)

47. Sol: Answer is (c)

Given L= - (1) and y() = 1 - )
X

3[%=de+c

=>-——=x+c —--(3)
y

Using (2), (3) becomes

—=0+c
1

=c=-1

. Solution is _—1= x—1(or)y =L
1-x

1 .
y=1— is not defined at x = 1
—-Xx

1 & \ )
Ly= T is bounded in the interval x <1,x>1
.
48. Sol: Answer is D

)

Given k> fo =y, —(1)
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F(D)=0, where f(D)=D’ —%

:>(D+%)(D—%):O

:>D:_—1,

1
k Tk

V. :Cle7+Cze;
1
f(d)

1 _.szco.x_K_zyz

g B

k2

v, =——0(x) 0x) =‘k—y;

ypzyZ

<X

.. solutionis y = Cle7

Using (2), (4) becomes
WEecnic, +y,
=c+c,=y-y, —(5)

Again using (3), (4) becomes
¥, =¢(0)+¢,(0) +y,
c,(0)=0

e, =2 —0x0=0

e 0]

G=N—0
Ly=n=)et +y,
49. Sol: Answer is (b)

By Newton’s law of cooling, we have
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T
i{—t =—k(T'-T,) where T, — Temperature of air

=T =T,+e"c— (1) T — Temperature of body
T =Time

Given, Att=0, T = 60" - (2)
Att=15T=40° - (3)
Att=30,T=?

And also, given T, =25

Using (2), (1) becomes
60=25+¢"c
=c=35

S T=T,+e*35 —(4)

Using (3), (4) becomes

40=25+¢ 535
—k:%log(%)

L]o,(3
ST=T, 4535

@lo

3
T=25465" 35

T =25+¢%97 35

T=25+ix35
49

T=¥=31.420C

50. Sol: Answer is a

Given Q=1+y2 - (1)
dx

dy

> =dx
I+y

=

=tan ' (y)=x+c
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= y=tan(x+c)
For ¢ =3, y =tan(x+c) is a particular solution of (1)

Sol: Answerisb
Given %x(r) +3x(t)=0— (1) and x(0)=2— (2)

:ﬁ: —3dt
X

= logx=-3k+c

x=ek—>(3)
Using (2), (3) becomes
2=¢"%
k=2

=3t

Hence x(¢)=2¢ " is a solution of (1)

52. Ans: (d)
Sol.

d*x

Given >
dt

+3x=0—(1)and x(0)=1— (2)

=(D*+3)x=0 %(0):1—%3)

= f(D)x=0, f(D)=D"+3
Now f(D) =0
= D*+(\/3)=0
=>D= J_rz\/g
x =C, cos(x/3t)+C, sin(x/3t) = (4)
And x = —/3C, sin(~/3t) +/3C, cos(+/31) = (5)
By (2), (4) becomes
1=C,
By (3), (5) becomes
1=-3C,(0)++/3C,
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<=5

SX= cos(@) + %sin(@)

Hence x(1) =cos+/3 +Lsin 3=

V3

Ans: (d)

Sol: Answer is a

Given (D’ +2D+1)y =0—-(1)

And y(0)=0— (2)
Y(1)=0— (3)

f(D)y =0 where f(D)=D>+2D+1
f(D)=0
=D*+2D+1=0 =>(D+1)’=0 =>D=-1,-1
y=(C,+C)x)e”" ---(4)

By using (2), (4) becomes
0=(C,+0)
=0

By using (3), (4) becomes
0=(C,+C)e"
C,+C,=0
€, = (A=

Sy=0and y(0.5)=0

Sol: Answer is (a)

Given (D’ +2D+2)y=0
= f(D)y=0

Now f(D)=0
=D’ +2D+2=0
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C2+4-8 242
2

2

=D

=—1ti=—(1-i),~(1+i)

5 y=(C,cosx+C,sinx)e " (or) y=C,e "™ +C,e” ™"

—(-i)x —(1+)x

Here e and e are independent solution.

55. Sol: Answer is (a)

P:Q=Z :Jﬂ=jﬂ+logc
dx x y X

= logy=logx+logc

= y = x, —>straight lines

dy -y dy dx
L= = | =—=—|—+1
Q dx x J‘y '[x o=

= log y=—logx+logc
=>y= £ Hyperbola
X

dy

R: —= :Jydyzjxdx

X
dx y

2 2

Xy
= ——<—=k — Hyperbola
> o yp

=2 +L — ¢ Circle
2 2
56. Sol: Answer is a (a)

Given Q3y+2x =0
dx

= 3ydy +2xdx =0
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The above equation represents a family of ellipse
Sol: Answer is (b)
By the definition of order of a differential equation, the order of a given equation is two

Sol: Answer is a

. dy 1 3 6

Given —=—+—y=x" > (1)and y(1)= -2
or—y=x' o () and y()=95 > )
%dx logx

I.F:eJ

5
xyzx?Jrc—) 3)

=e =X

Using (2), (3) becomes

6 1
—=—+4c¢c =>c=1
5 5

4

.. 1

. Solution is y:x_+_
5 Xx

Sol: Answer is a (a)
d’y  dy
+p—+qy=r
dx’ P dx %

Given
= (D2 +pD+q)y=r
Now f(D)=0

=D*+pD+q=0

If p*> —4q >0 then the roots of f(D) = 0 are real and different

Sol: Answer is (c)

2
Given 22 —0 5 (yand @ —1arx =0 (2)
dx dx

> =

ﬂzlatle—)@) and @:C —>4)
dx dx

= y=Cx+k —(5) Where ¢,k are arbitary constants

Using (3) and (1), (2), (4) becomes
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..y =x+k Where k is arbitary constant
Sol: Answer is (b)

Given (D’ +6D+8)y=0

And x(0) =1 (2)

(ﬁ) ~0
dt =0

f(D)=0
=D*+6D+8=0
—~D=-2,-4
x=Ce ' +Ce™ - (4)

dx
dt

Using (2), (4) becomes

=-2Ce " —4C,e™* - (5)

Using (3), (5) becomes
0=-2C, -4C, ----(7)
Solving (6) & (7), we get
(C =2).,(C,=-1)

~. Solution is x(f) =2e ™ —e™

Sol: Answer is (a)

dy ¥y _
dx x

X

X

P(x):%,Q(x)

Jpdx S;dx log x
[F=e""=e* =™ =x

The Required General Solution is yeI - J.er P dxte
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3
:>y.x=jxxxdx+c=Ixzdx+c=x?+c

_2

And y(0)=1

(1):>j d); —Idx+c

1+y*
=tan ' (y)=x+c

Using (2), (1) becomes

i =) — /) —
ie, tan’()=0+C =7/ =C

¥ B
. Solution is y = tan(x +Z]

Sol: Answer (C)

y= (5 cos%j sin3x + (5 sin%j cos3x

y=C,sin3x+C,cos3x whereC, =500s%,C2 = 5sin

a_ 3C, cos3x—-3C,sin3x
dx

2
TV _ 9, sin3x—9C, cos3x
dx
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3 3
Sol: Given d J3/+4 (ﬂj +y2 =
dx dx

3 3
:>d—);:16(ﬂj +16y°
dx dx

. Order = 3 and degree =2

Sol: Answer is (¢)

2

Given %+Q—6y20

x®  dx
=(D*+D-6)y=0
= f(D)=y
The auxiliary equation is f(D) =0
=D'+D-6=0
=D=2,-3
L y=Ce+Ce ™ (or) y=Ce*+Ce™
Sol: Answer is (c)

G- () and y(0)= 1 -~ (2)

dx

Jo _
1LF = Ie =€
y(I.F)= j (I.F)e'dx+C
ye' = J.exexdx +C

er

" =—+C -—(3
» 5 3)
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Using (2), (3) becomes
1=V+c
2x

.'.C:l andyex=e +l
2 2 2

-1

: _£,°
..y(l)—2+ 5
Ans (a)

Given d_y =e

dx

e—3x

:>Idy=je_3"+K:y= 3 +K

Ans: (¢)

Sol: Given P _ Ky --- (1)
dx

And y(0)=c --- (2)

:Iidy:Kjdx+cl

Kx+c;

=logy=Kx+c, =>y=e
=y=e"+c, —(3)

Where ¢, = e

Using (2), (3) becomes

o=,

sy=eéc

Ans: (¢)

Sol: Given y"+2y'+y=0 ---- (1) and

y(0)=1---(2),y1)=0---(3)

(1) =>(D*+2D+1)y=0

Now f(D)=0 where f(D) = D> +2D +1=0
= D*+2D+1
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=D=-1,-1

~y=(C +Cx)e " —--(4)

Using (2), (4) becomes

1=C,

Using (3), (4) gives 0=(1+C,)e”'

nC=-1

Hence the solutionis y=(1—x)e™*

S y(2)=(1-2)” =—€

Ans: (¢)

Sol: Given (D> +6D+9)y =9x+6

Solutionis y=y,+y,
y,: D*+6D+9=0
=D=-3,-3

Y. =(Cx+C)e™

1 1 1[. DT
%= 7y @ = 5 (9x+6)—5{1+g} (9x+6)

:1{1—22+3(2j +——}(9x+6)
9 3 3

1 21 2 2
=—Ox+6)-——9D=x+—-—-—
g Ox 0 =350 =xt7-3

Y, =X
L y=(Cx+C,)e™ +x
72. Ans: (d)

Sol: Given 2 = 1+ yH)x - (1)
dx

:>J‘1f);2 =dex+C
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Ans: (d)

Sol: Given & 4+ ¥ — x-—- (1) and
dx x

Y=1 atx =1 - (2)

I dx
x

I.F:eI =8 = x

The general solution of (1) is

3
X

Xy =?+ C ---3)

Using (2), (3) becomes

]
_ - -2
=2 +C=C A

X2
AR

Ans: ©
dx

Sol: tﬁ+x:t:>—+lx=1
dt dt t

Jld, logt
— o el - 3

2
. t
S0l s xt:jtdt+c:xt=3+c

Given x(1)= 0.5 = 0.5=%+c:>c:0

tz
SoXt=—
2

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 296




GATE MATHEMATICS

75. Ans: (b)

ie, (D’+2D+1)x=0
(D+1)’x=0

AE has roots -1, -1

. General solution is x = (a+bt)e”’
Ans: (c)

Sol: Given that (D+2)°y =0

A.E has roots -2, -2

. solutionis y=(C,+C,x)e " --- (1)

Given that y(0) =1

—2C, e +C,(2xe ™ +e7)

Apply y'(0)=1
1=-2+C,(0+1)
=C =3
Using (2) & (3) in (1)
y=(1+3x)e™

At x=1= y=4e” =0.541
Ans: (¢)
Sol: Given that (D* +9)x =0
A.E has roots 3i
. Solution is x = C, cos 3t + C, sin 3t
X(0) gives C, =1

% =(-3C,sin3t+3C, cos 3¢)
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Apply % =1 att=0, we get 1 =-3C,
t

Sx= (cos 3t +%sin 3tj

78. Sol: Ae(D*+2D+1)=0=>D=-1,-1
y=(c,+ct)e”’
Y()=ce’ +(c +ct)e”
y0)=1:Y'0)=1=¢ =1land c,+c¢(-)=1=c,=2

-. General solution is y(¢) = (1+2t)e™

Givenﬂzl—cosb/:> dy _ dx _ fly2 _ dx2
dx  l4cos2x 1-cos2y 1+cos2x 2sin"y 2cos” x

= Icoseczydy = J.secz xdx +c
= —coty=tanx+c

= —tanx—coty=c = tanx+coty=c

80. Ans: (¢)

Sol:  Given D.E is %le—Zx:x(O)ZI :%+(O.2)x:10

AEBis m+02=0=>m=-0.2

Complimentary function x, =ce "**

x = ! 10e” =50e" =50
7 D+0.2

G.Sis x=x, +x, =ce"* +50
¥(0)=1=c+50=1=c=-49 = x =50—49¢"*
Given x"(¢£)+3x'(t)+2t =0
AEis m*+3m+2=0=>m=-1,-2

. - -2
G.Sis x=ce ' +c,e”’
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Given x(0)=20=c¢,+c, =20=¢,=20-c¢,

¢ ¢, 10
x(1)=1%:>;‘+e—§=?

20-¢c, ¢, 10
= +=2=—>=c¢
e e e

10e=20 _, 10e _,
+ e

e
e—1 e—1

Now x(¢) =
x(2) = (me—zojez +(&j e =0.8556
e—1 e—1
82. Sol: AEis m’ +5m+6=0=>m=-2,-3
G.Sis y(t)=ce ™ +c,e
Given y(0)=2=c¢ +c, =2
1-3e

3
e

y()= 1;336 = cle’3 + cze’2 =
By solving ¢, =-1:¢, =-3

=2t

Ly(t)=—e +3e

d -3t —2t d
= y(@) =3¢ —6e¥,—p(0)=3-6=-3
dty() dty()

83.Ans: (-1)

Sol: y"" +9y=0
AEism’+9=0
m==3i
Y=YeTYp

y =c¢; cos 3x + ¢; sin 3x

Ifx=0, y=0

(1) 0=Ci(H)+C2(0)=Ci1=0
Ifx=mn/2 y=42

() V2 = €,(0) + C,sin(37/2) = C,(—1)
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Ifx=mn/4
y(1/4) = /2 sin(37/4)

- ()=

84.Ans: 0.66

Sol: & =-3y+2,y(0)=1
dx

If |1 — 3h | <1 then solution of differential equation is stable
—1<1-3h<1
-2 <-3h <0
0<3h <2

0<h< 2
3

- If0<h< % then we get stable.

85.Ans: (A)
Sol: D’ +12D+36=0 = = —6,-6
The solution is y=C,e™ +C,xe™™ — (1)

y(0)=3 = 3=C,

(1) =>y=e™+C,xe™

W g1 bxe ™ 4o} = Y| 181C, = —36=-18+C,
dx dx

= C,=-18

. The solution is y = 3e™™ +18xe ™™
86.Ans: (b)

Sol: Given equation m*+2m+1 =0
(m+1)*=0
y(t) = (crteat)e™
Given y(0) =1
1= C1
Given y(1) = 3¢™
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3¢ = (1+cy)e

3=1+ Co

Cr = 2

syt = (1+20)e™
y(2) = 5¢”

87.Ans: (A)

4
so: 1Y, 39 g8y
dx dx
A=m*+3m’=0
=m=0,0+3i

CF=c, +c,x +cysin+/3x +c¢, cosv/3x

1

TR
+

108x*

4

T3’

2

y(x)=c, +c,x +¢,sin/3x +c, cos/3x +3x* —12x

88.Ans: (C)
Soln: B? — 4ac =9-4
=5>0

.. PDE is Hyperbolic
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89.Ans: (B)

Soln: =+ =

2

Letu=XT = & = xS = 1xr

ot Ox
Substituting in (1)
XT =aTX'
T! XH
—=0—=Ksay
T X

| n

I:Kand o—=K
T X

1dT_
T de
jl dT=[Kdt

T
logT =Kt + log C;
T=Ce"
d’X K

dX* «

Substitute (2) & (3) in (1)
u=XT

u=Ce" (Cze@ - Cze_@]
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CHAPTER- 7
COMPLEX VARIABLES

The real part of the complex number z = x +iy is (GATE-%4[IN])

z—z* z+z*

(a) Re(z)=z-z*  (b) Re(z)= (c) Re(z)= (d) Re(z)=z+2z*

cos¢ can be represented as (GATE-9%4[IN))

i¢ + €7i¢

e
() —

i', where i =+/—1 is given by (GATE-96|ME))

-7

(2) 0 (b) e (©) % (1

The complex number z = x +iy which satisfy the equation |z s 1| =1 lieon (GATE-97[IN])

(a) a circle with (1,0) as the centre and radius 1

(b) a circle with (-1,0) as the centre and radius 1

(c) y-axis (d) x-axis

e’ is a periodic with a period of (GATE-97[CE))
(a) 27 (b) 27 (c) = (d)ir

The bilinear transformation w = Z—_i (GATE-02[IN])
zZ+

(a) Maps the inside of the unit circle in the z-plane to the left half of the w-plane
(b) Maps the outside of the unit circle in the z-plane to the left half of the w-plane
(c) Maps the inside of the unit circle in the z-plane to the right half of the w-plane
(d) Maps the outside of the unit circle in the z-plane to the right half of the w-plane

Consider likely applicability of Cauchy’s integral theorem to evaluate the following

Integral counter clock wise around the unit circle C. I = §>sec zdz , z being a complex

c

Variable. The value of [ will be (GATE-05[CE})

(a) I=0; Singularities set = ¢
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(d) none of the above

Consider the circle |Z -5- 5i| = 2 in the complex number plane (Xx,y) with z=x+iy. The

minimum distance from the origin to the circle is (GATE-05[IN))

(a) 542 -2 (b) /54 (c) V34 d) 52

Let z° = Z, where z is a complex number not equal to zero. Then Z is a solution of
(GATE-05[IN])

(@) z° =1 (b) z* =1 (c) z* =1 (dz’ =1

. .1 =k : . .
The function w=u+iv= Elog(x2 +y? )+ itan I(ZJ is not analytic at the point.
X

(GATE-05[PI])

(a) (0,0) (b) (0,1) (c) (1,0) (d) (2,0)

The value of the counter integral j 21 dz in the positive sense is (GATE-2006[EC])

2 2 F 4

T -7 — T T
OFS (b) —= © @7
For the function of a complex variable (where w=u + jv and z = x + iy ) the constant
lines get mapped in the z-plane as (GATE-2006[EC))
(a) set of radial straight lines (b) set of concentric circles

(c) set of confocal hyperbolas (d) set of confocal ellipses

Using Cauchy’s integral theorem, the value of the integral (Integration being taken in

3 —
counter clock wise direction) I z ? dz where C is |z| =1 (GATE-2006[CE))
Z —

2 V4 4
a) ——4m b) = — 67 c) ——6m d)1
()81 7 ()8 7 ()81 7 (d)
Let j =+/—1. Then one value of j’ is (GATE-2007[IN])
V1
C —
(c) >

z
2

(a) V3 (b) -1 d) e
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For the function of a complex variable z, the point z=0 is (GATE-2007[IN))
(a) a pole of order 3 (b) a pole of order 2

(c) apole of order 1 (d) not a singularity

Potential function is given as¢ = x*> + y°. What will be the stream function with the
condition at x =0, y=0? (GATE-2007[CE))
(a) 2xy (b) x> +y? (c) x*+y° (d) 2x*y?

If and are functions with continuous second derivatives then 2 ¢(x, y) +iw(x, y) can be

expressed as an analytic Function of x+iy (i =+/—1) when (GATE-2007[ME))

(a) 2 __Ov 09 _0Ovy (b) 280V 9 _oy
oxdy oy & ox oy Oy

2 2 2 2

a?+a?:81/2/+al/;:1 (d)%+%:a—w+a—l//:0

ox~ Oy ox oy ox oy Ox Oy

(c)

If a complex number z = g + i% then z* is (GATE-2007[PI))

(a) 24/2 +2i (b) —%+i§ (©) ?—i% (d) g—ié

The value of §

1 ‘
dz where C is the contour |z — ¢ ‘ =1is GATE-2007[EC
fiee A ( [EC])

(a) 27 (b) n (c) tan"'(2) (d) mtan™' z

If the semi circular contour D of radius 2 as shown in the figure. Then the value of the
1
integral m 71 dsis (GATE-2007[EC))
S —_—
D,
(a) iz (b) —irx (d) =
-5+i10

The value of the expression YT (GATE-2008[PI])
+4i

(a) 1-2i (b) 1+2i (c) 2—i (d) 2+i

The residue of the function f(z) = 21 - atz=21s (GATE-2008[EC])
(z+2)(z-2)

@ Y%, ) -V, © X @ Y5,
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The integral if) f(z)dz evaluated around the unit circle on the complex plane for

f(z)="22 s (GATE-2008]ME])

z
(a) 2mi (b) 4mi (c) -2mi (d)o

The equation  Sin (z) =10 has (GATE-2008[EC))
(a) No real (or) Complex solution (b) Exactly two distinct complex solutions.
(c) A unique solution (d) An infinite number of complex solutions.
A complex variable z = x + j(0.1) has its real part x varying in the range -oo to co. Which

one of the following is the locus (shown in thick lines) of 1/z in the complex plane?
(GATE-2008[IN])

Given X(z) =

with ]z] > g, the residue of X(z)z"™" at z=a for n>0 will be
z—a

)2
(GATE-2008[EE])
(@) a™" (b) a" (¢) na” (d) na""

z—1

The analytical function has singularities at, where f(z) = = " is (GATE-2009[CE])
z

(a) 1 and -1 (b) 1 and i (c) 1 and -i (d)iand -i

cos(27z)

The value of the integral _[ m
zZ— zZ—

c

dz where C is a closed curve given by Z >1 is

(GATE-2009[CE])
(a) -mi (b) mi/5 (c) 2mi/5 (d) mi

If f(z)=C,+C,z" then § Mdz is given (GATE-2009[EC))
z

unit
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(a) 22C, (b) 272G +C,) (©) 24C, (d) 27(1+C,)

30.  If Z =x+ jy where X,y are real then the value of ‘ejz is (GATE-2009[IN])

(a) 1 (b) eV () &’ d) e
31. One of the roots of equation x° = j, where j is the positive square root of -1 is
(GATE-2009[IN])

@] () %ﬁ () %—g ) —%—%

The value of §sm Z iz , where the contour of the integration is a simple closed curve
z

around the origin is (GATE-2009[IN))

(@0 (b) 21j (c) © (d) 1/2mj

An analytic function of a complex variable z = x + iy is expressed as

f(z2) =u(x,y)+iv(x,y) where i =+/—1. If u=xy then the expression for v Should be
(GATE-2009]|ME])

2 2 2
X

(x+y)° x’ -y +y (x—y)°
(a)—2 +k (b) 5 +k (©) 5 +k (d)—2 +k

The product of complex numbers results in (GATE-2009[PI])
(a) 1+6i (b) 9-8i (c) 9+8i (d) 17+61

If f(x+iy)=x"—3xy* +id(x,y) where i = J-1and f(x+iy) is an analytic function then
#(x/y)is (GATE-2010[PI])

(a) y° -3x7y (b) 3x’y -y’ () x* —4x’y (d) xy—y°

The modulus of the complex number S+di is (GATE-2010[CE))

1-2i

@5 (b) V5 © % @

If a complex number o satisfies the equation @’ = 1then the value of 1+ w + s is
®

(GATE-2012[PI])
(@0 (b) 1 (c)2 (d)4
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38. The contour C in the adjoining figure is described by x* + y* =16 . then the value of

§ z+8 (GATE-2010[IN])

S R
(0.5)z—(1.5)/

c

(a) -2mj (b) 2mj () 4mj (d) -4j

1-2z
z(z=1)(z-2)

The residues of a complex function X (z) = at it poles (GATE-2010[EC])

1 -1 1. -3 1 3

1 b) —,—,—1 c) —,1,— d) —-1,=
(b) 7" (©) ) (d )

-3z+4
z2+4z+5

1 -1
a) —,—,
()2 5

The value of the integral §

c

dz, when C is the circle |z| =1 is given by

(GATE-2011[EC])
(a) 0 (b) 1/10 (c) 4/5 (d)1

41. The contour integral je” “dz with C as the counter clock-wise unit circle in the z-plane is

c

equal to (GATE-2011[IN])
(a) 0 (b) 21 (c) 271 (d)oo
The product of two complex numbers 1+i & 2-5i is (GATE-2011|ME])
(a) 7-3i (b) 3-4i (c) -3-4i (d) 7+3i
For an analytic function f'(x +iy) = u(x, y) +iv(x, ), is given by u = 3x* —=3y*. The
expression for v, considering k is to be constant is (GATE-2011[CE))
(@) 3y> =3x* +k (b) 6x—6y+k (c) 6y —6x+k (d) 6xy+k

22
2t =1

x-Hy is (GATE-2011[PI])

The value of § dz , using Cauchy’s integral around the circle |z+1]|=1 where Z=

(a) 2 i (b) —%i () —% (d) 7%

For a complex number z = x+iy the locus of all points of |z| <1 for the transformation w
= 1/z lies in (GATE-2012)
(a) First Quadrant (b) Second Quadrant (c) Third Quadrant  (d) Fourth Quadrant

Ifx = /—1then the value of x* (GATE-2012-EC/EE/IN)
(a) 1 (b) ™ (©)0 (d)e™
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1 [ f(z)dzis (GATE-2012-EC/EE/IN)

(c) 1 (d) None
Square root of —i, where is J=1 are (GATE-2013-EE)
(a) eT[/4 (b) eiTE/4 (C) e_iTE/4 (d) e_T[/4
2

Find 7 =[] = jdz is, where ‘C’ is a circle |z-i| = 2 is (GATE-2013-EE)
v Z +

(a)4n (b)-4n (c)2m dmn

2 .
Evaluate []] ZZ2H4) 4 where ‘C s a circle |2 = 3 (GATE-2014-EC)

(== (2)]

(a) -4 n(3+2)) (b) 2 n(3+2)) (c) m(2-3j) (d) 4 n(3+2))

For an analytic function f(z) = u+iv if u =e¢”cosx , find its harmonic conjugate u?
(GATE-2014-EC)

(a) u= ¢’ sin x+c (b) e”sinx+c (c) e'cosx+c (d) None

2

Evaluate | Z _dz (GATE-2014-EE)
2
|z-1=1

(a) -mi (b) mi ) n

-
Find the argument of 1—1 (GATE-2014-ME)
-1

(a) m/2 (b)—m/2 (c) mi/2 (d) w/4

For an analytic function f(z) = u+iv if the real part u = 2xy, then find it imaginary part v.
(GATE-2014-ME)

(a) v =x"+y*+K (b) x*+y*+K (c) x*-y*+K (d) None

For an analytic function f(z) = u+iv if the real part u = x*+y” find its harmonic conjugate

V. (GATE-2014-EE)

(a) v=-2xy+c (b) v=x*-y*+c (c) 2xy+c (d) None

3i
Evaluate j @ (GATE-2014-EE)
z
5
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7_3;
59. represent the complex number z = 3i in the form z = a+ib. (GATE-2014-IN)

—5+1

Let z=x + 1y is complex variable. Consider the contour integration is perform along unit
circle in anticlockwise direction. Which of the following is not true?
(GATE - EC-15)

|

(A) The residue of —~— atz=1is % (B) [f|z’dz=0

©) L.mldz =0 (D) z is an anylitic function
2ri v z

Let f(z):jZZ:C[;,Iff(zl):f(zz)‘v’z,izz,a=2:b=4:c=5 , then d is equal to

(GATE - EC-15)

If C denotes the counter clockwise unit circle, the value of contour integral

LmRea(z)dz is (GATE -15)
27i”

If °C’ 1s a circle of radius ‘r’ with centre z,,, in the complex plane if n is a nonzero, then

m—dz equal to (GATE - -15)

(Z _ ZO )n+1
(A) 2n7i (B) 0 ©) (D) 2nx
27

Given f(z) = g(z) + h(z), where f,g,h are complex valued function of a complex variable
z, which of the following is true (GATE - EE-15)

(A) If f(z) is differentiable at z,, , then g(z), h(z) are also differentiable
(B) If g, h are differentiable at z, , then fis differentiable at z,
(C) If f is continuosy at z, , then it is differentiable at z,

(D) If fis differentiable at z, , then its real and imaginary parts are differentiable

Given two complex numbers z, =5+ (5\/5 )i and z, = i+ 2i , the argument of =N in

5 -
degrees is (GATE - ME-15)
A)0 B) 30 C) 60 D) 90
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66.  If'the fluid velocity for a potential flow is given by V(x,y) =u + iv with usual notations,
then the slope of the potential line at (x, y) is (GATE - ME-15)

2

a) 2 (B) % ©) = (D) £
u A% u A%

Consider the following complex function f(z) = > which of the following

2
(z=D(z+2)
residue of the above function (GATE - CE-15)

(A)-1 (B) % (©)2 (D)9

Complex valued function f(z) given below is analytic in domain D. f(z) = u(x, y) + [ v(x,

y): z=x+ 1y, which of the following is not correct (GATE - CH-15)
o S o oy o A d v ou
dz Oy Oy dz Ox Ox dz 0oy Oy dz 0Oy

-2z
For the complex variable z, the value of the contour integral L'f R along the
27i Y z(z-3)

c

clockwise contour c: |z| =2 up to two decimal places (GATE - CH-15)

70.In the following integral, the contour C encloses the points 2mj and —2mj. The value
sinz

—dz is (GATE - EC-16)
(z—2mj)

. 1
of the integral ——§

2n

C

1 < . . D
Tm—dz along a closed contour ¢ in anti-clockwise direction
ik 7=

for (GATE - EC-16)

71. The values of the integral

(1) the point zy = 2 inside the contour c, and

(1) the point zy = 2 outside the contour c, respectively, are
(A)(1) 2.72,3i1) 0 (B) (1) 7.39,(i1) 0

(C) (i) 0,(ii) 2.72 (D) (i) 0,(ii) 7.39

72. f (z) =u (x,y) + i v (x,y) is an analytic function of complex variable z = x + i y where i =
V—=1.Ifu (x, y) =2 xy, then v (x, y) may be expressed as (GATE - ME-16)

(A) — x* + y* + constant (B) x> — y* + constant

© x* + y2 + constant (D) - (x2 + y2 )+ constant
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73.The value of the integral (GATE - ME-16)

[ee]

f Sinx d
X2+ 2x+ 2 x

evaluated using contour integration and the residue theorem is
(A) —msin(l)/e (B) —m cos(1)/e (C) sin(1)/e (D) cos(1)/e
74.A function fof the complex variable z =x + i y, is given as f (x. v) =u (x, y) + (x,y) where
u(x, y) =2kxy and v (x, y) = x* — y*. The value of k, for which the function is
analytic,is (GATE - ME-16)

75.The value 0f95r( 275 4z along a closed path I' is equal to (4 w i) , where z=x + iy and i

z—1)(z—-2)
=+/—1. The correct path I" is {(GATE — ME-16)

’\J

1

© y (D) y

T ‘ I
| e S
|D 1 ’0 lef.

76.Consider the complex valued function f(z) = 22’ + b|z|* where z is a complex variable. The
value of b for which the function f(z) is analytic is (GATE - EC-16)

sin(z)
ZZ

77.For f( ) , the residue of the pole at z= 0 is (GATE - EC-16)

78.Consider the function f(z) = z + z* where z is a complex variable and z denotes its complex
conjugate. Which one of the following is TRUE? (GATE - EE-16)
a) f(z) is both continuous and analytic

b) f(z) is continuous but not analytic

¢) f(z) is not continuous but is ananlytic
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d) f(z) is neither continuous nor analytic

2z+5
(z—;j(f —4Z+5)

anti-clockwise direction, would be (GATE - EE-16)

24ni ) 45 o 2 o 12
13 13 13 13

dz over the contour |z| =1, taken in the

79. The value of the integral []l

a)
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COMPLEX VARIABLES
SOLUTIONS

Ans: ¢
Sol: Given z = x+iy
=>z=x-1iy

zZ+z
x:
2

Sol: € =cos¢g+ising

=e¢ " =cosg—ising

e’ e
S.cosg= B

Ans: b

SOI: l-i :elogii :eilogi

Ansb

ilogei% — e*%loge _ e‘%

=e

Sol: The general equation of a circle is given by |z - zo| =r

Where z, is center & radius is r. Now the equation of the given circle is
|z+1|=1(or)|z - (-1)|=1

.. center = (-1, 0) and radius = 1

Ans: b

Sol: € is a periodic function with period 27i

flz)= & = e

= f(2)= f(z+2nmi)

e is a periodic function of period 27i .

Ans a

Sol: Given w =2
z+1

_az+b
cz+d

w

=f(2)
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Unit circle |z| =1
Consider |z| <1 which represents inside of this unit circle |z| =1

1]

<1
w-1

=

= |u+iv+]| <|u+iv-1|

= @+ +iv| < |(u—1)+iv|
=S+ +v <w-1°+v
=S’ +1+2u+v <’ +1-2u+v

=4u<0

=u<0

— The function w =2 : maps the inside of unit circle in the zplane to the left half of
z+

the w plane

Ans: a

Sol:]=mseczdz=[ﬁ ! dz
C

¢ COsz

Singular points of
cosz

Are J_r(2n+l)”2,n =0,1,2,3——-
But the given region is unit circle |z| =1

has no singularities |z| =1
cos z

Hence by cauchy’s integral theorem, we have
- 1=0, singularities set = ¢ in |z| =1

Ans: a
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Sol: For a given circle center is (5, 5) and radius is 2
.. The minimum distance from the origin to the circle is 5V2-2
Ans: a
Sol: Given z° =z
=zz=2z=7
=z =1
Ans: a
Sol: Putting x = z and y =0 in the given equation we get
. w = log z which is not defined at origin (0, 0)
= w = u +iv 1s not analytic at origin (0, 0).

Ans: d

. 1 .
Sol: Given [ =J-2—4dz where C is |z—j| —
z5+

The integrated is not analytic at z =12i and z = 2i lies inside C. By cauchy’s integral

formula

- j@dz - 2;;1'(L12i - 2;;1'( : ] =%

z—2i z+2i 20+ 2i

Ans: b

Sol: Given function is w = Inz where w = u + iv= cos(re”)
r=4+x*+y?
— tan~ (7Y,
6 =tan ( 4 )

1
= w=—log(x*+y*)+itan™’ [Zj
2 X

Su= %log(x2 +y*)&v=tan" (Zj
X

But given that u = constant ¢

= %log(x2 +y))=c
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= log(x* +y*)=2c
= xZ + y2 — eZc
=x’+)* =C whereC, =¢
Which represents the set of concentric circles with center as (0, 0) and radius ¢,

Ans: a

-6 1 z -

Sol: I = j dz 6 &
e 3

3z—i ZSZJ:lz—%

The integrated is not analytic at z = % which lies insides C. BY cauchy’s integral

formula
N\ 2
_Lon (ij 6= _4ni
3 3 81
Ans: d

Same as Q 3
Ans: b

sin z

Sol: J(2)==3 AT RTRET

IR S S C) S ) M
(z—0* 31 5l 71

-.z=01s apole of order 2

Ans: a

Sol: Given ¢ =x"—y’ for f(z) =u +iv
=g+iy& w=7?

Also given y(x,y)=0atx=0,y=0

dy =y dx+y,dy -y, =—¢4, &y, =9,)
=—@dx+4dy
=—(2y)dx+2x(dy)

w=2xy+k
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Atx=0,y=0
w(0,0)0=0+k
0=0+k
. k=0 and stream function is y/(x,y)=2xy
Ans: b
Given f(z)=¢(x,y)+iy(x,y)and
#(x, y),w(x, y) are continuous 2™ order derivatives

For the function f(z)=¢+iy to be analytic function the ¢ and y must satisfy cauchy
op_oy ., 9w __ 09

riemann equations i.e.
ox Oy ox oy

Ans: b

Sol: z=£+i(lj
2 2

1 3.
iZ=——+—Ii=Ww
2 2

Where w is root of x° =1

=z'=w (W' =1)

1+z

c

I=I lzdzwhereCis z—i‘zl
2

Singular points of : : are given by 1+z° =0

2
z

= z==2i

But z =1 lies in the contour ‘z —%‘ =1

By cauchys integral formula

|
Iz.f;dz:.f@dz:%zif(i)

z—1

(z=i)(z+i0)
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Where f(z)=——
Z+41i

]=2ﬂi(L]=ﬂ
1+

Ans:

1
Sol ]:@sz EL[] S 1 (s+1)

The singular points of 21 " are given by s° —1i.e. S==1

But S =1 lies in the contour D.

By cauchys integral formula

S = I / A 1) =27if (1) where f(s)= Ll

+

Hence I =27 (LJ =7
1+1

Ans: b

—5+10i (-5+10i)(3—4i) —15+20i+30i+40 25+50i

Sol: = = >
3+4i (-3+4i)(3—-40) 9+16 25

=1+2i

Ans: a

___ WA
(z+2)*(z-2)°

Z =2 is a pole of f(z) of order 2
RSz —9))

Sol: f(z)=

m—1

(m1 1)[”2 jm r((2=z)" f(Z))}

Res(f(z):z=2)

1 d> (-2 1
2! b (z+2)*(z-2)°
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Ans: a

Sol: 1 =J.COSZ dz

z

Since z = 0 lies in the unit circle
By cauchy integral formula

1 =27ig(0)=2ricos(0)=2xi (- g(z)=cosz)
Ans: d

Sol: sinz =10

= e” —%2201'
e

= (&)’ —20i(e")~1=0

 —(=200) £+~ [+ — |+ 61
g 201)_2\/ 400+4 :201_\2/ 396 :20’—26’\5:10@3\/@'

= iz =log[i(10 £ 3v11)] = logi +log(10+34/11)

=iz =1og1+i[%isz+1og(10J_r3\M)

=iz =i(%i2nﬂ)+log(10i3x/ﬁ)

=z =(§i2nﬂj—ilog(10i3x/ﬁ)

N=0,1,2, -
. sinz = 10 has infinite number of complex solutions
Ans: b

Sol: The straight line y = 0.1 from —o to « not passing through the origin in z-plane is
transformed in to a circle passing through the origin in the w-plane under the mapping

(or) transformation w= %

Letz=xtiy&w=u+iv
=1
Then w—é
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x —
Su=——75 &v=— J 5
X +y X +y
~. the points (x, y) in the 1** and 2™ quadrants are transformed to 3™ and 4™ quadrants as
X is positive and negative, y is only negative, u is posive and negative, v is only negative.

Ans: d
z
Sol: Given X(z)=———, |z|>a
( ) (Z_a)2 | |

n
4 n—1 z

Let )((Z)Zrk1 = (Z_a)2 z :(Z_—a)2

Here z = a is a pole of f(z) of order 2

.. Res (f(z):z=a)

Lt 4 (z—a) z = |= Lt T =
z—a dZ (Z—a) zZ—a

Ans: d

Sol: f(z)= 22_1

z"+1
~. The singular points of f(z) are given by z* +1=0ie z==+i
Ans: ¢

_ I cos(27z)

SOII 1 —az
(2z-1)(z-3)

c

The integral has singularities z = 1/ ,3

2 b
But only z = % lies in |7=1

By cauchy integral formula

;L | {cos(272)} /(z— 3,
2 (z—1/2)

= %271’if (%) where f(z)=

cos27mz
z—3
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Ans: d

Sol: I=JH—Mdz

1+CO+(Cl

j +Cyz+C .
Where f(z)=C,+C,z" =C0+QI=J.—Zdz:J.$dZ ,Cis |z|=1
z z z

c

Here z = 0 lies insides C

By cauchy integral formula = ?F '(0)

Where F(z)=z,+Cyz+C, & F'(z)=1+C,+0=27j(+1+C,)
1=27j(C,+1)

Ans: d

Sol: e |= ‘e-"(”’” = ‘e""’”‘ = ‘e’yHej" =e” ( ‘ej"‘ =|cosx+ jsinx|= 1)
Ans: b

Sol: x’ = j where j= N

By verification option (b) will satisfy the given equation x’ = j

Ans: a

. pSHEEER e f(z)@ sin Z
Sol: I—I;ﬁ v dZ—mZ_Z dZ—[ﬁﬁdZ

=27jf(0)=27;(0) where f(z) = sinz
N/ =0

Ans: ¢

Sol: Given u =xy for f(z)=u(x,y)+iv(x,y)
dv=v. dx+ v},dy = —uydx + v},dy

dv=—xdx+ydy (-.u,=v, &v, =-u)

2 22
v:—x%+y4+k:y 2x +k
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Ans: d
Sol: (3—2i)(3+4i)=9+12i—6i—8(i°)=17+6i
Ans: b
Sol: f(x+iy)=(x’=3x"y)+ig(x, )
=y(x,y)+ig(x, y)
Where y(x,y) =x" —3x)°
dp=9dx+¢,dy=—y dx+y.dy
dg=—(0-6xy)dx+(3x* =3y")dy

2 3
¢=6x_y+(_3y_j+k
2 3

$=3y-y
Ans: b
3+4i] _~9+16 _ 5
11-2i| 1+4

Ans: a

Sol:

Sol: Given ° =1 (or) @ = (1)

@ 1is the cube root of unity

But, we know that, sum of the cube roots of unity is zero
e, l+o+o* =0

Ans: d

Sol:

I= j/ /]dz and Cis x>+ )% =16 (or) || =

2
=22 8 i
~Zz—3]
By cauchy integral formula
A =227jf (3))]=-4xj

Where f(z)=2z"+8
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(Since z = 3 lies in the contour)
Ans: ¢
Sol: Given X(z)=——22
z(z=1)(z-2)

= The poles of X(z) are 0, 1, 2 which are simple poles
R =Res(X(z):z=0)
'y (z—O)ﬂ _1
70 z(z=1)(z-2)| 2
R, =Res(X(z2):z=1)

(1-22) }:—_1_

2(z=1)(z=2) | -1

z—1

=Lt[(z—l)
R, =Res(X(2):z=2)

Y P ) B W
2ol z(z-D)(z-2)| 2(1) 2

Ans: a

- 4 .
Sol: I = 232—+dz where C is |z| =1
© Z +4z+5

The singular points of the integrated are z=-2+1,-2 -1
But, the given contour does not contain singular points

-3z+4

dz=27i(0)=0
2 +4z+5 ©

.. By cauchy’s integral theorem, we have [ = _[

C
Ans: ¢

L 1 1
Sol: f(z)=e* =1+—+ +
/@) z 2122 317

1 1 1

=1+ + >+ T+
z—=0 2(z-0)" 34z-0)

R =Res(f(z):z=0)=1

(Coefficient of 1/ in the above expansion
z
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1
wfetdz=2xi R =2mi(1) =271

Ans: a
Sol: (1+1)(2-51)=2-51+2i+5=7-3i
Ans: d

Sol: Given u =3x> —3y2
For f(x+iy) = u (x,y)+iv((x,y)

dv=vdx+v,dy
=—udctudy (u =v, &v,=-u,)

dv=—(0—-6y)dx+6xdy which is exact differential equation. integrating v =
6xy+k
Ans: b

Sol:[:J. 422 dZ=I > 222 dz=lj( 21 + 21 ]dz
"z —1 (z-=D(z"+1) 290 (z -1 (z7+1)

1 1e 1 .
1:5@22_1d2+5[@22+1dz,cls |z+1=1

S N S
2% (z=1)(z+1) 2vaCm G

! } +l27zi(0)
1], 2

z—

Only z = -1 lies inside C. By cauchy integral formula / = %27[1’ [

Ans: d

Sol: Given that the point z inside of the unit circle within the first quadrant
Le. |z| <1----(1)

But the given transformation is w = 1

z

Now |w| > 1, represents the region outside the circle |w| =1

x j( y j .
3 i 3 =u+1v
X" +y X" +y
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When the point z = (x, y) lies in the first quadrant when in the corresponding point w =

(u, v) lies in fourth quadrant
Ans: d
Sol: i=~-1=x

ir

Let y=x"=logy=xlogx = logy=ilogi=iloge?

-

:>logy—i><i£——£:>y—e2
2 2
Ans: ¢

Sol: Ljf(z)dFLj ! dz—| 2 g |- a0
2rj e, 2zl z+1 z+3 Dk +1

(By Cauchy integral theorem)
= f(-1) where f(z) = 1
=1

Ans: b

Sol: we know that i = ei%

ST = (=) =e 7
And —i=f =&

. —irm, =37
. square root of —1 are e Z , € 7

eii%=cos A +isin =
4 4

eB%:cos 3—” +isin 3—”
4 4

2 J—
Sol: Given [ = m%dz
z° +

c

49, Ans: a

2
z° =

2
z

The singular points of ¢(z) =

j are given by z° +4=0

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 326



GATE MATHEMATICS

=727 4+4=0=2=2i,-2i

But only z = 2i lies in |Z —i| =2

‘.IZZ— i I /+2idz

z°+4 z2 =20

By cauchy integral formula

Sol: z = -2j lies inside |z| =

By cauchy integral formula

_ Z+4] _
[jj(z =2

(where f(z) = z° —z+4) )
=2rj(-4+2j+4))
= 27j(6j-4)
=-4 7 (3+2))
Ans: ¢
Sol: u(x,y) = u(x,y)=e " cosx
Let v(x,y) =C

dv=2ae+ X ay—0
2 y

X

——a—ud +a—udy 0
oy ox

=e ' cosxdx—e V' sinxdy =0
=d(e”’ sinx)

.v=eVsinx+C

52. Ans: ¢

Sol: w =u +iv
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f(2)=zz* = (z+iy)(x—iy) = x* + y* =1=(140.i)
.. All the points on ‘s’ are mapped to the point (1, 0) in w-plane
Ans: b

2nw

Sol: 1' =(cos2nz+isin2nr) =e
It is always real and non-negative

Ans:c
Z2
Z2

Sol: The function f(z)= has singular point z = 1 which lies inside |z - 1| =1

Iz.[ z” dz

2

Z
S
Szl J G+DE-1)

|z-1=1

By cauchy integral formula

2
z

I=27if (1) (where f(z)=—)
(z+1)
:272'1'1:7[1'
Ans: ¢
1+i  (A+)(+i) 20 _
1-i 2 2
Let (x+iy)=(0+1i)

i=0+1i

. Argument = tan™' (Zj =tan"' (lJ =tan" () =2
X 0 2

Ans: ¢

Sol: Let V(x,y)=C

dv :a_de+a_de =0
0. 0

=-2xdx+2ydy=0

V=(-x*+y"+K)
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Ans: ¢

Sol: Let V(x,y)=C

dv =8—de+6—de =0
ox oy
= —8—udx+a—udy =0
oy Ox
=2 ydx +2xdx
dV =2(xdy + ydx) =2d(xy)=V =2xy+C

Ans: b

3i
Sol: J‘% = (logz)y =log3i—log5=log3+logi—log5 = log (%j +logi
s z

- —0.511+i%= (~0.511+1.57i)

Ans: b

Sol: 7= 2-3i _ (2-30) " (-5-10) _ —-13+13i _
=5+i -5+i (-5-i) 26
60. Sol. 0
For the given data f(z)= z =x-1y
S U=X:V=-Yy
u, 3 =0
u, =Ugsesl
F is not analytic. So option (D) is correct remaining all options are correct

61. Sol. (10)

az+b
1 f(z)= f(2,)Vz # 2,
cz+d
a=2:b=4:¢c=5
2z+4
5z+d

f(z)=

fz)=

2z,+4  2z,+4
5z,+d  5z,+d

Now, f(z)=f(z,)=

=10z,z, + 20z, + 2dz, + 4d =10z,z, + 2dz, +4d
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= 20(z,—z)=2d(z,—z)=d =10

1
%U;]Re a(z)dz: where c: |Z| =1

Put z=¢“ = dz = Ce”

1 2 . )
— J‘ Re(e”).ie’dO
27i g,

2z
= L I cosf.i(cos@+isinf)do
27i

T 2r o
Lj cos’ 0d6 — Icos@sin9d9=;(7r—0)=l
27i 27 2

63. Sol. 0

[y 2 C)

By cachy integral formula — '
n!

m f(z )+1 _27rlX0=0
(z—z,)" n!
64. Sol. B)
Option B is suitable since the sum of two differentiable function is also a differentiable

function at a point.

65. Sol. 0
z, =5+ (5\3)i

argz, =tan' [%} = tan"' (\/5) =60’

z,=——=+2i=>argz, =tan"' = tan™'

N

/f

arg (ij =argz —argz, =60°-60" =0°
Z
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66. Sol. D)
Given V=u+iv=V =¢+iy ; Where ¢ is a potential function y is a velocity function

N R

But we have u =
Ox ox

Similarly, Z— =—v(x,y)

Now — 24 8¢ -4
ox  ox 8¢ v

67. Sol.
For the given function z =1 is a simple pole

Z = -2 is a pole of order 2
: 9
(i) _
%1 (z+ 2)
2 Lt . -1

(i1) |Re f(Z)L:,z y ll!zétz (z=1) ==2(z-1)

So, A is correct option

68. Sol. (€)
f@)=u+iv= f'(z)=u, +iv,

:ﬂ—u —iv, (v fis analytic)
dz
(-0.33)
1 2
dz ,c: |z| 2,-2<z<?2

27i z(z 3)

69. Sol.

Poles are z=0, 3
Z = 3 lies outside the circle

fO)=5 e =h
B f(0)——y=—o.33

*. By cauchy integral formula —
Y v nes 2ri J. - 2(z-3)
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70.Ans: —133.8

1 7 " :
SO]: —_ %Z =sznlm
2nl(z—2m)) 2n 2!

f(z) =sin z
f“(z) =-sinz

-~ £(Zy) = —sin2n
1 sinz I 1 [—sin§2n j)j

— —dz =——x27]
2n (z—2mj) 2n

:J,stm;lZn = —%(sinth) =—133.87

71.Ans: (B)

z

€

Sol: i)L = L,znjf(z) = ¢ =739

-¢p——dz
2n i (z-2) 21 j

z

i) —§——d
2nj i (z—-2)
72.Ans: (A)

z=0 (- z=2lies out side c)

Sol: Given u =2xy, v="7?
The Cauchy-Riemann equation
uy = vy & vy = — uy are satisfying with option (a) —x*+y* + constant

. V(x,y) = —x* + y*+ constant
73. Ans: (A)
; Sin(x)
Sol: I = | —————
° f x2+2x+ 2 x

—100)

Im(e™)

Lt = r vz +2

Then poles of f(z) are given by z> + 2z +2 =0

Sz=-1+1

o eiz
Bi=Res(f2):z= 140 = I o T Dz = 1= D]
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pi(=1+D)
T A4it14i
I iz
J f(2)dz = f %dz = I [2mi(R,)]
c

c

p—i-1
el
= Ip[re™(cos(1) — isin(1))]
B nsin (1)

e
74.Ans: -1

Sol: Given, u=2kxy & v=x"—y’
Uy = Vy
=2ky =2y
S k=-1
75.Ans: (B)
Sol: L The correct path is given in option (B).

3z—5

— 0 | =Nl
Z T”|:Z—2

] = 4mi
z=1

76.Ans: 0
Sol: f(Z)=22+b |z
for b =0, f(z) becomes polynomial
so it is analytic every where only when b = 0

77.Ans: 1

Res. f(z) =1
z=0
78.Ans: (b)
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Sol: f(z)=z+z =2x,
z is a continuous but not analytic

s0, f(z) is continuous but not analytic
79.Ans: (b)

2(1/2)+5 6 24
(1/2) -4(1/2)+5 13/4 13

Sol: f(z) =

Ans = 27i [sum of residues]
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CHAPTER- 8
VECTOR CALCULUS

. If the linear velocity Vin given by V=x2 y;—} —yz k then the angular velocity W at point
(1,1,-1)is it (GATE -93)
. The directional derivative of f(x,y) = 2x*+3y*+z” an point P(2,1,3) in the direction of the
vector @ =1i—2xis (GATE -94)

a) 4/5 b) —4/+/5 c)V5/4 d) —/5/4

.If V is a differentiate vector function and f is sufficiently differentiable scalar function then

curl ( f7)= (GATE-95(ME)]

a) ( gradA x V+ (fcuer)) b) 0

c)f curl V d) (gradf) x %

. The derivation of f(x,y) and point (1,2) in the direction of vector ;+; in 2+/2 and in the
direction of the vector —2} is -3, then the derivative of f(x,y) in direction —i —; is

(GATE-95(ME)]

a) 24/2+3/2 b) -7/~/5 ) 242-3/2 d) 1/~/5

. The expression curl (grad f) where f is a scalar function is (GATE-96(ME)]
a) Equal to V*f
b) Equal to div (grad f)
¢) A scalar of zero magnitude
d) A vector of zero magnitude

. The directional derivative of the function f(x,y,z) = x-y at the point P(1,1,0) along the
direction i+ is (GATE-96)
a) 1/4/2 b) \2 c) 2 d)2

. For the function ¢ =ax’y — y’to represent the velocity potential of an ideal fluid, V¢ should

be equal to zero. In that case, the value of ‘a’ has to be (GATE -99)
a) -1 b) 1 c)-3 d)3
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08. Given a vector field F , the divergence theorem sates that (GATE -99)
a) j Fds= j V.Fdv
S v
b) jF.dE = ﬁxﬁdv
S v
¢) jdeE :jv.de
S v
d) jfxdE = jvfdv
N v
. The directional derivative of the following function at (1,2) in the direction of (4i+3;) is:
F(x,y) = x*+y* ( GATE-02)
a) 4/5 b) 4 c) 2/5 d)1

. The vector fields F =xi— y]’ (where iand ] are unit vectors ) is (GATE -03)

a) Divergence free, but not irrotational
b) Irrotational, but not divergence free
c¢) Divergence free and irrotational

d) Neither divergence free not irrotational

. Value of the integral mxya’y — y*dx, where, c is the square cut from the first quadrant by the

line x = 1 and y=1 will be (Use Green’s theorem to change the line integral into double
integral) (GATE -05)

a) 1/2 b) 1 c)3/2 d) 5/3

. The line integral J.V.dr of the vector function V(r) = 2xyz§+x22;+x2 y% from the origin to
the point P(1,1,1) (GATE-05)
a)is 1 b) is zero c)is -1
d) cannot be determined without specifying the path

. Stokes theorem connects (GATE -05(ME)]
a) a line integral and a surface integral
b) a surface integral and a volume integral
¢) a line integral and a volume integral

d) gradient of a function and its surface integral
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2 2
14. For the scalar field u = % + y? , the magnitude of the gradient at the point(1,3) is

(GATE - 05 (EE)]

13 9 9
a) \E b) ¢) V5 d)

. If a vector R(t) has a constant magnitude then (GATE -05 (IN)]

a)ﬁ.d_Rzo b)ﬁ.d_Rzo c)ﬁ.ﬁ:d_R
dt dt dt

2/3, 2/3

. A scalar field is given by f = x""+y””, where x and y are the Cartesian coordinates. The

derivative of ‘f” along the line y = x directed away from the origin at the point (8,8) is

(GATE -05 (IN)]

V2 V3 2 3
a) — b) — ¢) = d) —=
3 2 N3 )
. Which one of the following is Not associated with vector calculus? (GATE-05(PI)]
a) Stoke’s theorem b) Gauss Divergence theorem

¢) Green’s theorem d) Kennedy’s theorem

. Vx (V X P)Where P is a vector is equal to (GATE-05EQ)]
a) PxVxP—V’P b) VZP+V(V-P) ) V?P+(VxP) d) V(V.p)-V°P

. The directional derivative of f(x,y,z)=2x"+3y’+z”at the point p(2,1,3) in the direction
of the vector a =i—2k is (GATE -06(CE)]
a) -2.785 b) -2.145 c) -1.789 d) 1.000

. The velocity vector is given as V= Sxy; +2 y2; +3 yzz%. the divergence of this velocity
vector at (1,1,1) is (GATE - 07(CE)]

. The area of a triangle formed by the tips of vectors, a,b andc (GATE - 07(ME)]

b) 2 (a-b)x(a-c)

d) %(EXB).E
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NS

l.

. - 3. = N
22. The angel (in degrees) between two planer vectors a = 71+E jand b= 71+§ ]is

(GATE-07(PT)]
a) 30 b) 60 ¢) 90 d) 120

. Divergence of the vector field v(x,y,z) = (-x cosxy +y)
i+ (ycosxy)j+ [(sin 2’)+x’+ yz}iis (GATE -07(EE)]

(a) 2z cos Z° b) sin xy+2z cos z°  ¢) Xsinxy —xcosz d) none of these

. Consider points P and Q in xy — plane with P = (1,0) and Q = (0,1). The line integral

Q
2I(x dx + ydy) along the semicircle with the line segment PQ as its diameter

(GATE -08(EC))
a)is-1 b)is 0 e) I d) depends on the
direction (clockwise (or) anti-clockwise) of the semi circle

. The divergence of the vector field (x —y);' + (y = x)} <F (x +y+ z)% is (GATE -08(ME)]
a)0 b) 1 c)2 d)3

. The directional derivative of the scalar function f(x,y,z) = x*+2y*+z at the point P = (1,1,2) in
the direction of the vector a =3i— 4}is (GATE-08(ME)]
a) -4 b) -2 c)-1 d)1

 If ris the position vector of any point on a closed surface S that encloses the volume V then

[[(r-ds)is equal to (GATE -08(P1)]

a) %V b))V c)2V d) 3V

. For a scalar function f(x,y,z) = x*+3y*+27°, the gradient at the point P(1,2,-1) is
(GATE - 09 (CE)]
a) 2i+6)+4k b) 2i+12j—4k C) 2i+12j +4k d) \2
. For a scalar function f(x,y,z) = x’-+3y*+277 the directional derivative at the point P(1,2,-1) in
the direction of a vector i—3+ 2k is

(GATE-09(CE)]
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a)-18 b) 36 ¢) 376 d) 18

. If a vector field V is related to another field A through V =V x A, which of the following is
true? (GATE-09(EC)]

Note: C and Sc refer to any closed contour and any surface whose boundary is C.

a) [[[V-dr=[[A-ds
b) [_ﬂK-dE:J.}V%
¢) [j]wv&LHK-&
d) [_ﬂvXK-ﬂzj}V&

. A sphere of unit radius is centered at the origin, the unit normal at appoint (X,y,z) on the
surface of the sphere is the vector. (GATE-09(IN)]

X

owaa o) o(EEE) o lEEE

. The divergence of the vector field 3xzi+2xy j—yz° k at a point (1, 1, 1) is equal to
(GATE-09(ME)]
a)7 b) 4 )3 d)o

. F(X.y) = (x2 + xy)cAlmL ( V' xy)a;. Its line integral over the straight line from (x,y) = (0,2) to
(x,y) = (2,0) evaluates to (GATE-09(EE)]
a) -8 b) 4 c)8 d)o

AN AN

. The line integral of the vector function F=2xi+x? j along the x-axis from x=1 to x=2 is
(GATE-09(PI)]
a)0 b)2.33 c)3 d)5.33

. Divergence of the 3- dimensional radial vector field ris (GATE-10(EE)]

a)3 by L o) it j+k d) 3(?+ i+ kj
r
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36.1f A= xy:zx+ x’ cAzy then D’]K over the path shown in the figure is

4x) 2%

2

NG

. If aand bare two arbitrary vectors with magnitudes a and b respectively, ]axl_) > will be

equal to (GATE-11(CE)]

a) 0 b) ¢) 1 d) 243

a) a’b> —(a,b) b) ab-a-b o) ab*+(a-b) ) ab+ab
. If A(0,4,3), B(0,0,0) and c(3,0,4) are there points declined as X, y, z coordinate system, then
with one of the following vectors is perpendicular to both the vectors ABand BC
(GATE-11(PD))
a) 16/+9j—12K b) 16i—9/ +12k

) 16i-9)—k d) 16i+9/ +12k

P,
. The line integral I ( ydx+xdy) from (P(x1,y2) to Pa(X2,y2) along the semi-circle P;P, shown

Lt

in the figure is (GATE-11(PI))

Pl(lez)

Pz(Xl}’z)

a) X1Y2-X1Y1
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2 2
d) (yz _yl) +(x2 _xl)
I T(X, Y, Z) = x*+y*+22° defines the temperature at any location (x, y, z) then the magnitude
of the temperature gradient at point (P(1,1,1) is . (GATE-11(PD))
a) 246 b) 4 c) 24 d) 6

. Consider a closed surface ‘S’ surrounding a volume V. If ris the position vector of point

inside S with 7 the unit formal on ‘S’. the value of the integral m .[ 5;.n ds is

(GATE-11(EQ))
a) 3V b) 5V c)10V d) 15N
, ENE
. The two vectors [1,1,1] and [1,a,a”] where a :?+]7are (GATE -11(EE)
a) Orthonormal b) Orthogonal c) Paralist d) Collinear

. the direction of vector A is radially outward from the origin, with |A] = Kr" value of n for
which V. A=0 is (GATE-12(EC,EE,IN))

a) -2 b) 2 o)l d)0

. For the spherical surface x*+y’+z’=1, the unit outward normal vector at the point

1 1
—,—,0 |is given b GATE-12(ME,PI

1A1/\ n 1A1/\1/\

a)ﬁlﬁ'ﬁ] b) ﬁl_ﬁj C)k d) $l+$]+$k

. For the parallelogram OPQR shown in the sketch. OP = a?+b} andOR = c?+d } The area
of the parallelogram is (GATE-129CE))
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46. Consider a vector field K(;) . The closed loop line integral UjKd? can be expressed as

(GATE - 2013(EC))

a) UjI(V X K) -dsover the closed surface bounded by the loop

b) [ﬂ I I (V . K) -dv over the closed volume bounded by the loop

c) J:H(V -A\dv over the open volume bounded by the loop

d) I '[ (V X 2) -ds over the open surface bounded by the loop

. The divergence of the vector field statements is NOT TRUE? (GATE-2013(EC))
a) 0 b) 1/3 c) 1 d)3

. For a vector E, which one of the following (GATE-2013(IN))
a) If VE =0, E is called solenoidal
b) If VX E =0, E is called conservative
¢) If Vx E =0,E is called irrotational
d) If V . E =0, E is called irrotational

. The following surface integral is to be evaluated over a sphere for the givens steady velocity
vector field F = xi + yj + zk defined with respect to a certain coordinate system having 1,j and

k as unit base vectors.
[ j %(F.n)dA

Where S is the sphere, x*+y*+z°=1 and n is the outward unit normal vector to the sphere. The
value of the surface integral is (GATE -2013(ME))

a)m b) 2w c)3 /4 d)d4n
. The curl of the gradient of the scalar field defined by V= 2x’y+3y’z+4z’x is

a) 4xya,t+6yza,+8zxa,

b) 4a,+6a,+8a,

c) (4xy+4zz)a,ﬁr(2)<2+6yz)ay+(3»y2+82x)aZ

d)o
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51. Given a vector field F= y’xa.—yza,—x’a:, the line integral IF.dt evaluated along a

segment on the x-axis from x=1 @ x =2 is (GATE-2013(EE))
a)2.33 b) 0 c)2.33 d)7

f r= chzx+ycAzy+ za. and r|=r, then dX(TZV(log r)) = . (GATE-14-EC-)

. The magnitude of the gradient for the function f(x,y,z)= x*+3y’+z" at the point (1,1,1) is
(GATE - 14-EC)

. The directional derivative of f(x,y)= %(x + y)at (1,1) in the direction of the unit vector at

an angle of % with y-axis, at given by . (GATE-14-EC)

A A

.Given F=za.+xa ++ ya-, if S represents the portion of the sphere x*+y*+z°=1 for z >0, then

| (v X 13.)& is . (GATE-14-EC)

. The line integral of function F = yzi, in the counterclockwise direction, along the circle
x*+y*=1 at z=1 is (GATE-14-EE)
a) -2m b)-n om d2n
Let V.(fV)=x’y+y’z+z’x, where fand V if V = yi+zj + xk,then V.(V[')is
(GATE-14-EE)
a) X'y +y’z+z’x b) 2xy+2yz+2zx

c) xt+y+z D)0

. A vector is defined as f = yi+x j+zkwhere, i, jand kare unit vectors in Cartesian (X,y,z)

coordinate system. The surface integral mmf.ds over the closed surface S of a cube with

Vertices having the following coordinates: (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,0,1), (1,1,1),
(0,1,1), (1,1,0) is . (GATE -14 -ME)

. . . 1 .
. The integral m(ydx—xdy) is evaluated along the circle x°+)° :Z traversed in counter
C

clockwise direction. The integral is equal to (GATE -14-ME)

2) 0 b) —%
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60. Curl of vector F = x’z%i— 2xy°z j+2y° 2 k (GATE-14-ME)

a) (4yz3 +2xy3)i+ 2x’z j-2y°zk

b) (4yz3 +2xy3)§— 2x3z—2y3zlAc

¢) 2xz’ i—4xyz j+6y°2 k
d) 2xz° }+ 4xyz ;’+ 6y°z’ lAc

. Divergence of the a vector field Xzi+ xy ;’— yz* k at(1,—1,1)is (GATE-14-ME)

a)0 b)3 c)5 d)6

. Directional derivative of ¢=2xz— y”at the point (1,3,2) becomes maximum in the direction
of (GATE-14-P))
a) 4i+2j-3k b) 4j-6j+2k ¢) 2i-6j+2k d) 4i-6j-2k

If ¢p=2x’y"z* then V¢ is
a) 12x%z2*+4x22"+20x3y223
b) 2x%y’z+4x’z +24x°y* 2
¢) 12xy*z*+4x’z +24x%y* 7
d) 4xy’z+4x*z+24xy*7*

Vector P is given by P =x’ya, —x’ ya, —x’yza_ . Which of the following is true?
(GATE - EC -15)
A) P is solenoidal but not irrational B) P is irrotational, but not solenoidal
C) P is neither solenoidal (nor) irrational D) P is both solenoidal and irrotational
1

2
r

Consider the function f = —7, where r is a distance from the origin and 7 is a unit

vector in the radial direction. The divergence of the function over a sphere of radius R.
Which includes origin is (GATE - EC -15)
A)0 B) 27 C) 4r D) Rz

Match the following (GATE - EE -15)
P. Stoke’s theorem 1. Dj[ Dds=¢
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Q. Gauss theorem 2. mf(z)dx =0
R. Divergence theorem 3. ”j (V.A)dy = |ﬂ Ads

S. Cauchy integral theorem 4. .U (Vx A)ds = mA.d]

A) P-2,Q-1,R-4, S-3 B) P-4, Q-1,R-3, S-2

C) P-4,Q-3,R-1, S-2 D) P-3, Q-4,R-2, S-1

The velocity field of an incompressible flow is given by (GATE - ME -15)
V=(ax+ay+a;z)i+(bx+by+bz)j+(cx+c,y+c,z)k where a, =2;c, =—4 the
value of b is

Curl of a vector V(x,y,z)=2x"i+z" j+ 'k atx =y =z=1 is (GATE - ME -15)
A) -3i B) 3i C) 3i-4j D) 3i-6k

The surface integral ”l(9xi —3yj).nds over the sphere x” +” +2z° =9is
V4

(GATE - ME -15)

Let ¢ is an arbitrary constant smooth real valued scalar function and V is an arbitrary
smooth vector valued function in three dimension space which of the following is
identify (GATE - ME -15)
A) curl(¢V') = V(DivV) B) divi’ =0

C) DiveurlV =0 D) Div(¢V) = ¢DivV

The D.D of the field u(x, y, z) = x* —=3yz in the direction of a vector I + j — 2k at a point
(2,-1,4)is (GATE - CE -15)

The velocity components of a two dimensional motion plane of a fluid are

3
u= y?+ 2x—x"y, which of the following is correct (GATE - CE -15)
A) Fluid is incompressible and flow is irrotational
B) Fluid is incompressible and flow is rotational
C) Fluid is compressible and flow is irrotational

D) Fluid is compressible and flow is rotational
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73. A Scalar function in XY plane is given by ¢(x, y) = x>+, if i and ] are unit vectors in

x and y directions, the direction of maximum increase in the value of ¢ at (1, 1) is a long
(GATE - CH -15)

A) 2i+2) B) 2i +2] C) 2i-2j D) 2i -2j
74. A scalar potential ¢ has the following gradient: V¢ = yzi + xzj + xyk . Consider the integral

fc V. dr onthecurve r = xi + yj + zKk. The curve C is parameterized as follows:

(GATE - ME -16)

x=t
y=t? gnd 1 <t <3.
z = 3t2

The value of the integral is

75. The value of the line integral gSCF .7"ds, where C is a circle of radius % units is

Here, F (x, y) =y + 2x j and 7 ' is the UNIT tangent vector on the curve C at an arc length
s from a reference point on the curve. {'and j are the basis vectors in the x-y Cartesian

reference. In evaluating the line integral, the curve has to be traversed in the counter-

clockwise direction. (GATE - ME -16)

76. Suppose C is the closed curve defined as the circle x> + y* = 1 with C oriented anti-

clockwise. The value of I(xyzdx + xzydy) over the curve C equals
C

(GATE - EC -16)
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VECTOR CALCULUS
ANSWERS WITH SOLUTIONS

J
- 0
. We know angular velocity W = P™

i
1|0
2|éx
X

xyz

1

:5[1’(—22 —xy)—_j(0—0)+f(yz—x2)}
At (1,1,-1) =%[—2i—2§] - —(i+%)

. Sol: (b) Given scalar point function is f(x,y) = 2x’*+3y*+a’

(Vf )(2’1’3) =4xi+6yj+2zk
=8i+6)+6k
Directional derivative = Vt. =

. Sol: Option (a) is vector identity
. Sol: (b)

Directional derivative of f in the direction of i+j = 22

Similarly,
1+ ]

o . -%+@z]. i+

—3:{%14@]4@7(
ox oy

Sub. (2) in (1), we obtain 66% =1
X
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05. Sol: (d)

Curl (grad¢) = 0
06. Sol: (b)

f(X5Y>Z) = X+y P(I,I,O)’ a =i+ ]

directional derivative = Vf.ﬁ = \/5
a

07. Sol : (d)

62¢ 62¢ 52¢
= 2 — 2:V2 :—+—+_:0
pmaxy =V e

08. Sol: (a) Gauss divergence theorem

9. Sol : (b)
F(x,p) = X +y",a=4i+3j(1,2)

4i+3j
Directional derivative = Vf .%l =(2i+4j )M =4
a

10. Sol: (¢)
F=xi -y

div F=1-1=0=> F is solinaidal

is irroational

J
d
i

11. Sol: (¢)

mxydy —yidx

c

MATHEMATICS
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(1,0)

By Green’s theorem U]de — Ndy = J.J(a—N - Gﬂ] dxdy
e R

ox Oy
1

- I j' (y+2y)dx dy:%

x=0 y=0

12. Sol : (a)
V(r) =2xyz ;+xzz;+x2y%
For this function clearly curl V=0

=V=Vg

13. Sol : (a)
j?.d?:jjcurl}?, ds

14. Ans: (c)

Vu=ﬂ+§y

Vu(u) =i+2j

Magnitude of D. D is |Vu |=+v1+4 =5
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15. Sol : (a)

E(t) is a vector with constant magnitude =>| R|=R = constant

RR =R’

. Sol: (a)

A unit vector along the line y = x is a =cos0i+sinf j, where0=r/4

1

e;—coszz#z'—— L
RN SN

-1 -1

2
VE=2x3 i
3 3y J

.. Directional derivative = Vf -

17. Sol: (d)

Kennedy’s Theorem is not related to vector calculus
18. Sol: (d)

Curl (Curl P) = Vx(V xP)=grad (divP)-V*P

=V(V.P)-V?P (Vectoridentity )

19. Sol:( ¢)
Vf sy = 8i+6,j+6k

Directional derivative = Vf
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20. Sol: (d)
V =5xyi+2y%j+3y2°k
div V=5y+4y+6yz
At (LL1)div V=5+4+6=15

. Sol: (b)

Area of triangle ABC= —| ABxAC|

—I@-Byx(c-a)

—~I(a=B)x(a-c)

1. - B, 1.

+—Jj, b=——"=i+—
2/ 2 T/

3 1

_ 3.1

4 4 4

la||b| J3 1J3 1
4 4\N4 4

= (5 =114

cosf = _ !
0

. Sol : (a)

V(x,3,2) = —(x cosxy+ )i+ (voosxy) j+[sin "+ + 1 |k
divV = ai[—(xcosxy +)] +i[sin 2+t + yz]
x Oy
= xy sinxy— xysinxy +2zcos z*
=2zcosz’

. Sol : (b)\
P(1,0), Q(0,1)

0 o _
2dex+ydy = 2J.F.dr.where=in+).’l'
P P

curl F=0 = thereexists scalar function @ ( X, y)
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Such that F=V¢

¢(x,y) =

0 0
.'.2dex+ydy = jF.dr.Wherer Xi+ yj
P P

25.Sol : (d)

V=(x=y)i+(y-x)j+(x+y+2)k
divV=1+1+1=3
. Sol: (b)
f(x,2)=x*+2y +2,p(1,1,2),a=3i-4,
Vf:in+4yj+%
Vf,=2i+4j+k
-

Directional derivative = Vf .%
a

. Sol : (d)

As ‘s’ a closed surface, using Gauss — Divergence theorem,
jj;dg = jjj(v;)dv =3v
. Sol: (b)
f(x,y,z)zxz+3y2+2z2 p(1,2,—l)
Grad f=Vf =2xi+6yj+4zk
Vf, =2i+12j—4k
. Sol: (b)
F(x,y,z) =x? +3y2 +22%, P(l,2,—1), a =i—j+2%
Vf =2xi+6yj+4zk

Vf, =2i+12j-4k
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Directional derivative = = Vf_i _2-12-8 18 36

lal JT+1+4 6

30. Sol: (b)

Using stokes theorem for A over the ‘C’ bounding an open surface S,

ng.di = I Icurl Ads
C Se

Equation of sphere is x*+y*+z’=1
Lit¢(x,y,z) =x’+y*+z’

Normal to the surface is V@=2xi+2yj +2zk
V¢ 2(xi+yj+z%)

Vo] ) \/4x2 +4y° +4z7°

Unit normal is
= xi+yj+z%[sincex2 +y +2° = 1}

. Sol : (C)
7 = 3xzf+22y}—yzzl;
divf:3z+2y—2yz
div f 5 =3+2-2=3

. Sol: (d)

AN

f(xp) =( ? +xy)cAlx+(y2 +xy)ay

Il?d; = J‘(x2 +xy)a’x+(y2 +xy)dy

c

xX+y=2=dx=—dy
= ‘l[xz +x(2—x)]dx+[(2—x)2 +x(2—x)}(—dx)

=0
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34. Sol:
F=2xi+ xZ;

Along x-axis, y=0 — dy=0

J.f.drf = I2xdx +x’dy = j.2xdx =3
C C 1

35. Sol: (a)
1_”=x2+yj+z%

div;=%+%+%=l+l+1=3
ox oy Oz

36. Sol: (¢)

AN A\

2
- xyax+x ay

Adi= mxydx +x’dy

C

Using green’s theorem,
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37. Sol: (a)

‘5 X 5‘2 = ‘5‘2 ‘5‘2 sin’ (5,5) =a’bh* (1 —cos’ (5,5))

b (1 ~(ab) /azbz) =a* b ~(a,b)
38. Sol: (a)

P, P, _
Iydx+xdy = I(yi+xj).dr

P, P,
BC=0C-0B=(3,0,4)=3j+4K
(16i+9j—12%).32=o
(16i+9j—12%).3€*=0

39. Sol: (a)
P, P, _
Iydx+xdy=j(yi+xj).dr
P, P,
l_szyi+xj,curlF:5

= F= VoWherep = xy
P,

J.(yi+xj).dl_’ =y — s =(x2>y2)_(xl’yl) =X) a0

VT =2xi+2yj+4zk

VT, =2i+2)+4k

P(1L1)

IVT =24 =26

41. Option : D similar to Q . No -27

42. Given vectors are a =i+ i +k :b, wherew =

1+H3
2

a-b=1+w+w’ =U:= a,b are orthogonal

Option (a) is correct
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43. Option (b), if n=1 then |A| = Kr, where » = m Then A =Kr = K(xi +yj+3%)

o* o »
Now V A=| 5+ ——+——K |(Kxi+Kyj+KzK )
o oy oz

0 N
y(ky)'i‘g(kZ) =0

62
=>—(Kx)+
6x2( )
44. Given ¢=x"+y’ez°—1 , the unit out word normal is grad of optional grad
11 J.2i+2i
——,0 |,is——
V22 V2

45. Option (b) .Area of a parallel logram @Q_R = act+bd

—V2(1+1)

= 2x+2yj+2z%at[

46. option (d) , by stokes theorem
47. A=xi+yj+zk div A = 1+1+1=3 : (option (d))
48. Option (d) , since E is irrotational = VxE=0

49. f=xi+ji+z§. By gauss divergence theorem ”(F-n)dA =”jdivfdv

=[[3dv

= 3[[[v. zggmz

Now ”j—%(Fn)ds = %4% :50 option (a) is correct

50. Vector identity curl grad V=0: So option (d) is correct
51. Given F = yxi— yzi —x°K

x=2 2
IF~dr= j=(yxi—yzi)(dx+dyj+dzk)

x=1 x=1

2
:j—xzdz since integration is along X axis from 1 to 2 and y=0, z=0, —dy = 0, dz
1

j—xz (0) = O,option(b)
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52.Ans:3
If;:xi+yz+z%:r=x2+y2+22.V(0rr)= .

2 I
2
r

Now rZV(or r)zr —r:divr =3

53.Ans: 7

Magnitude of gradient is | V¢ |= \/(sz ) + (6y2 ) + (322 )2

Vg |(1,1,1): V4+36+9 =7
54. Given f = %(x2y+y2x)

(2xy+x2) .

5

V.](:(2xy+yz)i+

V2

(V)(11)= 556+ )

Let ;=xi+yj=rcos«9i+rsin¢9i=\/§(

=i+]

Now D.D =~ (1+1)=32

NG

55. Given F = zi+xj + yk by stoke’s theorem, J.(VXF)dS = mF-dr
N

= m(xi+xi+yk)

zdx + xdy + ydz

MATHEMATICS
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56. Given F =yzi
Now [ﬁF.dr = J-(yz)dx :J.(y—l)dx sincez=1

4
Given circle of x’<y*=1
X= cosb, y=sinf
Dx=-sin6d0

zejydx
2z

= I sinfdd 6o
0

o

X =-T
57. we know that div( fv)= fdivv+ gradf -v

ie V(V)=f(Vv)+Vf-V

o &y @
=Sxy+yz+zz=f| —y+——+—x [+VV
Xy+yz+zz f(axy > aZXJ f

= x2y+y22+22x=f(0)+v.Df

58. Given f =yi+xj+ zl;f I f.dsw= fjfdiv dv (Gauss divergence function)

(x)+a—ax(K)(dxi+ jdy +K2)

59. Ans : 1

m( ydx — xdy) = J. I (aa—])\: - %—Aj)dxdy, Green’s theorem

= J.J.(—l—l)ds—ZJ.J.ds = —2(7rr2)
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Option (c)
i Jj k
60. curl f = a_ax % % = (4yz3 +2xy2i)+(2xzz)j—2zyzz%
X’y 2x*y’z 2y

Option (c)

61. dif F = 8ax(x z)+%(xy)+§( yz ) 2xz+x-2yz
(V.F)(1,-1,1)=2+1+2 =5 option — (c)
62.D.D of ¢ = xz—y” ar(1,3,2) is maximum in the direction of V¢ at (1,3,2)
ie, (V)(1,3,2)=(2z2)i-2ji+2zk
—4i—6j+2k
Option (b)
63. ¢=2x"y*z"*

2
V2¢=%+% —¢ =2xy’z* +4x’z* + 24x°y*2*

ooyt o
= xi+yj+zk = (' +2t)i =3¢ j+2k

The acceleration of the particle is 62— = (3t + 2)1 +6e7j
t

Magnitude of a acceleration of % = \/(91‘4 +4+12¢ ) +36e™"
t

% =4+35=4/40
0

1=

= 1\/5 cm/sec
64. Sol. (A)

_ 3.A 2 A 2 A
P=xya,—x"ya,—x"yza,
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VP=3x"y-2x"y—x"yz=0

It is solenoidal

#0 = P is not irrational

67. Ans: (¢)
Sol.
V is incompressible

. e xar e
=>div=0=>—+—+—=

oy Oy @z
=a,+b+c,=>2+b,-4=0
by, =7

0

68. Ans: (a)
k

i /i
Sol:  curlV = E i
ox

ol . ) . .
e E = 1(3)/2 —-62)+ j(0-0)+k(0-0)= (3)/2 - 6Z)l(x,y,z):(],l,1) =-3i
hois 3 s
69.Sol.

By Gauss divergence theorem IF nds = IdivF dv

Here F = 9xi-3yj
divF=9-3=6

J;j%(9xi—3yj) =%ij6dv=%6v=%6[gﬂr3j =216
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70 Sol.
C is correct since it is vector identity
71.Sol.
Vu =i%+j%+ka—u =2xi—3zj -3yk
x ~ o0y Oz

Vit 14 =4i—12j+3k
a=i+j-2k : |@=Vi+1+4=16

a i+j-2k _-14

=(4i—12+3k) T %

The required directional derivative is Vu | _|
a

72.Sol.
A since Vu=0and Vxu=0

73.Sol. (B)

Direction of maximum increase = V¢ at (1, 1)
=(2xi +2y))at (1, 1)
=20 +2]
74.Ans: 726

Sol: line integral

3
LI= Jf.dr‘ = j[yzdx + xzdy + xydz]
t=1

c

3
[ dGeyn) = Gyaie, = ey = 726
t=1
75. Ans: (16)
76. Ans: 0 (Zero)

Sol: Using Green’s Theorem

§(Xy2dx + Xzydy) = ” (2xy — 2xy )dxdy = 0
R

C
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CHAPTER- 9
LAPLACE TRANSFORMS

The Laplace transform of the periodic function given below i.e.

sint, if 2n—-Nr<t<2nr (n=1273 )
f@)= . (GATE-1993-ME)
0 otherwise

f(t)

’

® 2rn 3n 4n 5= 6m Tx 31:\

TUU U U

If (t) is a finite and continuous function for t>0 the Laplace transformation is given by

F = I e f(t)dt, then for f(t)= coshmi, The Laplace transformation is (GATE-1994-
0

ME)
The inverse Laplace transform of (s +9) /(s> + 65 +13) is (GATE-1995)

(a) cos2t +9sin 2¢ (b) e ' cos2t —3e ™ sin 2t

(c) e sin2f +3e™ cos2t (d) e™ cos2t +3e™" sin 2¢

The Laplace transform of f (t) is F(s). Given F(s) = the final value of f{(t) is

2 27
ST+ w

(GATE-1995-EE)
(a) Infinite (b) zero (c) one (d) none

o0

The Laplace transform of a function f{(t) is defined by F(s) = L{ f (t)} = I e f(t)dr.

0

Find the inverse Laplace transform of F(s-a) (GATE-1995-IN)

N

2

Find L{e‘” cos a)t} when L{cos t |} = 5
s*+ o

(GATE-1995-IN)

2(s+1)

s? 4+ 25+

If L{f (1)} then f(0%) and f() are givenby  (GATE-1995-EC)

() 0,2 (b) 2,0 () 0,1 (d) %,O
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Using Laplace transform, solve the initial value problem 9y"-6y'+y =0.

v(0)=3 and y'(0) =1, where prime denotes derivative with respect to t. (GATE-1996)

The inverse Laplace transform of the function SHS

(@) 2e" —e™ (b) 2¢ +e (c) e’ =2e

The Laplace transform of e” cosar is equal to

Ss—a s+o 1
3

(a) (b) (©)

(s—c7¢)2+052 (s+a)2+a2 (s—a)

2
d;}_4d_y

Solve the initial value problem
dx dx

the Laplace transform technique?

(a) e-6¢™ (b) — (e“+6¢™ (c) e+6e™

———— 18
(s+D(s+3) —

(GATE-1996-EC)

(d) e’ +2e™
(GATE-1997-EC)

(d) None

+3y =0 with y=3 andj—y=7 at x =0 using

X
(GATE-1997-ME)

(d) None

0, fort<a

The Laplace transform of a unit step function u,(¢) defined as u,(¢) = { is

(a) e“/s o)) oo (c) Se*

(s +1)7 is the Laplace transform of
(a) *
If L{f (1)} =

(b) £ (c) e

w .
= then the value of hm =

2
S t—o

(a) cannot be determined  (b) zero (c) unity

The Laplace transform of (¢* — 2¢)u(t —1) is
s 2
5
If L{f(¢)} =F(s)then L{f(t—T)} isequal to

2 2
e’ C)—eS—Z¢F
( )S3 S

£(s)

() " F(s) -

(b) e F(s) (c)

o f)=k0<t<c .
The Laplace Transform of the function is
=0,c<t <,

(a) (k/s)e_“'” (b) (k/ s)e” (c) ke™™

(d) se -1

1 fort>a

(GATE-1998)
(GATE-1998)

(d) te”
(GATE-1998-EC)

(d)
(GATE-1998-EE)

(d)None

(GATE-99-EC)
F(s)

—sT

(d)

1-e

(GATE-1999)

@ (k/s)(1-e™)
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Laplace transform of (a + bt)> where a and b are constants is given by (GATE-1999)
(a) (a+bs)’ (b) 1/(a+bs)’
(©) (a*/s)+(2ab/s”)+(2b7 /) 4) (@’ /s)+(2ab/s*)+(b*/s°)

If L0} =52 Lige )}—(2)—;1),11(0: [ /(D)g(t~T)dT  then Lin(T)}

(GATE-2000-EC)

(b) (©) s +1 s+2

d)N
3 3 Gea)se2) s (DNene

Let F(s)=L [ f (t)] denote the Laplace transform of the function /(7). Which of the

following statements is correct?

(a) L[df /dt]=1/s F(s {If(r)dr}—sF( )— 1 (0)
(b) L[df 1dr] =5 F(5)~F(0); L{jf(r)dr}z—dF/ds

(c) L[df/dt]zSF {jf dr}— (s—a)

(d) L[df/dt]zs F(s)—F(O); L{ f(r)dr}zF(s)

The inverse Laplace transform of 1/(s* + 2s) is (GATE-2001)
(@) 1-e™) (b) 1+e*)/2 (c) 1-e*")/2 (d q-e*)/2

o sint for 0<t<r
The Laplace transform of the function is f(¢) = (GATE-2002)
0 fort>rn

(a) 1/(1+s2)f0ralls>0 (b) 1/(l+sz)f0r all s<r
(©) l/(l+e””)/(1+s2) for all s>0 (d) e””/(l+s2) for all s >0

Using Laplace Transform, solve (d *y/dt® )+ 4y =12t given that y=0 and dy/dt=9 at t=0
(GATE-2002)
(a) 3(t-sin2t) (b) 3(t+sin2t) (c) 3(t-cos2t) (d) 3(t+cos2t)
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24, LetY (s) be the Laplace transform of function Y (t) , then the final value of the function
is (GATE-2002-EE)
(a) Lgi’?f Y(s) (b) %iTY(s) (©) l;ll(})i sY (s) (d) éilzoz sY (s)

If L denotes the Laplace transform of a function, L{Sin at } will be equal to

(GATE-2003-CE)
a a S S
a b
@) 2 ()s2+a2 st +ad? 2

(c) (d)

2 2
S —a S —a

The Laplace transform of i(t) is given by I( ) = . As t — oo, the value of i(t)

2
s(1+s)
tendsto (GATE-2003-EC)
(a0 (b) 1 (c)2 (d) o©

A delayed unit step function is defined as u (t = a) = {(1)’ f<a

1>a Its Laplace transform is

(GATE-2004)

(@ ae” (b) e “/s (c) €“/s d) e“/a
55° +235+6
s(s*+2s+2)
approaches (GATE-2005)
(@3 (b)5 (c) 17/2 (d)

The Laplace transform of a function f(t) is F(s) = As t — oo, f(t)

Laplace transform of f (t) = COS( pt+ q) is (GATE-2005)

scosq — psing scosq + psing ssing — pcosq ssing + pcosq

(b) (d)

S2+p2 S2+p2 S2+p2 S2+p2

(a)

In what range should Re(s) remain so that the Laplace transform of the function eler)es
exists? (GATE-2005-EC)

(a) Re(s)>a+2 (b) Re(s)>a+7 (c) Re(s)<2 (d) Re(s)>a+5

The dirac delta Functions o (t) is defined as (GATE-2005-EC)

(a)5():{é, t=0 <b>5<>={?i =0

other wise other wise
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1
0, other wise

o0
0, other wise

@y

2 27

Consider the function f (t) having Laplace transform F ( ) =
s°+ o,

Re(s)>0. The

final value of f (t) would be (GATE-2006-EC)

(@) 0 (b) 1 (© —1< f(0)<1 (@) ©

If F (S) is the Laplace transform of the function f (Z) then Laplace transform of

j f(x)dxis (GATE-2007-ME)

0
1 1

@ F(s) ®) ~F(s)=£(0) (@ sF(s)-£(0) (@ [F(s)ds

Laplace transform of 8¢’ is (GATE-2008)
8 16 48

(a) K (b) 7 . (d) El

Laplace transform of sin ht is (GATE-2008-P1)

1 1
(a) (b) —— - @

s”—1 I-s
Laplace transform of f(x) = cosh(ax) is (GATE-2009)

(a) ——— (b) ——— () —— (d) o
S —a S —da

st+a’ s*+a’

Given that F (s) is the one-sided Laplace transform of f (t), the Laplace transform of

[£(z)dr (GATE-2009-EC)

0

@ sF(5)-7(0)  ©)F(s) © (s @ 2F(s)-1(0)]
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(GATE-2009-ME)

2

The inverse Laplace transform of ———is
(s*+5)

(a) 1+¢€' (b)1-¢' (c)1-e”’ d) 1+e”’

Given f(1)=L" {33 . 4S323++(1k _3)5} CIf l{,)fof(t) = 1then value of k is

(GATE-2010-EE)
(a)1 (b)2 (©3 (d)4

The Laplace transform of f (t) is _ . The function (GATE-2010-ME)

s’ (s+1)
(@ t—1+e”’ (b)t+1+e”’ (c) —1+e”’ d) 2t+¢€
u(t) represents the unit step function. The Laplace transform of u(t-1) is (GATE-2010-IN)

ST

| 1 el P o
(@) — (b) — (c) (d)e
ST §S—T S
Given two continuous time signals x(t) = e ' and y(t) = e which exists for t > 0. Then

the convolution z(t) = f(t) * y(t) is (GATE-2011)

(a) e —e™ (b) e (c) e’ (d) e’ +e
2(5’ - 1)

If F(s)=L! 7 ()} =—"———then the initial and final values of 1 (¢)are

respectively (GATE-2011)

@ 0,2 (b) 2,0 2 @ 5,0

Given f(s‘) and g(s‘) as shown below (GATE-2011-EE)

i 1\ f(v)

1

of 1

(1) g(t) can be expressed as
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(@) g(1)=1(2t-3) (b)g(t)=f(é—3j

s T

g

If x[n] = (1/3) —(I/Z)n u[n], then the region of convergence (ROC) of its Z-
transform in the Z-plane will be (GATE-2012-EC, EE, IN)

1 1 1 1 1
(a)§<|z|<3 (b)§<|z|<§ (c)§<|z|<3 (d)§<|z|

1

> . The unilateral Laplace transform
s*+s+1

The unilateral Laplace transform of f (Z) is

of t f(¢)is (GATE-2012-EC, EE, IN)

S 2s +1 Ky 2s+1

_ b) — d
® (s2+s+l)2 ® (S2+S+1)2 © (S2+S+1)2 “@ (S2+S+1)2

Consider the differential equation

(1) #2 (t’) 4 () =8(1)

: dy
th =-2 and —
wi y( ) A an -

The numerical value of Z—y ' (GATE-2012-EC, EE, IN)
t

(a) -2 (b) -1 ()0 @1

: . |
The inverse Laplace transform of the function F' ( ) = n is given by
s(s+

(GATE-2012-ME, P1)
(a) f(¢)=sint (b) f(t)=e"sint (o) f(t)=¢" @ f(t)=1-¢"

2

f + f =0 and the auxiliary

The function f (t) satisfies the differential equation %

conditions, f ( ) = 0,%(0) =4 . The Laplace transform of f' (t) is given by

(GATE-2013-ME)

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 368



GATE MATHEMATICS

4 4
(b) — ()

2
s+1 s+1 7 +1

(a)

A system is described by the following differential equation, where u (t) is the output of
the system and y(t) is the output to the system y(t) + 5y( ) =u (t) . When y(O) =1land
u (t) is a unit step function y(t) is (GATE-2014-EC-Setl)

(a) 0.2+0.8¢™ (b) 0.2-0.2¢™ (c) 0.84+0.2¢™ (d) 0.8—0.8¢

The unilateral Laplace transform of f (t ) is . which one of the following is the

sT+s+1

unilateral Laplace transform of g(t) =tf (t)? (GATE-2014-EC-Set4)

—S —(2S+1) Ky (2S+1)

b d
Oy D Erer) O (reel) O (asel)

3s+5

Let X(s)=
et X(5)= 3 05520

be the Laplace Transform of a signal x(t ) . Then x(OJr ) is

(GATE-2014-EE-Setl)
(@) 0 (b)3 ()5 (d) 21
Laplace transform of e COS(4t)iS (GATE-2014-ME-Set4)

@ s—2 ) s+2 © s—2 d s+2

(s—2)"+16 (s—2)"+16 (s+2)"+16 @ (s+2)"+16

. . 1 if a<t<b
The bilateral Laplace transform of a function f(¢) = ] (GATE-EC-15)
0 otherwise

(a) 4= @ L=t etz et
S

N N N

The Laplace transform of f(¢) = 2\/Z is s% . Laplace transform of g(7) =, /it is
/4 /2

(GATE-EE-15)
(A) %s% (B) s 2 ©) s (D) 52

Laplace transform of e’ wherei = J-1is (GATE-ME-15)
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s—5i s+5i s+ 51 s—5i
B C D
s* =25 (B) s*+25 © s =25 (D) s7+25

0

Laplace Transform of f{(t) is given by F(S)=L{f(¢)} = Ie"“’ f(t)dt Laplace transform of

0

(A)

2, 0<tC
the function shown below is f ( ) = {O Oth ! (GATE-ME-15)
,Other wise

25 -5 -5 -5
A) l-e B) l-e ) 2-2e D) 1-2e

N N N N

58.If f (t) is a function defined for all # > 0, its Laplace transform F(s) is defined as
(@) Jy (D)t (b) f°ef(dt  (GATE-ME-16)

(c) fei“f(t)dt (D) fe‘i“f(t)dt
0 0

59. Laplace transform of cos(wf?) is (GATE-ME-16)

w S w

@) B s © (D) 5=

5?2 + w? 52 — w?
60.Solutions of Laplace’s equation having continuous second-order partial derivatives are called
(GATE-ME-16)
(A) biharmonic functions (B) harmonic functions
(C) conjugate harmonic functions (D) error functions

61.The Laplace transform of the causal periodic square wave of period T shown in the figure
below is (GATE-EC-15)

f(t)

l+e?

1 1
(A) F(&) == (B) F(s) = ﬁ
S
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1

1
LU Py (D) Fs) =+

62. The value of .[ ¢ '5(2t—2)dt, where 5(t) is the Dirac delta function is (GATE-EC-16)

2 1
b) — d) —
) e ) 2¢’
63.The Laplace Transform of f(t) = e2t sin(5t) u(t) is (GATE-EE-16)
5 5 s—2 5
- ¢) — < d) ——
s* —4s+29 s*+5 ) s* —4s+29 ) s+5
64.The solution of the differential equation, for t > 0, y"(t) + 2y'(t) + y(t) = 0 with initial

conditions y(0) = 0 and y'(0) = 1, is [u(t) denotes the unit step function],
(GATE-EE-16)

e) teu(t) b) (e‘t —te_t)u(t) 9) (—e‘”rte_t)u(t) d) e'u(t)

2
65.Let y(x) be the solution of the differential equation ;1 }2’ - 4;1—y +4y =0 with initial conditions
X X

y(0)=0 and? =1. Then the value of y(1) is . (GATE-EE-16)
X x=0
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Solutions
LAPLACE TRANSFORM

'ff(t)e_”.dt,T =2r

0

—sT

2

I e *.sint dt

_ 2w

2z
—s sint —cost
1

s+9 s+3)+6
7 I & A A
s"+6s5+13 (S+3) +4

O e et

s’ +4

(First shifting theorem)

=e—3tL—t 2S + 26
s +4 s +4

= e '[cos 2t +3sin 2]

(b)
Final value Lim f (t)= LimsF (s)

t—>o s—0

L {e”’ cos a)t} = s—c212 (First shifting property)
(s—a) o

(b)
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£(07)=Lim f ()=
S ()= f(07)=Lim f ()=

8Sol. Given 9y" —6y'+y =0
¥(0)=3,y'(0)=1
=9L{y"}-6L{y"}+L{y}=0
=9[s’L{y}-3s—1]-6[sL{y} -3+ L{y}]=0

t/3

:>y( )=3e

s+5 2 1

(s+1)(s+3) s+1_s+3

10Sol. (a)

L{cosa t} = s2:a2 1 (s)

= L{e" cosat} = f (s —a)=—"—y—— (first shifting theorem)

(s—a) +a
[5°Y (s)-75-3]-4[s¥(s)-3]+3Y(s)=0

75-9 1 6
:Y(S): (s—l)(s—3) :s—l+s—3

y(t) =¢' +6¢”

13Sol. (d)

L{(s +l)72} =te”’
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(b)
(d)

L{(t2 =2t )u(t- 1)}

By second shifting theorem L{f(t —T)} = e’STf(s)
. (d)

L{f (1)} = je’”.k dt+0 :k[l‘es‘}

0 N

. (¢
L{(a+br) | = @L{1}+2abL(1) + 5L {7’}

VANI INSTITTUTE WWW.VANIINSTITUTE.COM
Page 374




GATE MATHEMATICS

L{f(t)} = Te"‘” sint dt

—st 4

[—ssinz—cos t]}

- 2
s +1 o

1+e™
s+1

12
2

S

1249s* 3 6

S L) 2

= + —
S2(5‘2+4) s st +4
= y(t)=3t+3sin2t
Ans : (b)

(c)
Final value : Lim y(t)= Lims Y (s)

t—0 s—0
(b)

L{sin at} = ey

()
Limi(t) = Lim s[(s)

t—o s—0

(b)

552 +23s5+6

Given F( ):m

= f(t)=L"{F(s)}=3+¢"[2cost +15sint]
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. Lim f(t)=

—0

. (a)
L{cos(pt + q)} = L{cos pt cosq —sin pt sing/|

: 4
—— —sing.—

=cosq 5
S+p S+p

_ scsoq — psing
s’+p’
- (@)

L {e(a+2)t+5} - ﬁ

Where s> (a+2)

L (d)

This is a definition of Dirac delta function

- ()

Final value theorem

Lin (1) = Lips F(s)=0

. (a)
)2

S

- (d)

L{cosha s} =

(b)
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I 3s+1
s’ +4s* +(k-3)s

Limf(t)zLiréas F(s)zl

t—0

3 2
= Lim 3 f *S =1=k=4
oo g7 + 45 +(k—3)s

. (a)

1 I
L'Y——t=L —+—
{52(54—1)} +sz+s+1}

(By partial fractions) = —1+7+e"

. (¢
L{u((t—r)} =2

=0

N

. 257 +s
=Lim—————=
520 g7 +45+7
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t<0
0<r<l
t>1

0<t<3
3<t<s
t>5

0 <3
1 3<t<5=g(1)
0 t>5

ROC=l<|z|<3
2

46.option.(d)

1
Let F(S)=s2+s+l

Lit £(0)} == F (5)-

2s+1

(s2 —i—s-i—l)2
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47.option(d)
y'+2y'+y=5(1)
Ly +2L{y'} +L{y} = L{5(1)}
(0)]+2[s7-»(0)]+7 =1

S 425 +1)y+2s+4=1

Gy Gy
y(t)==3te" —2¢”" +2te”
y(t)=—te" —2¢"

d

——te —e ' +2e”
At¢t=0, ﬂ=0—1+2=1
dt

48.option.(d)

L' L =
s(s+1)
49.option.(c)

i
e+ f

LU (0} + L (0} =0
=51 ()= (0)= 1" (0)+ 1 (5)=0

L{f(t)} =4L{sint} =

s +1

WWW.VANIINSTITUTE.COM
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50.option.(a)
y'(1)+5y(1) =u()

Ly () +5L{y ()} = L{u(1)}

51.option.(d)

Let L{f(t)}z(—

ds S2+S+1:|

3 (2S+1)

(s2 +5+ 1)2
52.option.(b)

x(t)=L"{X(s)]
. 3s+5
=t {(s2 +1os+21)}
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:L_l{(si7)_(si3)}

_ (48—71 _6—3;)

X(o+)=4—1=3

53.option.(d)
s

Given that L{cos4t} = m
s+

s+2

————— (from first shifting theorem)
(s+ 2) +16

L {efz’ cos 4t} =

54. option(c)

L{f(0)} = T e f(t)dt = je‘“.ldt =

55. option(b)

Given LLf (1)} =5 2
_[1 N _fo
g(t)_\/;_ 2 2u
g =1{ L0} -3 L roa=3] _l[s%]w_L
2 —% S Js

56. option(b)

L{e"} = L{cos 5t +isin 5t} = L{cos 5t} +iL{sin 5t} = §+5215
st

So, option (c) is correct
option: (c)

f()=2: 0<t<l1
=0 : otherwise

LU0} =2 di = 2(6'

58.Ans: (B)
Sol: By the definition of Laplace transform of f(t) Vt> 0, we have
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0

F(s) = L{F(©) = f e (t)dt

0

59.Ans: (A)

Sol: L(cos(wt)} = >

s? + agz
( L{COS(Clt)} = S2+—a2)
60.Ans: (B)
Sol: The solution of Laplace’s equation having continuous 2" order partial derivatives is
called a harmonic function.
61.Ans: (B)
Sol: One period of signal x1(t) = u(t) — u(t-T/2)
—sT/2

1 e l1-e
XI(S):;_ =

—sT/2

S S

1 _ e—ST/Z l

1
1-e" %)= s(l —e™' ) - s(l + e_sm)
62. Ans: (a)

X(s)=

o0

Sol: Te“S(Zt—2)dt= [e3(2(t-1))dt

63. Ans: (a)

5
Sol: sin5t4(t)«—
QI

o2t sin5t4(t)<—£—>ﬁ ( eatf(t)<—£—>F(s—a))
_ 5
s2+4-2x2(s)+25
_ 5
S +4—4s+25
5
5% —4s+29

- et sin5t4(t) |l ———
{ ¢ ()}sz—4s+29
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64.Ans: (a)
Sol: (82 +2s+ I)Y(s)

So, Natural response L' [

= te"'u(t)
65.Ans: 7.389

2
Sol: Given, H—4ﬂ+4y 0
dx’ dx

y(0)=0 y'(0)=1

(0)= y'(0)=1
S’y (s)—sy(0)—»'(0)—4s y(s)+4y(0)+4y(s)=0
) 1- 4sy( )+4y( ) 0

»(
»(

(s)[s2 4s +] 1
)

()

2
N

VANI INSTITTUTE WWW.VANIINSTITUTE.COM

Page 383



